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Preface 



In the early years of the 1980s, while I was visiting the Institute for Ad- 
vanced Study (IAS) at Princeton as a postdoctoral member, I got a fascinating 
view, studying congruence modulo a prime among elliptic modular forms, that 
an automorphic L-function of a given algebraic group G should have a canon- 
ical p-adic counterpart of several variables. I immediately decided to find out 
the reason behind this phenomenon and to develop the theory of ordinary 
p-adic automorphic forms, allocating 10 to 15 years from that point, putting 
off the intended arithmetic study of Shimura varieties via L-functions and 
Eisenstein series (for which I visited IAS). Although it took more than 15 
years, we now know (at least conjecturally) the exact number of variables for 
a given G, and it has been shown that this is a universal phenomenon valid 
for holomorphic automorphic forms on Shimura varieties and also for more 
general (nonholomorphic) cohomological automorphic forms on automorphic 
manifolds (in a markedly different way). 

When I was asked to give a series of lectures in the Automorphic Semester 
in the year 2000 at the Emile Borel Center (Centre Emile Borel) at the 
Poincare Institute in Paris, I chose to give an exposition of the theory of 
p-adic (ordinary) families of such automorphic forms p-adic analytically de- 
pending on their weights, and this book is the outgrowth of the lectures given 
there. 

In addition to an exposition of p-adic deformation theory of automor- 
phic forms, I decided to give a comprehensive account of the construction 
of Shimura varieties (carrying a canonical family of abelian varieties) and 
Shimura’s reciprocity laws characterizing them. Although this part is essen- 
tially expository, some new results of the author are included: 

1. a (partially) new proof of some reciprocity laws of Shimura varieties; 

2. irreducibility of the Igusa tower over unitary Shimura varieties; 

3. a construction of invertible sheaves on Hilbert modular varieties that gives 

optimal p-integrality on Hilbert modular forms. 

It is my hope that this book is useful to graduate students and researchers 
entering this area of research. 

The author would like to thank the organizers of the Automorphic Semester 
at the Emile Borel Center for their invitation and also wishes to thank many 
people including his former and present graduate students who helped him 
to write correct English and mathematics. The author acknowledges partial 
support from the National Science Foundation (through the research grant: 
DMS 9988043 and DMS 0244401). 



Los Angeles, California, 
September 2003 



Haruzo Hida 
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Introduction 



The two major trends in number theory, automorphic and arithmetic, were 
initiated hand in hand in the mid nineteenth century by Kronecker and Kum- 
mer. One of Kronecker’s legacies is the theory of arithmetic elliptic modular 
functions (and modular forms) having well-determined algebraic values (up 
to a specific transcendental factor: “period”) at special points on modular 
curves. Shimura varieties (including modular curves) were principally studied 
by Shimura and Deligne in the later part of the last century. In particular, the 
theory gives a foundation of the rationality of automorphic L- values, because 
Shimura varieties often supply enough rationality for us to be able to pinpoint 
the transcendental factors of specific L- values (the automorphic periods). 

On the other hand, the arithmetic side of number theory heavily infiu- 
enced by Kummer’s work is represented by Iwasawa’s theory which interprets 
the algebraic part of the L-value as the size of a naturally given group (or 
module) defined by purely arithmetic means. The origin of this thought goes 
back to the class number formula of Dirichlet, Kummer, and Dedekind, which 
gives the size of the ideal class group of a number field as a special value 
of an abelian L-function (up to a power of the period 27TZ of the exponen- 
tial function). The main conjecture in Iwasawa’s theory predicts precisely the 
same effect, replacing the class group by the so-called “Selmer group” and 
its “Iwasawa module” (attached to automorphic Galois representations) and 
abelian L-values by automorphic p-adic L-functions (see, for example, [MFG] 
Chapter 5). 

Although these two trends seemed rather disparate until recently, the strik- 
ing idea of Wiles (which has proven two of the most fundamental conjectures 
in number theory) has spanned a bridge between the two concepts. Indeed, it 
gives a way to find an automorphic form from a purely arithmetically given ob- 
ject, for example, a rational elliptic curve whose L-function is directly related 
to an elliptic modular Hecke L-function via the Shimura-Taniyama conjecture 
(now proven by Wiles and others; see [Wi2] and [BrCDT]). 

This type of intricate relation between arithmetic and geometry can also 
be found in classical reciprocity laws. There are two aspects of the Artin red- 
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procity law in class field theory. One is representation theoretic, for example, 
for the ring of finite adeles, 

Homeont(Gal(Q“VQ),CO = Homeont((A(“)) 

via the identity of L-functions. Here is the maximal abelian extension 
of Q (so, it is a composite of all Galois extensions of Q inside C with an 
abelian Galois group) and is the group of positive rational numbers (see 
Theorem 2.12). Another geometric reciprocity can be formulated as 

Gal(Q^VQ) = GLi(A^^^)/QJ. 

Since this is a description of the field automorphism group Gal(Q“^/Q) by 
an adelic Lie group: GZ/i(A*^®°^), we call it a geometric reciprocity law. They 
are equivalent by Pontryagin duality (which characterizes a locally compact 
abelian group by its characters), and the first is generalized (conjecturally) by 
Langlands in a non-abelian setting. Geometric reciprocity in a non-abelian set- 
ting would be via Tannakian duality. Tannakian duality characterizes a given 
(algebraic) group by the category of its rational representations with some ad- 
ditional data ([HMS] Ghapter II and [Br]). A simple class of Shimura varieties 
(so-called, of PEL type) is given as a moduli variety of abelian schemes with 
a given endomorphism algebra (or equivalently, a moduli of motives of the 
first-degree cohomology of such abelian schemes). Such a motive H generates 
a Tannakian category whose dual group MT^/q (the so-called motivic Galois 
group of the motive) could be related in possibly different ways to the auto- 
morphism group of the Shimura variety. If the motive is sufficiently generic, 
the adele points of the group MTh would give almost all automorphisms of 
the Shimura variety (cf. [D3] 1.7). Thus Shimura variety appears as a natural 
object of study if one wants general geometric reciprocity laws. 

Iwasawa’s theory is built upon the geometric reciprocity law. The cy- 
clotomic field Q(/ipoo) is the maximal p-ramified extension of Q fixed by 
z(p) c A^/Q^m^ removing the p-inertia multiplicative factor . We then 
try to study arithmetically constructed modules X (Iwasawa modules) from 
Q(m pco ) c for example, Iwasawa himself studied the projective limit X 
(under the norm map) of the p-primary part of the class groups of number 
fields inside Q(/ipoo). A principal idea is to regard X as a module over the 

Iwasawa algebra (which is a completed Hecke algebra relative to 

and ring-theoretic techniques are used to determine X (see [IGF] Ghapter 13). 

General Tannakian duality produces from the category of all (pure) mo- 
tives an enormous group, the so-called motivic Galois group (see [HMS] Ghap- 
ters II through IV and [MTV]). However, for Iwasawa-theoretic applications, 
the full motivic Galois group appears to be hopelessly large to adapt. If one 
wants to create something like Iwasawa’s theory in a non-abelian setting, we 
therefore need a scheme whose automorphism group has an identification with 
G(A^®°^)/Z(Q) for a reductive algebraic group G. If G = GL(2 )/q, the tower 
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V^Qab of modular curves has Aut(V/Q) identified with GL 2 {A^^^)/Z{Q) as 
Shimura proved (see Theorem 2.43). The (geometric) decomposition group of 
(p) is given by B{Qp) x S / {±1} for a Borel subgroup B (see Corol- 
lary 4.22). We have been studying various arithmetically constructed modules 

over the Hecke algebra of — — relative to the unipotent subgroup 

^ GL2(Z(p))[/(Zp)Q^ ’ ^ to n 

U{Ijp) C B{1jp) (removing the multiplicative inertia factor from the decom- 
position group). Often these are modules given by cohomology groups (either 
algebrogeometric or topological). Such study has yielded a p-adic deforma- 
tion theory of p-ordinary automorphic forms (see Chapter 8), and it would 
be important to study the decomposition group at p of a given Shimura vari- 
ety, which is close to the automorphism group of the mod p Shimura variety. 
We describe quite a few automorphism groups related to Shimura varieties of 
PEL type coming from symplectic and unitary groups (following Shimura’s 
method and also using slightly more algebraic methods). In particular, the 
study of the p-decomposition subgroup provides us with a simple proof of the 
irreducibility of the Igusa tower over the mod p Shimura variety (see Sec- 
tion 8.4), which supplies us with one of the most useful tools in the p-adic 
study of automorphic forms: the g-expansion principle. 

Besides determination of the automorphism groups of Shimura varieties, 
we present a concrete construction of p-integral models of Shimura varieties 
(following works of Shimura, Grothendieck, Mumford, Deligne, and Kottwitz) 
and the p-adic deformation theory of p-ordinary automorphic forms, in partic- 
ular, the theory of analytic families of p-ordinary (cohomological) automorphic 
forms on reductive groups. 

We are particularly interested in Shimura varieties that are canonically 
moduli varieties of abelian schemes with extra structures. Since abelian 
schemes are very specific projective subschemes of a projective space, we can 
study abelian schemes through classification theory of projective subschemes 
in a given projective space. The classification was initiated by W.-L. Chow and 
was completed by Grothendieck as the theory of Hilbert schemes. In the late 
1950s (e.g., [59b] in [CPS] I), Shimura used the Chow coordinate associated 
with each projective variety in his determination of the field of moduli of a 
given family of abelian varieties (which was later incorporated as an essential 
ingredient in his construction of canonical models of automorphic varieties; 
see [AAF] 2.8 and Chapter II), and in [GIT] Mumford used Hilbert schemes to 
study the integral moduli of abelian schemes, which can be used to construct 
Shimura varieties. We give a down-to-earth exposition of the construction of 
the Hilbert schemes and the Mumford integral moduli in Chapter 6. 

Assuming basic knowledge of abelian schemes (which can be found in 
[ABV]), toroidal compactifications of the moduli (in [DAV]), and class field 
theory, we then give an exposition of the construction of the Shimura varieties 
and their models over p-adic integer rings. The Shimura variety is character- 
ized by its local and/or global reciprocity laws. The global reciprocity law gives 
a geometric expression of the automorphism group of the function field of the 
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Shimura variety and essentially determines the variety, because the Shimura 
variety is often a minimal model of the function field. The local reciprocity 
law determines via class field theory the move of special points, called CM 
points^ under Galois action. The CM points are those points carrying abelian 
varieties with complex multiplication (also often called abelian varieties of 
CM type) and are Zariski dense in the variety, thereby providing rationality of 
the variety. An abelian variety has complex multiplication if its endomorphism 
algebra contains a semi-simple commutative algebra of degree over Q twice 
the dimension of the variety (see [ACM] 5.2 and [ABV] Section 19). The first 
principal purpose of this book is to supply the base of the construction of 
the (p-integral) Shimura variety in as elementary a manner as possible (in- 
cluding an exposition of the local and global reciprocity laws), because it is a 
pity that no other books (so far published) give a detailed scheme-theoretic 
construction of the variety now so important in every aspect of algebraic and 
geometric number theory. Shimura’s books [AAF] and [EPE] give an elemen- 
tary exposition on rationality of unitary and Siegel Shimura varieties and of 
automorphic forms and L-functions on them and will be indispensable for 
graduate students and researchers who want to enter this area of research. 

After going through our exposition of Shimura varieties and p-adic auto- 
morphic forms on them, natural subjects of our exposition are 

1. p-adic deformation theory of p-ordinary automorphic forms; 

2. p-adic automorphic L-functions; 

3. p-adic Galois representations; 

4. the Iwasawa-theoretic significance of the p-adic L-functions. 

In this book, we mainly touch upon the first topic with some examples of 
p-adic L-functions, leaving other topics to future treatments. Thus the second 
purpose of this book is to introduce integrality of automorphic forms on the 
varieties and hence to supply a foundation in order for researchers to pursue 
p-adic analytic study of automorphic forms and automorphic L- values. 

Here is a brief history of p-adic modular and automorphic forms. The the- 
ory of p-adic elliptic modular forms was initiated by Serre in [Se3] taking the 
p-adic limit of g-expansions of elliptic modular forms. The geometric signif- 
icance of Serre’s definition was revealed by Deligne and Katz (e.g., see [K], 
[Kl], and [K3]). Serre observed that the Eisenstein series of a given level Np 
has Fourier coefficients p-adically analytically depending on its weight k, and 
through this observation, a construction of p-adic zeta functions of totally 
real fields was given in [Se3], which was later brought to completion in [DR] 
through a more geometric formulation. A systematic study of elliptic cuspi- 
dal families of Hecke eigenforms p-adic analytically depending on weight was 
started by the author of this book in [H86a] and [H86b] and has been devel- 
oped into a p-adic deformation theory of p-ordinary automorphic forms on 
Shimura varieties and classical groups (e.g., [H02], [H98], and [Till]). More 
recently, Mazur, Gouvea, and Coleman (e.g., [GM], [Co], and [Wa]) extended 
the theory to non-p-ordinary elliptic modular forms with positive slope. In par- 
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ticular, Mazur and Gouvea conjectured, and Coleman has proven, that there 
always exists a p-adic analytic family of elliptic modular forms containing a 
given modular form with a positive slope, although only p-ordinary families 
seem to have a precise relation to classical objects (typical in Iwasawa’s the- 
ory; see (3) in Section 1.2), because only for p-ordinary automorphic forms 
is p-adic analyticity of their coefficients described by Iwasawa’s functions be- 
longing to the Iwasawa algebra (and its finite flat extensions). So p-ordinary 
automorphic forms enjoy stronger p-adic analyticity than nonordinary forms. 
The deformation theory has found numerous profound applications by many 
different researchers. For example, it was used as an essential ingredient of a 
construction of two-dimensional Galois representations from Hilbert modular 
forms [Wi], of a proof of Iwasawa’s conjecture in [Wil], of the proof of Fermat’s 
last theorem ([Wi2], [TaW], and see also [MFG] Chapter 3), of the proof of 
the Shimura-Taniyama conjecture ([Wi2], [BrCDT] and see also [GME] Chap- 
ter 5), and of the proof of the Artin conjecture for many nonsoluble icosahedral 
Galois representations (e.g., [BuT] and [BuDST]). More recently, the linear 
growth (relative to the degree of the base totally real fields) of the number 
of variables of the p-ordinary family of Hilbert modular forms was used by 
Skinner and Wiles ([SkW]) to prove modularity of residually reducible (but 
irreducible) two-dimensional p-adic Galois representations. 

Since our second principal goal is to give an introductory exposition of p- 
adic automorphic forms, in the following sections of this introductory chapter, 
we give an overview of such automorphic forms (covering all four topics), 
putting off to the following chapter an introductory discussion on reciprocity 
laws (including a brief history). 



1.1 Automorphic Forms on Classical Groups 

Let G/q be a classical (reductive) group and Gi/q be the derived group of G. 
Take a Borel subgroup H/q of G\ and its torus T/q C G\. When G is split 
over Q, we may embed G into GL{ti)/q so that we may take B to be the 
group of upper triangular matrices in Gi and T to be the group of diagonal 
matrices. We have B — T \k U for the unipotent radical U oi B. On the 
quotient variety G\jlJ (see Section 6.1.3), T acts by gUt = gtU ^ and hence T 
acts on the structure sheaf Oc^ju by i4>{9U) = (p{gtU). This action gives rise 
to an order on X{T) = Homaig. gp.{T/q^ ^m) so that the positive cone in X{T) 
is made of k such that the /^-eigenspace L{k.) on the global sections of Oc^ju 
is nontrivial. A character k G X{T) is called the weight of T, and a weight 
is called dominant if it is in the positive cone. We then have a representation 
L{k;R) = Lg{k.;R) on L{k,) given by (p{gU) ^ (p{h~^gU) for h G Gi{R), as 
long as T is split over a ring R. Often we can naturally extend the action of 
Gi on R) to G (and we proceed hereafter in the introduction regarding 
Lg(/^; R) as a G-module). When G = GL(2), T = X{T) = Z by n if 
tv{x) = and L(/^; R) is the hzth symmetric tensor representation of GL(2), 
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which can be realized on the space of homogeneous polynomials of degree n so 
that a G GL{2) acts on a polynomial P(X, F ) by a • P{X, Y) = P((X, 
with = det(a)a~^. 

Naively, an automorphic form on G is an L(/^; C)-valued analytic function 
on the symmetric space of the Lie group Gi(M) with a prescribed move (or 
functional equation) under the action of a congruence subgroup P of G(Q). 
A congruence subgroup of G{Q) is a subgroup given by P H G(Q) for an open 
compact subgroup S of for the ring of finite adeles (see Sec- 

tion 2.2.3 in the text and [MFG] Chapter 3 for adeles). A congruence subgroup 
is a discrete subgroup of Gi(M) with finite covolume (i.e., dg < oo for 

the Haar measure dg of Gi(E) and Pi = P H Gi(Q)). A congruence subgroup 
P is called cocompact if Gi(M)/Pi is compact. 

There are two ways of associating a weight with automorphic forms on 
G: one is to consider the cohomology group P^(P, R)) of an appropriate 

degree d for a given congruence subgroup P C G(Q) and call harmonic au- 
tomorphic forms spanning C)) automorphic forms of (topological) 

weight n. This works well for any classical (or more general reductive) groups. 

When the symmetric space of G(M) is isomorphic to a (bounded) Her- 
mitian domain R with origin 0 , like (the restriction of scalars to Q of) P- 
forms of GSp{2n) or GU (m, n) over totally real fields P, we have another 
way to associate a weight with holomorphic automorphic forms. We have 
H = Gi(M)/Go = G(R)/GoF(M) for the center Z of G and the stabilizer Go 
in Gi(E) of 0, which is a maximal compact subgroup of Gi(E). In the case of 
GL(2)/q = GAp(2)/Q, Go = 502(E) and P = := {z G C|Im(z) > 0} with 

Gi(E)/502(E) = S) by g g{\/Gy) (so, 0 = yGGf ^ As is well known, S) 
is holomorphically equivalent to the open unit disk in C by z (so it 

is equivalent to a bounded domain). 

The group Go can be regarded as a group of real points with respect to 
a twisted complex conjugation in the complexification G of Go- In the case 
of GL(2 )/q, 502 (E) can be considered as 5^ in T(C) = Gm(C) by (^ d) ^ 
c^/Gl y g ^ and 5^ is the set of fixed points of the twisted “complex 
conjugation” x in P(C) = C^. Generalizing this example, we see that 

the compact group U{n) is the subgroup of GLn{C) fixed by the complex 
conjugation x ^ ^x~^. Any holomorphic representation p : G GL{V{p)) 
gives rise to a holomorphic complex vector bundle V = (Gi(E) x V)/Gq by 
the action (g,v) ^ (gu,u~^v) for u G Gq. Since P is simply connected, we 
can split F = P x F as holomorphic vector bundles; so, we have a linear map 
Jp{g^z) : Vz — > yg{z) for each given g G Gi(E) which identifies the fibers W 
and Vg{z) of fo- Thus we have a function Jp : Gi(E) x P GL{V) satisfying 

1. (Cocycle Relation) Jp{gh,z) = J p{g,h{z))J p{h, z) for g,h e Gi(E); 

2. (Holomorphy) Jp{g,z) is holomorphic in x and nonvanishing. 

A function Jp as above is called an automorphic factor of Gi (associated with 
the representation p). Automorphie factors of G are defined similarly. 
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When Gi = 5L(2)/q, then Co = 5'02(M) c C = T(C) whose irreducible 
complex representation is given by 



/ cos(^) - sin(6^) 
l^sin(6>) cos(^) 



* * 
c d 




{ci + d)^. 



In this case, Jp{g^z) = (cz + d)^. This goes as follows. Split GL 2 (M) = PCq 
for P made of upper triangular matrices with 1 at the lower right corner. For 
z = X P iy^ define Pz = ( o i )• Then for g G S'L2(M), write gpz = Vg{z)^ with 
u e Cq, and we have p{u) — P{v~glz)9'Pz) = {cz + by computation. Indeed, 
Jp{g,z) sends {v,pz) to {uv.Pgy)) - {v,gpz) = (u,p^(^)u). 

One can view the complexification C as a real algebraic group; let Tc be 
a maximal real torus of C. With any character of Tc, we can associate a 
rational representation p = : C — > GL{N) of C with representation space 

Tc(/^;C) of dimension N. Let V{tP) = Lc(/^;C). For a congruence discrete 
subgroup 

P C G(Q), a holomorphic automorphic form of (coherent) weight is a 
holomorphic function f \ V {k) satisfying f{j{z)) = Jp{'l,z)f{z) for all 

7 G T (with some additional growth condition if P\l-i is not compact). Again 
the space of holomorphic automorphic forms is trivial unless the weight k. is 
dominant (with respect to B chosen appropriately). 

Often the complex manifold P\H is canonically algebraizable, yielding 
an algebraic variety (or a scheme) Xp-> called canonical models or Shimum 
varieties^ defined over a valuation ring W in a number field with residual 
characteristic p. At the same time, we can algebraize the vector bundle V {k.) 
associated with V{k.). Thus we can often have a coherent sheaf up on Xr 
giving rise to V{k.) after extending the scalar to C. The global sections of 
H^{Xr,p!jji) ^ W-algebra R are called T-integral automorphic forms of 
weight K. Note that Tc is isomorphic to T, because they are maximal tori in 
the same group G\. Thus we identify T and Tc (with a compatible choice of 
Borel subgroups B and Be = T n G). On Xp, we may regard the T-module 
Lc{i^\ R) as a locally constant sheaf associating, with an open subset U C Xp, 
sections over U of the covering space L{n\R) = T\{Ti x Lc{f^]R)) over Xp. 
Here the quotient r\{R x Lc{f^]R)) is taken through the diagonal action. 
Thus each dominant weight hi G X(T) gives two spaces of automorphic forms: 

H‘^{Xr,LGU;R)), GUCR) := F°(Xr,w;p. 

There is (at least conjecturally) a correspondence n ^ k* such that 
H°{Xr,0 ^ H^{Xr,LGU*-X)) 



by a generalized “Eichler-Shimura map” which is supposed to be equivari- 
ant under Hecke operators. If such equivariance holds, we say that the two 
modules, the source and the image, are equivalent as Hecke modules. In the 
example of GL(2 )/q, we have T c 5T2(Z), n G X(T) = X{Grn) = and 
tP = hi ~ 2 with 
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G,(r;C) FH^r,rGL(2)(«- 2;C)), 

and the original Eichler-Shimura map is given by sending / to the cohomology 
class [f{z){X — zYY^'^dz] of the holomorphic L{tv — 2;C)-valued differential 
f{z){X — zYY~‘^dz ([59c] and [62a] in [CPS], [lAT] Chapter 8, and see also 
[LFE] Chapter 6). This is valid li n> 2. 



1.2 p-Adic Interpolation of Automorphic Forms 

We now interpolate these two families of cohomology groups 

and Lg(k; 

when the weights k vary continuously in the p-adic analytic group T> — 
Homtop-gp(T(^p), Qp ) (fixing an algebraic closure Qp of Qp). Here to describe 
our idea of how to interpolate automorphic forms, we write W for the p-adic 
completion of W. 

On these two families of spaces, there is a natural action of Hecke op- 
erators; so, we also want this interpolation to take into account the Hecke 
operators. To carry out the p-adic interpolation, we need a good p-integral 
structure on the group G; so, we hereafter assume that G is defined over 
^(p) = Q n Zp as an affine group scheme and that G\ is isomorphic over Zp to 
the restriction of the scalar to Zp of a classical Chevalley group over the p-adic 
integer ring Op of an unramified finite semi-simple extension of Qp; so, the 
Borel subgroup B and its maximal torus T is well defined over Z(p) , and T is 
split over Op. Thus, if Op = Zp, T(Zp) = {'^pY for the rank r of Gi over Qp, 
and V is (isomorphic to) a disjoint union of finitely many copies of the p-adic 
(open) unit disk. In general, T(Zp) is a product of a torsion- free multiplicative 
group Ft isomorphic to the additive group Z^ and a finite group. Then the 
Iwasawa algebra W[[T(Zp)]] (which is the projective limit of the group alge- 
bras {W[T(Z/p^Z)]}^) is a free module of finite rank over VE[[/r]], which is 
in turn (noncanonically) isomorphic to the power series ring W[[Ti, . . . , T^]] 
of n variables. What we now do is: 

(1) (Universality) Construct a (big) compact module V over W[[T(Zp)]] 
such that the K-eigenspace V[k] contains canonically, as VE[[T(Zp)]]- 
submodules, H^{Xp^ W)) in the topological case, and H^{Xp/Wi^^) 
in the coherent case, respectively; 

(2) (Hecke operators) Establish a natural action of Hecke operators on U, and 
show the inclusion in (1) is Hecke equivariant; 

(3) (Precise control) Find an appropriate W[[T(Zp)]]-submodule X C U of 
cofinite type (4=> W-dual is of finite type) such that X is stable under 
Hecke operators and X[k] (if 0) is canonically isomorphic to a well- 
described subspace of automorphic forms of weight k as Hecke modules. 
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Item (3) is often called a vertical control theorem (abbreviated as VCT) of 
the subspace X. Contrary to the case of complex- valued automorphic forms, 
p-adic automorphic forms, as a whole, regarded as a representation space of 
(^(A(p°®)), have little discrete spectrum, and they tend to involve big contin- 
uous spectrums. A vertical control theorem cuts out from the entire space 
of p-adic automorphic forms a continuous spectrum well behaving under the 
toric action. Examples of VCT are given as Theorem 3.7 for elliptic modular 
forms. Theorem 3.8 for a p-adic family of elliptic modular forms. Theorem 4.9 
for Hilbert modular forms. Corollary 4.32 for Hilbert modular Hecke algebras 
and Theorem 8.13 for automorphic forms on unitary groups. A more general 
result on VCT can be found in [H02]. 

We mainly deal with the coherent case where G admits Shimura varieties 
that are given as moduli of abelian varieties with level structure (the so-called 
PEL structure: a polarization and points of finite order, a specified endo- 
morphism algebra, and a specific lattice giving integral homology of abelian 
varieties). We give an exposition of the construction of the p-integral models 
of the variety in Chapters 6 and 7. However, we need to use some results 
obtained from the topological consideration; so, some sections in Chapter 5 
are also devoted to describing the situation in topological cases. 

In the coherent case, we define V to be the space of p-adic automorphic 
forms that classify abelian schemes with “ordinary” level p^ structure in 
addition to a PEL structure outside p. In other words, V is the space of formal 
functions on a formal (pro-)scheme, called the Igusa tower, which is the formal 
modulus classifying abelian schemes over p-adically complete FF-algebras with 
“ordinary” level p°^-structure. We prove a vertical control theorem for the 
space X = of nearly p-ordinary automorphic forms and prove that its 

W-dual Homvp(V^’^^, W) is VF[[T(Zp)]]-projective of finite type. 

Actually, we can give for any classical group a good definition of nearly 
p-ordinary cusp forms; that is, a cusp form is called nearly p-ordinary if the 
Newton polygon of its Hecke polynomial at p is equal to the hypothetical 
Hodge polygon mechanically constructed from the weight k (of the motive 
attached to the cusp form). We prove that the Newton polygon is always 
on or above the Hodge polygon (without recourse to hypothetical motives); 
so, a nearly p-ordinary form has the lowest Newton polygon identical to the 
Hodge polygon (see Chapter 5). For a Hecke eigenform of high weight (i.e., the 
weight is inside the positive cone of dominant weights far from its boundaries) , 
whether it is nearly p-ordinary for almost all primes p is a difficult question to 
answer (cf. [Gu]). If the eigenform has low weight (conjectured to be associated 
with Artin Galois representations or abelian varieties), the density I property 
of ordinary primes is expected, and it is known for elliptic modular forms of 
weight 2 (see [Se4] Section 7) and is obvious for Artin representations. Thus 
lifting such a low weight p-ordinary form to a family of nearly p-ordinary 
automorphic forms is at present the only theoretical way to produce high- 
weight nearly p-ordinary forms. 
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One would expect that := HomwiV^^^^W) is Vh[[T(Zp)]]-projective 
of finite rank if G admits Shimura varieties. Contrary to this, when we deal 
with a group such as GL(n) {n > 2) without having Shimura variety, the 
module is of finite type over W[[T(Zp)]], but we can prove that it is of 
torsion (although there is a conjectural formula of its Krull dimension; see 
[H95] and [H98]). Natural questions are: 

(Ql) When can one expect that the space is W[[T{Zp)]]- projective? 

What is the (expected) minimal value of k at which the vertical control 
holds? What happens if one specializes at very low weight? IfYff)^ is 
torsion, what is the Krull dimension of the W[[T{Zp)]] -module 
What is its characteristic power series if the codimension of 
equals 1 in Spec{W[[T{Zp)]])? 

It turns out that all these questions are quite arithmetic, as we show in the 
principal text. In the elliptic modular case, the lowest weight where VCT 
holds is 2. However, as Buzzard and Taylor studied in [BuT], there is a good 
criterion via Galois representations to guarantee the limit at weight 1 to be 
a true modular form (not just p-adic), which played an important role in the 
proof of the Artin conjecture for some icosahedral cases by the school of R. 
Taylor ([SBT], [Tal], and [Ta2]). 

Write X[p'^] for the kernel of multiplication by p^ of an abelian scheme 
X (as a locally free group scheme over the base), and define its Barsotti- 
Tate group (p-divisible group) by X[p^] = lji^.nX[p'^]. Our description of 
automorphic forms is geometric, whose origin goes back to some work of Katz 
and Deligne-Ribet (cf. [K3] and [DR]). In the example of G = GL{2)/q, 
we take an arbitrary p-adically complete W-algebra R = ^m^R/p^R, and 
consider a test object {E, (fp,(pN)/R made of an elliptic curve E, a level p®^- 
structure <pp : /ipoo ^ E\p^] (i.e., a closed immersion of ind-group schemes) 
and a level ^structure like a point of order N (an inclusion of ZjNZ into 
the set of Wtorsion elements R[A'] in E), all these data being defined over 
R. A p-adic elliptic modular form / is a functorial rule associating an element 
of R to a test object (R, (j)p, //^. Thus we have /(R, j)p, (Pn) ^ R, and for 

each p-adically continuous W-algebra homomorphism R R' , we have 

/((£, 4>n)/r,p X R') = p{f{E, (j)p, 4 >n))- 

Though / is a functorial morphism (as we said a “rule”), hereafter abusing 
the language, we pretend as if / were a function of test objects (obeying the 
specific rules we have described). A modular form which is an eigenform of 
r(p) (or U{p)) is p-ordinary if its eigenvalue at p is a p-adic unit. In gen- 
eral, p-ordinary modular forms are linear combinations of such (we give a 
more thorough definition in the text; see Section 3.3). The evaluation of / 
at the Tate curve Tate{q) iz{{q)) (see Section 3.2.4) at the cusp oo yields the 
g-expansion: 
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/(g) - /(Taie(g)^, ^ a(n, /)g". 

n=0 

We can deduce from the irreducibility of the Igusa tower that V is the p-adic 
completion of 

C OD 

EE Gfc(ri(iVp“);C) 

k=0 oc 

We may identify the Fourier expansion of / G G/c(A(W);C) with the q- 
expansion f{q) G C[[q]], writing q = exp(27Tzz). 

In the topological case of G = GL(2 )/q, V is given by the cohomology 
group H^{r' ,C{r' /U{Zp),W)), where C{F' /U{Zp),W) is the space of con- 
tinuous functions on the p-adic analytic space P' /U{Zp), P' = ri(A^) H 
Pq{p) and P' is the closure of P^ in GL2(Zp). Then P' = Eo(p), and 
we may regard P G L{k\W) as a polynomial function on Po{p) /U{Zp) C 
(SL{2)/U){Zp), and this inclusion, L{k;W) ^ C{Po{p) /U{Zp),W), induces 
the map H^{P' , L{k; W)) ^ V. 

For any FF[[T(Zp)]]-module X satisfying VCT, the eigenvalue A(t) of each 
Hecke operator t acting on X is algebraic over W[[P{Zp)]]. Indeed, the Hecke 
algebra h in Endw[[T{Zp)]]{^) generated by (appropriate) Hecke operators is 
an algebra over FF[[T(Zp)]] of finite (generic) rank (or even of torsion). Take 
an irreducible component Spf{I) of the formal spectrum Spf{h) of h. The 
operator t projected to I, written as A(t) (i.e., A : h -» I is the projection), can 
be considered to be a formal function on the formal scheme Spf{I). The p-adic 
space Spf(I){W) of FF-points of Spf{I) is given by the set of continuous W- 
algebra homomorphisms of I into W. In particular, if P G 5p/(I)(FF) satisfies 
P\w[[T{Zp)]] = ^or n ^ 0, \{t){P) = P(A(t)) is the eigenvalue of t occurring 
in either H^{Xr,uP) or H^{Xr, W)). 

When G = GL(2 )/q, T{Zp) — Z^ = x Z\ for a finite group A. Thus 
W[[T{Zp)]] = yl[Z\] for A = FF[[u^p]] = kF[[G]] (the classical Iwasawa algebra 
and a formal power series ring) via ^ {1 + U)^ = 

k((i + UY ) = = (1 + 

The algebra homomorphism n : A W is the “evaluation” at G = u"' — 1! 
Thus if I = A, Spf{A){Qp) is the open unit disk in Qp by k. ^ k{u) — 1, 
and A(T(n))(/^) = \{T{n)){u'^ - 1) (viewing A(T(n)) as a power series) gives a 
p-adic analytic interpolation of Hecke eigenvalues over P°. This type of p-adic 
analytic function 5 P{u^ - 1, . . . , - 1) for a power series P{Ti, . . . ,Pn) ^ 

FF[[Ti, . . . ,T„]] is called an Iwasawa function (which gives a special subclass 
of p-adic analytic functions on the product of copies of the open unit disk G°). 
In general, we get the p-adic interpolation of Hecke operators parameterized 
by Ep/(I)(W). 
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1.3 p-Adic Automorphic jL-functions 

Fix embeddings ioo • Q C and ip ’ Q ^ Qp- Since the specialization 
A(T(n))(u'^ — 1) (in the simplest case of GL{2)) is the Hecke eigenvalue oc- 
curring in the space of cusp forms, it can be considered as a complex number 
uniquely. Thus we can think of automorphic L-functions L{s,X{k)) made from 
such eigenvalues; for example, the modular Hecke L-function 

oo 

L{s,X{k)) = '^i(XiT{n)){u'^ - l))n“®, 

n=l 



writing i = ioo ° ip 

In general, for sufficiently positive weight k of T, we have Hecke eigenvalues 
A(t)(/^) occurring on the coherent cohomology with coefficients in on the 
Shimura variety. We thus have a family {A(/^)},.^ of systems of eigenvalues 
(or equivalently, a family of holomorphic automorphic representations). We 
give ourselves a rational representation r of the Langlands dual of G 
and consider the family of automorphic L-functions {L{s, X{K,),r)}^. Suppose 
that L{m^ X{tz)^r) for (sufficiently many) integers m (depending on k) has 
rationality up to a transcendental factor or a period i?(m, /^, r). Then natural 
questions we would ask are: 

(Q2) Is it possible to interpolate p-adically the value ? Is it pos- 

sible to find L\^r{U) E I[[t/]] such that the p-adically analytic function 

X Spf{I){W) 3 (5,P) ^ Lp{s,P,r) = P{LxA^" - 1)) 

satisfies the identity: Lp{m^ k,, r) = (up to a standard modi- 

fication factor) for points (m,K) E ZxSpf{I){W) with si\T(Zp) eX{T) 
densely populated in Zp x Spf{I){W)? 

This problem of course involves a subtle integrality question of how to nor- 
malize the factor {f2{m, K^r)}f^^rn in the aggregate (varying k E X(T) and 
integers m) to obtain an “optimal” integrality; so, it is more involved than 
proving rationality (see Section 3.4 for some examples and [SGL] for a general 
theory). Once we are successful in constructing canonical p-adic L-functions, 
we could ask more specifically, 

(Q3) When is the p-adic L-function entire? Where could it have singulari- 
ties? If there is a singularity, what is the order of the zero or the pole? 
If we have a pole, what is the residue? 

See [SGL] for particular G and r for which we have a partial answer to these 
questions and for some conjectural discussion on these questions. 
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1.4 Galois Representations 

Once an irreducible component I of the Hecke algebra is given, one would 
expect to have a Galois representation p\ : Gal(Q/F) ^G(I) such that the 
Hecke polynomial a,t i p gives rise to the characteristic polynomial of the 
Frobenius element. Here abusing our language, is the p-integral Langlands 
dual defined in an appropriate manner (see [DGH]). We could heuristically (or 
conjecturally) answer the question (Q3) that the associated p-adic L-function 
I/p(5,P, r) has singularity at P if the Galois representation r o px specialized 
at P; that is, {r o p\) mod P contains the trivial representation (a p-adic 
Artin conjecture; see [SGL]). We then further ask 

(Q4) For a pair of representations (px,r) as above, is there any good way to 
associate a Selmer group Sel{ropx) so that the characteristic element 
in I of the Selmer group should he equal to the p-adic L-function or 
its numerator? 

See [MFG] Chapter 5 for a general description of Selmer groups. If this is 
affirmative, then this gives a description of the zero-set of the p-adic L-function 
in arithmetic terms. Related to this, VCT is often useful to identify the nearly 
p-ordinary Hecke algebra with the nearly p-ordinary universal deformation 
ring if at one weight the deformation ring with the fixed weight is identified 
with the Hecke algebra of the specific weight (see [Wi2] Theorem 3.3, [MFG] 
5.3.5, and [HM] Section 4.3 for this type of argument in the case of GL(2)/Q). 
The argument proving VCT often yields another type of control theorem: the 
so-called horizontal control theorem (HCT; e.g., [GME] 3.1.2 and 3.2.5), giving 
a precise description of the behavior of a Hecke algebra if one adds primes 
outside p to the level of the Hecke algebra. This horizontal control (HCT) is 
used in the case of GL{2) to construct the Taylor-Wiles systems which was 
invented by Wiles and Taylor in the celebrated papers [Wi2] and [TaW]. With 
the help of the system. Wiles obtained the identification of the Hecke algebra 
of a specific weight with the Galois deformation ring (an essential ingredient of 
Wiles’ proof of the Shimura-Taniyama conjecture and Fermat’s last theorem). 
See [Wi2], [MFG] Chapter 3, and [GME] Chapter 3 for these topics. 

1.5 Plan of the Book 

We answer some of the above questions in this book in some specific cases 
in a concrete way and in some other cases conjecturally. Since this book is 
an outgrowth of a series of lectures given at the Emile Borel Center in its 
Automorphic Semester of the year 2000, it would be helpful to include here 
the original plan of the lectures to give a brief outline of the structure of the 
book. Here is the plan. 

1. In the first two chapters (Chapters 2 and 3), we recall the classical reci- 
procity law and its generalization in the theory of the elliptic modular 
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forms. Chapter 2 is from the notes of a graduate course I gave at UCLA 
in the academic year 1999-2000, and from Chapter 3 on, the book is an 
expanded version of the lectures at the Emile Borel Center (see [H03a] for 
the original lecture notes). We also give a brief proof of the VCT in the 
elliptic modular case as a prototype of the general theory. 

2. Chapter 4 is devoted to another example: Hilbert modular forms. There 
we prove diverse vertical control theorems as well as the freeness of the uni- 
versal nearly ordinary Hecke algebra over the Iwasawa algebra of T(Zp). 
We also give fairly detailed proofs of global and local geometric reciprocity 
laws for Hilbert modular functions, which are slightly more algebraic than 
Shimura’s treatment (although the basic ideas behind the proof are the 
same). 

3. In Chapter 5, we define near-ordinarity of cohomological automorphic 
forms by comparing the p-adic Newton polygon and the Hodge polygon 
of Hecke eigenforms. Furthermore we prove semi-simplicity of the Hecke 
operator action on topological nearly ordinary cohomology groups (for 
general reductive groups). 

4. In Chapter 6, we recall the basic techniques (due to Grothendieck and 
Mumford) of constructing algebrogeometric moduli schemes. We state and 
prove, at the end, Shimura’s global reciprocity law for Siegel modular 
functions. 

5. In Chapter 7, we first construct the Shimura varieties via the integral 
moduli theory of abelian schemes. Thereafter we recall briefly the global 
reciprocity law for general Shimura varieties not necessarily of PEL type 
(without any detailed proof). 

6. In Chapter 8, we prove the VCT for unitary and symplectic groups. A 
key ingredient is the deformation theory (due to Serre-Tate) of p-ordinary 
abelian schemes. At the end, combining the global reciprocity law and 
the deformation theory, we prove the irreducibility of the Igusa tower for 
unitary and symplectic groups. This supplies us with the g-expansion prin- 
ciple for Shimura varieties of symplectic and unitary groups. We should 
point out that the computation of cuspidal monodromy which success- 
fully proved the irreducibility of the Igusa tower in the Siegel modular 
case ([DAV] V.7) does not yield the irreducibility for groups of the form 
Res/?/QGo for unitary and symplectic groups Go over a totally real field 
F bigger than Q by a reason explained in [DT] Section 12 (see also a 
remark after Theorem 4.21). This point is subtly related to the Leopoldt 
conjecture for F and p. 

The author hopes to write another book (expanding Chapter 4) to cover the 
theory of automorphic p-adic L-functions, horizontal control theorems, and 
the construction of Galois representations in the Hilbert modular case, which 
have been very useful in proving some main conjectures in the (generalized) 
Iwasawa theory and in identifying Hecke algebras treated in this book with 




1.6 Notation 



15 



Galois deformation rings (with a specific universal property; see [FI], [SkW], 
and [MFG]). 

Some of the papers and preprints of mine related to these subjects can be 
downloaded from my web site: www.math.ucla.edu/Giida. 



1.6 Notation 

In this book, we continue to use the notation utilized in this introduction. Here 
we describe some of the notation which is used without much explanation. The 
symbol Zp denotes the p-adic integer ring inside Qp, and the symbol Z(p) is 
used to indicate the valuation ring Zp D Q. A subfield of Q is called a 
number field (often assuming dimQ < oo tacitly). For a number field E, 
Oe denotes the integer ring of E, Oe,p = Oe C. Ep = E (8)q Qp and 

Oe,{p) = Oe Gz ^(p) C E. The symbol W is exclusively used to indicate a 
valuation ring inside Q with residual characteristic p, and often W is supposed 
to be unramified over Z(p). The p-adic completion ^im nW/p’^W is denoted by 
FF, and we write Wm = Wjp'^W = VF/p’^FV. 

The symbol A is the adele ring of Q, and for a vector space of a number 
field E, we write Va = V (A) for V 0 q A. For a subset E of the set of rational 
places, we set A^^^ = {x G A|x^ = 0 for u G E} and Ze = Yipes where p 
runs over finite places in E. We then define Z(^) = Z^; H Q. If Z’ = {oo}, {p}, 
or {p, oo} for a prime p, we write or for A^^^ accordingly. If 

Z is a set of finite places, we write for We identify A^^^^ 

with {x G A^|x^ — 1 for u G Z} in an obvious way. The maximal compact 
subring of A^^^ is denoted by Z, which is identified with the profinite ring 
rip ^p = ^ tvZ/TVZ. For any Z-module c of finite type, we write? for cG)zZ. 

An algebraic group T (defined over a subring R of Q) is called a torus 
if its scalar extension T = T Q is isomorphic to a product GQ 
of copies of the multiplicative group Gm- The character group X*{T) = 
Homaig_gp(TyQ, G^^q) is simply denoted by Z(T), and elements of X{T) are 
often called weights of T. 

The symbol G is exclusively used for a reductive linear algebraic group 
defined over Q. Then G\ is its derived group of G (as an algebraic group 
defined over Q), and Z is the center of G. We use the symbol PG = G^^ for 
G/Z as an algebraic group over Q. For the real points G(R) of G, we regard 
it as a Lie group, and G(E)+ is the identity-connected component of the 
Lie group G(E). The symbol B often indicates a standard (upper triangular) 
Borel subgroup inside G, and the letters U and N are used to indicate the 
unipotent radical of B. The letter U is used when N is used to indicate an 
integer (and N is used when U is used to denote a unitary group). The torus 
B/U is denoted by T^, and the maximal torus of Gi induced by Tq is denoted 
by T. 
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Geometric Reciprocity Laws 



Since reciprocity laws play an important role in this book, we now describe 
several reciprocity laws appearing in number theory in terms of automorphism 
groups of a field fixing a given prime or a given point. Only this chapter 
contains (elementary) exercises. 

To fix our idea, we describe here briefiy a model reciprocity law. For a 
given field we consider the field automorphism group Aut(.^) equipped with 
the Krull topology (which is described in Section 2.3). As is clear from the 
introduction, a geometric global reciprocity law gives a canonical description 
of Aut(.^) by the adelic points of an algebraic (reductive) group G/q (modulo 

rational center Z{Q)): Aut(.^) ^ ) typically. If a local ring V with 

quotient field R is given, we could define a decomposition subgroup D of 
Aut(.^) (equipped with the Krull topology) by 

D = {a e Aut(.^)|<j(V) = V} , 

and the local reciprocity law for V describes D via a well-defined algebraic 
subgroup H of G. Often D is given by the image of adele points, iJ(A^°°^) (or 

Qp-points, i7(Qp)), of H in — ^ . This description may involve a subtle use 

of class field theory, and class field theory supplies us with one of the simplest 
examples of the reciprocity laws. The global reciprocity law is a particular 
case of the local one (taking V = ^). To have such reciprocity laws, the field 
R cannot be finitely generated over its prime subfield except for the case where 
G is finite. So for an algebraic group G of positive dimension, the reciprocity 
laws get more geometric fiavor, and ^ is then realized as the function field of 
an infinite tower V of (geometrically irreducible) algebraic varieties defined 
over a tower of finite extensions over the prime field. Then if we have local 
reciprocity laws covering sufficiently many points of the tower V, the laws 
characterize a global model F of (a model of a field K is an algebraic variety 
whose function field is isomorphic to AT in a canonical way). Thus to have a 
coherent system of local reciprocity laws is almost equivalent to having a well- 
defined global model of a given function field (of infinite type). Similarly, if V 
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is minimal, the algebrogeometric automorphism group Aut(y) of the variety 
V coincides with Aut(^), and hence the tower is realized as a collection of 
algebraic varieties {V^IR/S}^ for 5 running through open compact subgroups 
S of Aut(^), where V / S is the quotient variety of V by the action of 5. Thus 
by the global reciprocity law, we can recover each member of the tower. This 
type of dichotomy appears in the theory of Shimura varieties. 

In the later part of the book, we study more modern reciprocity laws (in- 
volving reductive groups of positive dimension) principally created by Shimura 
as an explicit description of automorphisms of Shimura varieties. In this be- 
ginning part of the book, we describe some reciprocity laws (including those 
relating finite groups G with the field automorphism groups) that only re- 
quire minimal knowledge of algebraic geometry. Our requirement is reasonable 
knowledge of the theory of algebraic curves over number fields in this chapter. 
Some of the reciprocity laws are stated here without proof, though in the later 
chapters proofs are given in a more general setting. It would be a good exercise 
for the readers to deduce the results described in this chapter from the more 
elaborate versions in the later chapters. In the following chapter, we extend 
our scope in order to incorporate integral models of modular curves, and in 
the later chapters, we study Shimura varieties and their integral models via 
the language of schemes. 



2.1 Sketch of Classical Reciprocity Laws 

In this section, we sketch the classical reciprocity laws starting with the his- 
toric quadratic reciprocity invented by Euler (and proved by Gauss), and 
ending with a reciprocity law for a single rational elliptic curve. Here, primes 
p and q are always distinct odd primes. 



2.1.1 Quadratic Reciprocity Law 

For an integer n (pfn), the Legendre symbol is defined by 

f n\ j 1 ifx^=n mod p has a solution, 

\p J 1—1 otherwise. 



Since = n mod p has a solution if and only if n G (F^ )^ for Fp = Z/pZ, 
n gives an identification of F^ /(F^ )^ with {±1}; in particular, n 

is a character of the finite multiplicative group (Z/pZ)^. 

The quadratic reciprocity law guessed by Euler and proven by Gauss, 



= (-l) 



(p-l)(g-l)/4 



P 

q 



q 

p 



(Legendre, 1785), 
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has an equivalent formulation due to Euler 



Q 



(Euler, 1744), 



where p* = ( — 1)*^^ For a general odd positive integer n prime to p, 

define = Ylq (^) prime factorization of n is given by Ylq ■ 

Thus n (^) to the character: n t-> 

This character decides how a prime decomposes in ^ = Q[V^. We look 
into the ring R = Z[y^^ = Z[X]/(X^ — p*). In i?, a prime ideal {q) of Z could 
remain prime or become a product of two prime ideals; that is, (g) = qq' or 
(g) = q for prime ideals q,q' in R. Note that R/{q) = ¥q[X]/{X‘^ —p*)- The 
polynomial — p* is reducible in Fg[X] if and only if it has a solution in F^: 



[q) = m' -^/(^) = Fg0Fg 



Q 



= 1 , 



where q is the kernel of the projection of R onto the first factor Fg of Fg 0Fg. 

The nontrivial automorphism a of Q[V^ interchanges the roots of p* 
and interchanges q and q'; so, q' = cr(q)- Identifying {±1} with Aut(^) = 

Gal(Q[A^^^/Q), gives the generator of the subgroup of Aut(^) fixing a 

prime factor of (g). 

If (g) = q remains prime, dimF^ R/{q) = 2, and cr(q) = q. The stabilizer of 
q is the entire Galois group, and = {Tl} = Aut(*^) gives the stabilizer. 



In summary, identifying Aut(.^) with {±1}, the subgroup generated by j 

gives the stabilizer of a prime ideal q|g in R (in other words, the stabilizer of 
the q-adic valuation ring V of ^). The stabilizer is called the decomposition 
subgroup of g. The information of the decomposition group of g is equivalent 
to knowing how the prime (g) splits in R. 



2.1.2 Cyclotomic Version 

In the mid nineteenth century, Kummer extended the quadratic reciprocity 
law to cyclotomic fields (in his study of decomposition of prime numbers into 
a product of his “ideal” prime numbers). Let Pp be the group of all pth roots 
of unity, and consider the extension R = Q[pp] generated by pth roots of 

unity. Fixing one primitive root of unity, say, C = Cp = exp ^ j ^ jg ^ 

cyclic group of order p generated by (p. Each automorphism a of fip takes C 
to another primitive root of unity Since is primitive, p \ m and hence, 
we have an identification Aut(/ip) = F^ by Xp : cr ^ m. Actually the finite 
flat group scheme Pp over Q is the model of its function field K = 
and Aut(^) = Gal(Q[/ip]/Q) = Aut(/ip). Since a G Gal(Q[/ip]/Q) induces an 
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element in Aut(/ip) (and [Q[/ip] : Q] = |Fp |), we see that Gal(Q[/ip]/Q) = 
by Xp’ We write (t)q G Gal(Q[/ip]/Q) with Xp{4>q) = so, (j)q(Q = C^. 

Again we ask how a prime (g) decomposes in the ring R — Z[/ip]. Pick a 
prime ideal q|g in jR; we find that i?/q is a finite extension of F^; so, it is of the 
form ¥qf for / = dim^g R/q. The Galois group Gal(Fg//Fg) is a cyclic group 
of order / generated by a canonical generator F taking x G Fg/ to G Fg/ ; 
thus, the automorphism F of Fg/ is induced by 0g. In other words, 

• The decomposition group of q\q is given by {(pq) = (q) C F^ , and 

• q is of order f in F^ (q) ~ qcr(q) • • • a^~^{q) in R for the integer 

g = [Q[mp] : Q]//> 

where a is the generator of Gal(Q[/ip]/Q)/(0g). Thus one feature of the reci- 
procity law is the determination of the decomposition group of a given prime 
in a given Galois extension jA/Q. 



2.1.3 Geometric Interpretation 

To further generalize the law, we need to ponder a philosophical reason why 
we have such an arithmetic way of describing the decomposition group. One 
feature of the cyclotomic version is the existence of a canonical generator 
(pq (the Frobenius element at q) of the decomposition group, and another is 
the appearance of the exponential function exp( 2 :), which has the following 
fundamental identity, 

exp^27ri-^ = cpq[Q = = exp^27ri- 

So, roughly, the complex analytic function exp : C — > contains all the 

information of the reciprocity law, and exp^27rib^ gives a canonical generator 

( of the field Q[/ip] and behaves nicely under its Galois conjugation. 

The function exp gives rise to the following exact sequence, 

0 27tzZ C ^ 1, 

and thus we evaluated the function exp at the fraction 27ri^ G ^2txiL/2itiL. 
The period 27ri of the exponential function “exp” is important to ensure that 
the value of “exp” on 27 tzQ is algebraic, and we have 27TZ = J ^ for the unit 
circle 7 which generates the fundamental group 7 Ti(C^) = iLi(C^,Z). 

Hilbert asked in his twelfth problem (of his famous lecture in 1900 at 
the International Gongress of Mathematicians held in Paris; [HI]), for a given 
Galois extension (actually an abelian extension in his original setting). 

Is there any complex analytic function which describes fully the reciprocity law 
of the extension? 
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2.1.4 Kronecker’s Reciprocity Law 

In the language of Poincare, the fundamental group of is given by Z, 
and the universal covering of C ^ is given by C C ^ . We can create such 
a situation starting with an imaginary quadratic field M = Q[\/— with 
discriminant —D < 0 in place of Q. For any given ideal a C R (for the integer 
ring R C M) and a period i? G C^, we consider an exact sequence: 

0 — > C -- ’^ L E{C) — ^ 0. 

For the moment E{C) is a quotient space C/a, which is a Riemann surface of 
genus 1. The period i? of the elliptic curve E is inserted here to ensure that 
the value on QM of the Weierstrass functions V and V' (as defined below) 
are algebraic. Writing u for the (translation-) invariant differential on E{£) 
induced by du for the variable of C, we have f? — f^cu for the generator 7 of 
7 Ti(E(C)) — Hi(E(C), Z) = aj just as before. Indeed, for an M-base (wi,W2) 
of C, we can think of El{C) — C/L for L = Zwi + Zw2 replacing a by L. 

Weierstrass studied analysis and geometry of Riemann surfaces (trans- 
forming Riemann’s marvelous but rather intuitive ideas into a rigorous math- 
ematics). In particular, for the Riemann surface E{C) of genus 1, he created 
the following function well-defined over F'(C), 

x(„)=PM=i+ 

£eL-{0} ^ ^ 

averaging the translations of over L, which is a two-dimensional analogue 
of the partial fraction expansion of the cotangent function (see [LFE] 2.1): 

X , 1 ^ f 1 11 

TTCOtlTTZ) = h > < 1 } • 

2 : ^ [ z n z — n \ 

This function converges absolutely over C — L and gives a meromorphic 
function on E{C). The Laurent expansion of V and its derivative can be easily 
computed, and we have 

x{u) = V{u) = ^ + + • • • , y{u) = V'{u) = -L + 

20 28 U'^ 

n>l 

where gi = g2{L) and 53 = g2,{L) = The con- 

stants Q2 and ^3 are actually complex analytic functions oi w = {wi^W2)- 
Canceling the poles, we consider (p = y‘^ — + g2X + gs which is holo- 

morphic everywhere on a compact Riemann surface E{C); so, it has to be 
constant. The function p has to be identically 0, because p has no constant 
term. Thus u ^ E(u) = {u^x{u)^u^y{u)^u^) G embeds the Riemann 
surface into the projective space of dimension 2, whose image is an alge- 
braic curve (called an elliptic curve) defined by the homogeneous equation: 
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= AX^-g 2 XZ^-g 2 ^Z^ {x = X/Z and y = Y/Z). We write Zl = gl-27gl 
for the discriminant of — g 2 X — g^. 

If we pick A G C^, we have a biholomorphic isomorphism of Riemann 
surfaces: u ^ \u ol El{C) = E\l{C). By definition, gi{XL) = X~‘^^g^{L) and 
A{XL) = X~^‘^A{L). We have j{XL) = j{L) for the j -invariant defined by 

3 

j{w) = j{L) = The following facts are known from the general theory of 
algebraic curves and are proven in this chapter. 












If (j) : El — > El' is a holomorphic homomorphism with 0(0) = 0, then there 
exists A G such that E D XL and 0(u + L) = {Xu + L') (Theorem 2.39); 
Write a morphism 0 : El El' as 0(u) = (0a;(u), (pyiu)^ 1 ) using the co- 
ordinates of the projective space P^. Then 0^: and (py are rational functions 



of xl and yL\ that is, <px 



■^{x,y,g2,93) 
B(x, 9,92,93) 



and 



_ Ex, 9,92,93) 
y [3{x,y, 92,93) 



for polynomi- 



als A,B,a^j3 with coefficients in Q independent of L (Corollary 2.26); 
Every genus 1 Riemann surface is obtained El for an L (Theorem 2.39); 
El/c - El'/c <==> j{L) == j{L') (Corollary 2.35). 



The function j is an example of a modular function and g 2 and ^3 are examples 
of modular forms. Modular forms are a special kind of automorphic forms 
defined on a more general complex domain. 

For a given number field F, the maximal everywhere unramified abelian 
extension H/E is called the Hilbert class field. Kronecker studied the Hilbert 
class field H of the imaginary quadratic field M. Take a prime p of the integer 
ring Rof M and its prime factor ^ in the integer ring Oh of H. The decompo- 
sition group = {cr G Gal(iL/M)|cr(^') = for any other prime factor 
^'|p is a conjugate of (as is well known). Since Gal(iL/M) is abelian, 
the group is uniquely determined independently of the factor ^ of p; so, 
we write Dp for Since H/M is unramified (at p). Dp = Gal{K/k) for 
the residue fields K = 0/j/^ and k = R/p = Fg for a prime power q. The 
Frobenius automorphism 0p G Dp sending x e K to x^ e K gives a canonical 
generator of the Galois group Gal{K/k). What Kronecker found is 



Theorem (Kronecker— Weber) Let H/M he the Hilbert class field of M . 
Then H = M[j{a)] for any ideal 0 a C R and j{a)^^ = j(p~^a). In 
particular, Gal{H/M) is isomorphic to the ideal class group of M . 



Proof. We give a sketch of a proof. We first explain why j{a) is an algebraic 
number. If End(FL) contains the integer ring R of an imaginary quadratic field 
M, then RL C L; so, L C QM for 0 7 ^ G G L. Via multiplication by G, C/a = 
C/L for a = Q~^L. Thus we may assume that L is an ideal a of M. Since 
the isomorphism class of Ea only depends on a up to scalar multiplication, 
there are only countably many isomorphism classes of El with End(FL) G R. 
Regard Ea as a curve defined by the equation y^ = — p 2 X — ^ 3 , and 

consider its conjugate defined by y‘^ = 4x^ — a {g 2 )x — a {gs) for any field 
automorphism a of C. Then End(F^) contains R because all endomorphisms 
are rational functions of {x,y, g 2 ^ gs)] so, applying a to their coefficients, we 
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get an endomorphism (p^ G End(E^) from <p E End(Ea). The morphism 
(j) ^ (j)^ is an isomorphism of rings. Thus for an ideal b in M and 

j(a)^ = j(b); so, j(a) has only countably many conjugates. This implies that 
they are finitely many, because if x E C is transcendental over Q, one can 
embed Q{x) into C in continuously many different ways (C has continuously 
many transcendental numbers). Thus the number of conjugates of j (a) is finite, 
and hence j{a) is algebraic. Since j(b) = j (a) if and only if b = aa for some 
a e the fractional ideals of M modulo scalar multiplication are finitely 
many. For a given j, we can create a Weierstrass equation y‘^ = 4x^ — 92 ^ ~ 9s 
in Q(j)[x, y] with invariant j, for example, if j 0 {0, 1}, we put 92 = 9s = 

(see just above Corollary 2.35 in the text or [lAT] 4.1). In other words, by 
choosing the period i? as i? = Xy ^ ~ cj E , we have 

= ff2(Ca) = = 53(Ca) G Q. 

For almost all prime ideals ^ of Q(j(a)), 92 and 93 are ^-integral with A{a) ^ 
0 mod and the equation modulo ^ gives rise to an elliptic curve Ea defined 
over a finite field F. The relative Frobenius map E : (x,y) (x^,y^) sends 

Ea to another elliptic curve E^^^ defined by y‘^ = 4x^ — 92 x — 9 ^ e¥[x,y]. 
Suppose that (p) = ^ H Z is split into pp in the imaginary quadratic field M. 
Then the group of p-torsion points Ea [p] is the direct sum of the group of p- 
torsion points and that of p: Ea[p] = Ea[p]^Ea[p]. As is well known (cf. [GME] 
2.9.1), we can choose p uniquely so that Ea[p] = R/p having p distinct points. 
Since F : Ea E^a^ is a homomorphism of groups that is a zero map on 
the tangent space, it induces a group isomorphism F^a(iF) = F'a^^(F) (though 
not a scheme isomorphism), and hence E^a^ ~ E^-ia, because p : Ea Ea 
is an endomorphism (see [GME] 2.9.1) which factors Ea ^ E^^^ Ea with 
Ker(F) = E^^^p] = p“^a/a. This shows that j(a)"^p = j(p~^a). Since j(a) 
characterizes the isomorphism class of Ea (over Q), we know that the j{a)s 
indexed by a E CIm for the ideal class group CIm of M are all distinct. Since 
in each class of CIm^ we can find split p outside a given finite set of primes 
of M (the Chebotarev density), we find that {j{f^)}aeCiM conjugates 

of each other over M; so, they span the Hilbert class field H/M . This proves 
the above theorem (and finiteness of CIm)- 

By the theorem (or its proof), Gal{H/M) = CIm- This is the explicit class 
field theory for the imaginary quadratic field M. This type of result is gener- 
alized by Shimura, Taniyama, and Weil to CM fields^ using a quotient C^/L 
for a lattice L of higher rank (theory of abelian varieties with complex multi- 
plication; see Theorem 4.19 in the text, [lAT] Chapter 5, and [ACM]). A CM 
field means a totally imaginary quadratic extension of a totally real field. 
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2.1.5 Reciprocity Law for Elliptic Curves 

We can slightly generalize the above construction. Let 

El\p\ = {ue El{<C)\vu - 0} = -L/L ^ F^. 

Note that E(0) = (0, -2,0) G P^(Q), and hence the point 0 of El does not 
move after applying a G Aut(C). Then a G Aut(C) brings p : El ^ El to 
p : El ^ E^l because they are rational functions of {x,y, Q 2 , gs); so, if El is 
dehned over a number held M' = Q[g 2 {L), gs{L)], a G Aut(C/M') induces a 
linear automorphism of El\p\. Taking a base w = (^, ^) of El\p], we hnd 
cr(w) = wp{a) for a 2 x 2 matrix p{a) G GL2(Fp), and so, we can identify 
Gal{M'{EL\p])/M') with a subgroup Im(p) of GI/2(Fp). Here M^{El\p]) is 
the held generated by — ) and y{^) {i — 1,2) over M'. Thus identifying 

ElIp] with the column vector space F^ by ^(a, b) w\a, b) G El[p], we have 

x{p{a)v) =- x{vy and y{p{a)v) = y{vY . 

This reciprocity law is still half baked, because we have not made explicit the 
form of p{4>q) for the canonical generator 0q of the decomposition group of a 
prime q of M' . This can be done when L is a fractional ideal of an imaginary 
quadratic held, and the rehned version is an example of Shimura’s reciprocity 
laws (although the origin of this reciprocity goes back to Kronecker). When 
L is not in an imaginary quadratic held, Im(p) is almost always full (by a 
result of Serre; see [ARE] and [Se2]), and we can (conjecturally for general 
M' 7^ Q) make explicit Tr(p(0q)) and det(p(0q)) (see [GME] 5.2.4). However 
this information is still a bit short of completely determining the splitting of a 
prime q in M'{El\p\) (see [Sh2]), and the analysis of the Galois representation 
p : GdX{M' {E l\p\) / M') ^ GI/2(Fp) is still a central subject today. 

Prom what I said, it is clear that the study of modular functions and 
modular forms (and their generalization, often called automorphic forms) is 
natural and crucial in algebraic number theory, though they appear to be 
rather analytic and geometric objects. 

2.2 Cyclotomic Reciprocity Laws and Adeles 

We now give a more detailed description of the cyclotomic reciprocity laws 
and relate them to the idele class group of Q. This fact was found basically 
by Kronecker and is one of the simplest examples of the reciprocity laws in 
class held theory. 

2.2.1 Cyclotomic Fields 

We look into the exponential function e : C given by e{z) — exp(27riz). 

For a positive integer N, we write C = Then is a primitive 
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A^th root of unity. When is a prime p, it satisfies the equation — 1 = 

(X-l)^p(X) = 0for = ATP -2 + ... + 1 . Since C 1, ^p(C) = 0. 

Proposition 2.1 The cyclotomic polynomial ^p(X) is irreducible zn Q[X]. 

Proof. The irreducibility of T>p and T{X) — T^p{X P 1) is equivalent. We see 
easily that the constant term is given by !l^(0) = ^p(l) = p. Since (AT + 1)^ — 
1 = XT{X) = X'P mod p, by the Eisenstein criterion, T{X) is irreducible. 
□ 

Corollary 2.2 The equation ^pn(X) = for an integer n > 1 is 

irreducible in Q[X]. 

The proof of this corollary is left to the reader as an exercise. 

Corollary 2.3 Let N = p'^ for a prime p. The cyclotomic field Q[Ca/"] is 
a Galois extension of Q whose Galois group is abelian. We have a canon- 
ical isomorphism of groups x = Xn • Gal(Q[Civ]/Q) = ifL/NlL)'^ given by 

iP) (^) € Gal(Q[Civ]/Q). 

Proof. Let pat be the group of Nth roots of unity. Then e induces an isomor- 
phism i : TjjNlj = ptv of groups by m e (^)- Since (j{C,n) is another prim- 
itive Nth root for any a G Gal(Q/Q) (Q is the algebraic closure of Q in C), cr 
induces an automorphism of the field Q[Cn] because (j{Cn) is again a power of 
(n- Thus Q[Ctv]/Q is a Galois extension. Since Aut(Z/A^Z) = {ZfNZ)^ (mul- 
tiplicative group) by <f ^ 0(1)^ we find y = xn • Gal(Q[CAr]/Q) ^ (Z/A^Z)^. 
If (7 G Ker(x), a fixes all Nth roots of unity; so, y is injective. Its p-component 
Xpn has to be surjective, since 

|Gal(Q[Cpn]/Q)| = [Q[Cp„] : Q] = deg(^p.) = p^~\p - 1) = |(Z/p"Z)>< |. □ 

We show later the surjectivity of xn for general N (see Theorem 2.8). 

Corollary 2.4 Let Z(p) = {||a, 6 G Z, 6Z + pZ = Z}. Then the integral do- 
main V = Z(p) [X]/(^pTi (AT)) is a discrete valuation ring whose maximal ideal 
is generated by vo ~ (^pn — 1, where (pn is the image of X inV (so, it is a prim- 
itive p'^th root of unity which can be identified with e The valuation 

ring V is fully ramified over Z(p)^ that is, (ti7)t'^'^(p)^ = (p). 

Proof. By the fundamental theorem of arithmetic, any x = ^ can be written 
as p'^^^^y for p = ^ with p \ c and p\ d\ so, y~^ G Z(p). Thus u : Q ^ ZU {oo} 
gives the valuation of Q and Z(p) = {x G Q|u(x) > 0}; so, Z(p) is a discrete 
valuation ring of Q. 

Let tu - Cp-1, and let V = Z(p) [X]/(^p(X)). Since T{X) = X^~^ mod p, 
we see that V/(p) ^ ¥p[X]/ {X^~^). Then 

(1) D (X) D (X^) D . . . D (X^-^) = (0) 
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are the only ideals of V/(p), because {ajX^ + + H h = 

{Xy if aj y 0 in Fp. Since p = ^(0) = riaGGai(Q[Cp]/Q) ^e find that 

(tu) D {p). Then by the homomorphism theorem applied to V V/(p), only 
ideals between (p) and (tu) are (w)^ for m = l,2,...,p— 1. By induction on 
n, one can show that 

(1) G {X) D (X^) D ■ . . D {X^iP-^)) = (0) 

are the only ideals of V/{p^). For a given ideal a C V, a n Z(p) = (/) because 
Z(p) is a discrete valuation ring (DVR). Thus a = (zu)'^ for 0 < m < i{p - 1). 
This shows that V is a DVR with valuation w given by w{x) = n (x) — 

The same argument as above works well for V = Z(p) [X]/(^pn (X)) for 
tu = (pn - 1, since ^pn(X + 1) = mod p. □ 

Let V be a DVR. Then we can extend the valuation u of V to its field of 
fractions K by u(|) = v{a) - v{b). In other words, V — {x e K\v{x) > 0}. 
For any x G X, we have either x E V or x~^ G V. In particular, if x G RT is 
integral over V, then x satisfies an equation 

x^ + aix^ ^ . -p = 0 1 = —aix~^ — a2X~‘^ _ . . . _ anX~'^ 

with G V. If X 0 V, v{x) < 0 4=^ v{x~y > 0, and 

0 = u(l) = v{-aix~^ - a 2 X~‘^ - . . . _ anX~'^) > min(u(a^) + ju(x“^)) > 0, 

j 

which is a contradiction; so, x G V, and V is integrally closed. In particular 
Z(p)[Cpn] is the integral closure of Z(p), and (p) fully ramifies in Z(p)[Cpr.]. 

2.2.2 Cyclotomic Reciprocity Laws 

Let g be a prime different from p. We now look into Vq = Z(^) [X]/(^pn (X)) = 
^(g)[Cp4 We look into 5pn(X) = (^pn(X) mod q) G Fg[X]. Then Vq/qVq = 
and dimFgVg/gVg = rank^^^^ Vg = deg(^pn(X)). Since we 
have p'^~'^{p-l) distinct primitive p’^th roots of unity in Fg, ?pn(X) does not 
have multiple roots, and we see Vq/qVq = 0 F^/^ © • • • 0 F^/^ . The image 

of X in F^/^ is a primitive p^^th root a = of unity in F^/^ , and F^/^ = Fg[o]. 
Thus f = fi = f 2 = - ■■ = fg is the minimal exponent so that F^/ contains a 
primitive p""th root of unity. Since F^^ is made up of {q^ - l)th roots of unity, 

/ is the minimal exponent such that p^\q^ - 1. The ideal = Ker( 7 Tg) for 
each projection tTj : Vq '^qlQ^q -» F^/^ is a prime of Vg, and we have 

9 

(<?) = n ^9 = [VJqVc, : F,] = deg(^pn) == p— pp - 1). 

J = 1 



Summing up, we get 
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Proposition 2.5 Each prime q ^ p decomposes into a product (q) = 11^=1 
of prime ideals with Vq/qj = F^/ for the minimal exponent f with p'^\q'^ — 1. 

We also have fg = p'^~^{p — !)• 

Let q = q^. Then Vq/qVq = F^/. Since Gal(Fg//Fg) is a cyclic group of 
order / generated by fq given by (j)q{x) = x^, it is induced by an element fq G 
Gal(Q[Cpri]/Q) with Xp^ifq) = <7- In other words, the stabilizer of q is given 
by Dq = {(fq) C G = Gal(Q[Cpn]/Q) generated by fq. We have an injection 
GjEq {qi,-..,qp} by oEq ^ cr(q)- Since \Dq\ = |Gal(Fg//Fg)| = /, the 
image has [Q[Cp^] • Q]// = 5^ elements; so, we get 

Gal(Q[Cp"]/Q)/r), = 



We have proven: 

Theorem 2.6 (Cyclotomic Reciprocity) If q ^ p is a prime, then for 
each prime factor q in the decomposition subgroup of q in G = 

Gal(Q[Cpn]/Q): Z7q = {a G G\ci{q) — q} is given by the cyclic subgroup {(pq) 
generated by the Frobenius element fq with Xp^{4^q) — Q- particular, {q) — 
HaGG/Dq order f of q in {Zlp'^Z)^ . 

Let Vq be the localization of Vg at q. Since flj = {q) in Vg, we find that 
qVq = (g), which is a unique maximal ideal. Thus ^ Vq/q = F^/ is 

a field; so, there is no ideal between q^ and q^^+^ in Vq. If a is an ideal of Vq, 
a n Z(^q^ = q'^] so, a = q’^. In other words, all ideals of Vq are given by 

Vq D q = (g) D q2 = (g^) D q^ D ■ • • D (0). 

Therefore Vq is a discrete valuation ring. We have Vg C riq|gVq. If ~ £ Q[Cp”] 
for a, 6 G Vg is in the intersection, then a is prime to q for all q|g; thus, a is 
prime to q. This implies Vg = HqjgVq, and Vg is integrally closed (Exercise 3). 
Since ( = (pn is defined by the relation 

^ 1 + + • • • + = 0 , 

the — 1) elements 1, C, • • • , C^" form a base of Z[Cp"] over Z. 

Then we have 



n Vq = n = (ngZ(g))l + (ngZ(g))C T ' ' ' T ( H g Z ( g ) ) C^" “ ^ ^ ^ ^ ^ ^ := Z[Cp.], 

q g 

where q runs over all prime ideals of O = Z[(pn] and q runs over all rational 
primes. This shows that Z[(pn] is the integer ring of Q[Cp^]; in other words, 
Z[(pn] is the integral closure of Z in Q[Cp^]- Thus Oq = Vq for a prime ideal q 
of O, and we can restate the reciprocity law as follows: 

Corollary 2.7 The integer ring O o/Q[Cpn] is generated by (pn overZ. For a 
prime q ^ p and a prime factor q\q, the decomposition group Dq is independent 
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of the choice of q and generated by the Frobenius element <j)q with Xp^{4^q) = 
q. We have (q) = YlaeG/D^ order f of q in 

(fLjyFlf)'^ . The prime p is totally ramified in O, and the prime factor p of p is 
principal and is generated by (pn — 1. In particular, Ip ^ Dp = Gal(Q[Cp’^]/Q) 
for the inertia subgroup Ip C. Dp. 

2.2.3 Adelic Reformulation 

Recall that p and q are distinct primes, and put N — p'^q'^. Then we have a 
commutative diagram 

Q[Civ] ^ Q[Cp"^] 

1 I" 

Q[Cg"] < Q, 

T 

where Ip denotes the inertia group at p. Since p is unramified in Q[Cg ^]5 we 
find Ip n Iq = {1}. Since Ip = Gal(Q[Cp^]/Q) and Gal(Q[Civ]/Q) is an abelian 
group (Gorollary 2.3), we find that Gal(Q[CAr]/Q) = Ip 'x Iq — by 

Xn- Repeating this process for N — Up pe(p)^ we find 

Theorem 2.8 The cyclotomic character xn induces an isomorphism 

Gal(Q[Cyv]/Q) = (Z/AZ)>< 

of groups. The decomposition group of a prime q \ N is cyclic and gener- 
ated by the Frobenius element (fq with XN{4>q) = q ^ {ZfNZ)^ . For a prime 
p\N , writing N = p^N' with p | N' , the inertia group Ip of p is given by 
Xn\{Z/p^Z)^), identifying (fL/NZY = {Zjp^ZY x {ZfN'ZY- The decom- 
position group for p\N is given by Ip x {(f>p), where XN'{f>p) = P ^ (Z/N'Z)^ . 

By definition, if M\N, Q[Cm] G Q[Civ] because Cm = - Then it is 

easy to check that the following diagram commutes: 

Gal(Q[Cw]/Q) Gal(Q[CM]/Q) 



|XM (2.1) 

(ZfNZY ^ {ZfMZY- 

{x mod N)i-^{x mod M) 

Thus the composite (inside Q) of Q[Cn] for all positive integers N is actually 
a union = Uw Q[Civ]- 

Taking the projective limit, we have 

X : Gal(Q"^7Q) ^ = ]^n{Z/NZY^ (2.2) 

We compute Z = ^m n{Z/NZ). We recall that the p-adic integer ring Zp = 
'^mri{Z/p'^Z) is formed by the formal series Yln>o with 0 < < p — 1, 
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which is the valuation ring (and is the completion of Z(p) with respect to the 
norm \x\p = Since any integer can be expanded as above by p-adic 

expansion, Z C Zp, and this inclusion is compatible with Z(p) C Zp. Writing 
the prime decomposition of as we find by the Chinese 

remainder theorem 

Z = ]^n{Z/NZ) = ^iv = = n^P’ (2.3) 

p\N P P 

where p runs over all prime numbers in the last two products. We put the 
p-adic topology on Zp so that a system of neighborhoods of x G Zp is given 
by {x + p’^Zp}^>Q. This makes Zp (resp. Zp ) a compact profinite ring (resp. 
group). We equip Z and Z^ with the product topology of each component 
(Zp and Zp ). Then Z (resp. Z^) is a compact profinite ring (resp. group). 

We now want to prove: Gal(Q^^^/Q) = for 

the adele ring A using the above expression of Gal(Q^^^/Q). The adele ring A 
is a rather complicated ring, but we find it very useful later, and it contains 
all arithmetic information of the field of rational numbers Q. 

Let us recall the definition of A. We consider the product ring R x Yip Qp^ 
where p runs over all positive prime numbers, and Qp is the field of fractions 
of Zp, and Q C Qp, which is the completion of Q under the p-adic norm | |p 
as above. Each p-adic number x G Qp has an expansion X^n>-oo (cn = 0 
if n is very negative). Since Zp is made up of with p f cq, Qp = 

y^p^Zp U {0}, where n runs over all integers. Regard Q inside R x Op Qp 

p 

by sending ^ G Q to (Q Q • • • , Q • • • ) ^ R x Yip Qp- Let A be the subring of 

R X Qp generated by Q, Z, and R. We often write x = (xqo, . . . , Xp, . . . ) 
for an element x G R x ]j[p Qp; so, Xqo ^ R- 

Proposition 2.9 We have 



A = AQ= (xp)p:p^^rne,oo ^ R X JjQp|xp G Zp fov aliTiost a// p j 

and A = (R X Z) + Q. Here “almost all p” means “except for finitely many 
pG 

Proof. The ring A' is a subring of R x Qp. For ^ = | G Q (a, 6 G Z), if p f 6, 
we have f G Zp. Thus ^ G A', and A C AL If x G A', we expand Xp = ^nP^^ 

and define [xp] = ^nP^^ which is a fraction with a p-power denominator 

and is called the fraction p-part of Xp. Then [xp] = 0 for almost all p, and 
N = Y^pi^p] ^ Q- Then we look into Xp - [x] = Xp - [xp] - J2q^pl^q] ^ Qp- 
Since the denominator of [xq] is prime to p, we find [xq] G Zp. Thus Xp — [x] = 
Xp — [xp] — J2q^p[xq] G Zp, and hence x — [x] G Z inside Ah In particular, 
X = (x — [x]) -h [x] G (R X Z) + Q C A. This shows the last identity. □ 
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Writing the finite part = A H Up Qp^ we thus have = Z(^zQ- 

Proposition 2.10 We have A^ = Q^(R^ x Z^) by x ^ (x){x/{x)), where 
R^ = {x e R|x > 0}. 

Proof. Since Qp = ^{0}’ we can write Xp G Qp as Xp = p'^^^p^Up with 

Up ^ Zp . Then for x G A^, x~^ G A, and hence \xp\p = 1 v{xp) = 0 

for almost all p. In other words, {x) = ^ rational number for 

X G A^, and G R^ x Z^. □ 

By translation, we extend the topology on Z to A*^^^ = Q + Z. Therefore 
A and A^°^^ are locally compact rings (and A^ is a locally compact group; 
see [MFG] 3.1, [LFE] 8.1-3 and [EPE] Chapter II for more about the adele 
topology on the adele points G{A) of an algebraic group G over Q). 

Corollary 2.11 We have A^/Q^R^ — Z^. This isomorphism l can he nor- 

/ N p ^ 

malized so that it takes p ^ Qp C A to pT^) = (p,p, . . . ,p, l,p, . . . ,p) G Z^ . 

Proof. We see that (jGQ^n(Z^x R^) means that ^ = ^oo > 0 and the 
numerator and the denominator of ^ is prime to p for all p; so, ^ = 1. 
Thus we conclude H (Z^ x R^) = {!}. By the isomorphism theorem: 

(j) : A^/Q^R^ = Z^^Q'^R^/Q'^R^ ^ Z^ /Q^ H {Z^ x R^) = Z><. 

Since p = p^^^^PpPoo == 1 in A^/Q^R^ for Pp = (1, . . . , 1,P, 1, . . . , 1) G A^ 

oo 

and Poo = {P ‘ - G) ^ the above isomorphism brings Pp in Q^ C A^ 
to (p(p°®))~T Defining l{x) — (j){x) \ we get the desired isomorphism. □ 

Combining this with Theorem 2.8, we get 

Theorem 2.12 (Class Field Theory) ITe have a canonical (reciprocity) 
isomorphism i : GLi(A^'^^)/Q^ = A^/Q^R^ = Cal(Q^^^/Q) such that 
Pp F Qp is sent to a Frobenius element at p, and the decomposition group 
at p is given by the closure of the image of Q^ . Inside the decomposition 
group, the inertia group is given by the isomorphic image of Z^ . 

Class field theory says slightly more, namely that Q^^^ is the maximal abelian 
extension Q^^ of Q. Eor more on this, see [EAN] Chapter 6. Often the above 
result is expressed as an exact sequence, 

1 Q^R^ -G A>< A Cal(Q^VQ) 1, 

and the map l{x) is called the Artin reciprocity map and sometimes written 
as l{x) = [x,Q]. The reciprocity map of the class field theory induces a lo- 
cally compact (actually compact profinite) topology on the Calois group. This 
topology can be defined in a way intrinsic to Calois’ theory, as we show in the 
following section. 
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Exercises 

1. Prove that ^pn[X) is irreducible in Q[X]. 

2. Give a detailed proof of Corollary 2.4. 

3. Prove Z(g)[Cpn] is integrally closed. 

4. Prove that the integer ring O of Q[Civ] is generated by (n over Z. Hint: 
First show that Q[Cv] = Q[Cp^] GqQ[C(?^] if N = p'^q^ for distinct primes 
p and q. Then show that O = Z[Cpm] (g)^ Z[(gn] using the fact that no 
prime ramifies in the two fields Q[Cp"^] and Q[Cg^] at the same time. 

5. Give a detailed proof of Theorem 2.8. 

6. Deduce the quadratic reciprocity law in the introduction either from The- 
orem 2.6 or Theorem 2.12. 



2.3 A Generalization of Galois Theory 

For our later use, we gather here some results from a generalization of Galois’ 
theory given in [I AT] 6.3. 



2.3.1 Infinite Galois Extensions 

We study the Galois theory when dim/^ L is infinite for a Galois extension 
L/K. First we recall Galois’ fundamental theorem when L/K is finite. 

Theorem 2.13 (E. Galois) Suppose that LjK is a finite Galois extension. 
Taking an intermediate field LjMjK, L/M is a Galois extension and 

(1) There is one-to-one onto correspondence 

{M : intermediate field\L/M / K} {H : subgroup ofGal{L/K)} 

given by M ^ Gal{L/M) and H ^ = {x G L\x = a{x)'\/a G H}. 

(2) For two intermediate fields M, M' , we have 

• M D M' ^ Gal(L/M) c Gal(L/M'); 

• Gal(M n M') is the subgroup of Gal{L/K) generated by the two sub- 
groups Gal(L/M) andGal(L/M'); 

• Gal(L/MM') = Gal(L/M) n Gal(L/M'); 

• Forae Gal{L/K), Gal{L/a{M)) = aGal{L/M)a-G 

(3) MjK is a Galois extension if and only z/Gal(L/M) is a normal subgroup 
in the Galois group Gal(L/iT). In particular, by a ^ o-\m, have an 
isomorphism: Gal(L/X)/Gal(L/M) ^ Gal(M/A:). 

We admit this theorem, just referring the reader to any book on elementary 
Galois theory. 

What we want to do in this subsection is to generalize the above theorem 
to an infinite Galois extension. Hereafter we suppose that L/K is an infinite 
Galois extension. Since each element ^ E L satisfies a polynomial equation of 
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finite degree with coefficients in K, there are only finitely many conjugates of 
Thus the Galois closure of K[^] over RT is a finite Galois extension 

of RT, and we get from Theorem 2.13 (2), 

L = (J ^ Pi Gal(L/i^[e]®“') = {id}. (2.4) 

^eL ^eL 

We first generalize the third assertion of the above theorem. 

Lemma 2.14 Suppose M is an intermediate Galois extension of a Ga- 
lois extension LfK. Then the group Gal(L/M) is a normal subgroup of 
Gal{L/K), and a ^ ct|m induces an isomorphism Gal(L/iT)/Gal(L/M) = 
Gal(M/i^). In particular, if M/K is a finite extension, then we have the 
equality [Gal{L/K) : Gal(L/M)] - [M : < oc. 

Proof. If M/K is a finite extension, for any finite Galois extension L' with 
L D K D M, we can extend a G Gal(M/K) to r G Gal{L'/K) (assertion 
(3) of Theorem 2.13). Since L is a union of finite Galois extensions of L' , 
a G G^\{L' / K) extends to r G Gal(L/R"). If M/K is an infinite extension, 
writing M as a union of finite Galois extensions M' /K and applying the 
above fact to M' /K, we find that any a G Gal(M/iT) can be extended to 
T G Gal(I//i^). Thus a ^ ct|m is a surjective homomorphism of Gal(L/iT) 
onto Gal(M/RT). Its kernel is given by Gal(L/M) which is normal. □ 

Basically the same proof as above yields the following result which looks 
stronger than the lemma. 

Corollary 2.15 Let M be an intermediate extension of L/K . Then a ct|m 
induces an isomorphism Gdl{L / K) / Gdl{L / M) ~ Homiy(M, L), where the set 
HomK(M, L) is the collection of K -linear field homomorphisms of M into L. 

The proof of this corollary is left to the reader as an exercise (Exercise 1). 

We now give a topology on the group Gal(L/RT) in the following way. 
Define a fundamental system of open neighborhoods of the identity by the 
collection of subgroups of the form Gal(L/M) for a finite extension M/K. If 
E — Gal(L/M) for a finite extension M/K, the Galois closure is still a 
finite Galois extension of K\ so, we find a normal open subgroup Gal(L/M^^^) 
inside any open subgroup E. Thus we may define the system to be the set 
if of all normal subgroups N — Gal(L/M) for finite Galois extensions M/K 
inside L. For each a G Gal(L/i^), we define the system of neighborhoods of 
(7 to be crlt = Her = {aN = N(t\N G H}. By this, if H satisfies the axiom of a 
fundamental system of open neighborhoods of a point, G becomes a topolog- 
ical group, that is, G is a group with a topology for which the multiplication 
(a, b) ^ ab and inverse a i— > are continuous. The axiom is checked by 

Lemma 2.16 We have 

(I) For cr I; there exists N ^ ii with a ^ N (so, G is a Eausdorff group); 
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(2) N,H NnH eiX. 

Proof. By (2.4), L = [Jj^M for finite Galois extensions M/K. If a G 
Gal(L/M), a is the identity over all M; so, cr = 1 in Gal(L/iT). Thus there 
exists a finite Galois extension M/K inside L such that a ^ N = Gal{L/M) 
if cr 7 ^ 1. By definition, we have TV G 11; so, assertion (1) follows. 

Write N = Gal(L/M) and H = Gal(L/M'). Then MM' is a composite of 
two finite Galois extensions; so, it is a finite Galois extension. By definition, a 
is trivial over MM' <G=4> cr is trivial over M and M'. Then by Lemma 2.14, 
we have Gal(L/MM') = A" n M, and hence N (1 H E ii, which proves (2). □ 

The topology we have defined was first introduced by Krull, and therefore it 
is called the Krull topology on Gal(L/iV). 

Proposition 2.17 For an infinite Galois extension L/K, Gal(L/iV) is a 
compact group under the Krull topology. 

Proof. Since Gal{L/K) is Hausdorff, we need to show that for any given infi- 
nite subset K in Gal(L/iV), there exists an element cr G Gsl{L/K) such that 
27 n Ha is infinite for all iJ G 11; that is, 27 has a limit point a G Gal{L/K). 
Since H ~ Gal{L/M) for a finite Galois extension M/K, there are finitely 
many automorphisms of M/K. Thus there exists an infinite subset Hh of 27 
that induces a single automorphism cr^ on M. For any extension a' G 27/f of 
aM to L, the coset Ha' is the collection of r G Gal(L/iV) (by Lemma 2.14) 
with t\m = ctm- We make the construction of aM compatible with an in- 
creasing sequence of Galois extensions Mj of K inside L. In other words, 
we find a sequence of finite Galois extensions Mj/K {j = 1,2,...) with 
K C Mj C Mj^i C L and aj = aMj F Gal(Mj/iV) such that L — |J^- Mj and 
<^i+i|M = M for all j. We have found an element a G Gal(L/iV) such that 
a\Mj ~ ctMj for all j. This cr is a limit point of 27. □ 

Corollary 2.18 If M is an intermediate field of an infinite Galois extension 
L/K, Gal(L/M) is a closed subgroup ofGdl{L/K). 

Proof. For any finite Galois extension M' /K inside L, we have by definition 
the following identity: z~^(Gal(L/MM')) = Gal(L/MM') for the inclusion 
map i : Gal(L/M) ^ Gal(L/iV). For any TV G 11, we find a finite Galois 
extension M' / K inside L such that TV = Gal(L/M'). Since MM' /M is a 
finite Galois extension, i~^{N) = Gal(L/MM') is open in Gal(L/M); so, i is 
continuous. The image of a compact set by a continuous map is compact; in 
particular, it is closed. □ 

We now prove a generalization of Theorem 2.13. 

Theorem 2.19 Let L/K he an infinite Galois extension. We have the fol- 
lowing canonical one-to-one onto correspondence, 

{intermediate fields M of L/K} [closed subgroups H of Gal{L/K)} 

induced by M ^ Gal(L/M) and H L^ . Moreover, 
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(1) Every open subgroup of Gal(L/K) is closed, and open subgroups corre- 
spond to finite extensions jK . 

(2) Let for an index set I be a collection of closed subgroups of the 

Galois group Gdl{L/K). Writing = Gdl{L/ Kf) , for the composite M 
of all {Ki}^^j, we have PIzg/ ~ Gal(L/M). 

(3) If {W} ^^J is a collection of intermediate fields of LjK, then the group 
Gal(L/ Kf) is the closure of the subgroup in Gal{L/K) generated by 
Gal{L/K^) for alii. 

(4) For a e Gal{L/K), we have Gal{L/a{M)) = a • Gal(L/M)cr“^ 

(5) If M / K is a Galois extension inside L, then Gal(L/M) is a normal closed 
subgroup and Gal(L/RT)/Gal(L/M) ^ Gal(M/RT) induced by a ^ (j|m 'is 
an isomorphism of topological groups. 

Proof. Let Tl be the set of all intermediate fields oi LjK and be the set 
of all closed subgroups of Gal(L/RT). For any M G OJl, Gal(L/M) is a closed 
subgroup of GEKfLjK) by Corollary 2.18; so, M ^ Gal(L/M) defines a map 
— > i}. We define a reverse map dJl by H . 

We first prove that Gal(L/L^) = H. Since Gal(L/L^) C Gal(L/R^) 
is the collection of all automorphisms of L fixing , we confirm that 
H c Gal{L/ L^). Conversely, for each finite Galois extension MjL^ inside 
L, H acts on M nontrivially if M L^, and the image under a ^ a\M 
in Gal(M/L^) is a subgroup of Gal(M/L^) and = M^' . By Theo- 
rem 2.13 (1), H' = Gal(M/L^). In other words, for each cr G Gal(L/L^), 
we find Lm F H such that /im|m = ct|m- We consider the infinite set 
PI = {^mIm G H with M running through all finite Galois extensions M f . 
Since iL is a closed subgroup of a compact group Gal(L/iF), H itself is com- 
pact. Then E has a unique accumulation point h. Then for each finite Galois 
extension M/L^ , g\m — h\M> Since L = |J^ M for finite Galois extensions 
of M/L^, we find that h -= cr and i7 = Gal(L/L^). 

We now prove = M. By Corollary 2.18, H = Gal(L/M) G 

By definition, M C . Supposing that ^ M, we try to get a con- 
tradiction. Pick G — M. Then M[^]/M is a finite extension. Thus 
C L because L/K is normal. Since ^ ^ M, Gal(M[^]^^^M) {1}. 

Pick cr G Gal(M[^]^^YM) with a{Sf) y^ f. Then by Lemma 2.14, we find 
r G Gal(L/M) = H such that r(^) = a{f) y^ This is wrong since a{^) 
has to be ^ because ^ G . Thus we find that j^Gai(L/M) _ ^ 

correspondence is one-to-one and onto. 

For an open subgroup H, Gdl{L/K)/H is discrete and compact; so, 
it is finite (see Exercise 4). Since H is the kernel of the continuous map 
Gal(L/iL) Gal(L/iL)/JT, H is closed. By FT = Gal(L/L^), we see from 
Lemma 2.14 and Corollary 2.15 that Gal(L/iF)/iF = Homjy(L^,L), and 
hence j K is a finite extension by Corollary 2.15. This shows (1). 

Assertion (2) follows from the fact: a G Gal(L/iF) is the identity on every 
if and only if cr is the identity on the composite of all Ki (Exercise 2). 
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Let Gal(L/ K^) = H' . Then by definition, H' is a closed subgroup 
containing all = Gal(L/iL^), and it contains the closure H of the subgroup 
generated by for all i. Since AT is a closed subgroup (so in S^) containing 

we see C and hence C PIzg/ Thus H H' — Gal(L/ -^0- 

This shows H = H' . 

Assertion (4) is plain from the definition of the Galois group, and the last 
assertion follows from Lemma 2.14. □ 



2.3.2 Automorphism Group of a Field 

We study Aut(L/iT) for an arbitrary extension LjK of fields. An interme- 
diate extension M oi L/K is called of finite type over K if there are finitely 
many elements Xi,...,Xn that generate M as a field over K. We define a 
fundamental system if of open neighborhoods of 1 on Aut (L/iT) by 

if = {iT = Aut(L/M)|M/iL is of finite type}. (2-5) 

Since a composite of two intermediate fields of finite type is again of finite 
type, if satisfies the axiom of the fundamental system of neighborhoods (see 
the proof of Lemma 2.16 and Exercise 3). Then define a system of neigh- 
borhoods of cr G Aut(L/iL) by aif U ifcr. This topology gives a topological 
group structure on Aut(L/iL). Let S) be the set of all compact subgroups of 
Aut(L/iL), and let DJI be the set of all intermediate fields M in L/K such 
that L/M is a Galois extension. Then we have 

Proposition 2.20 (Jacobson) We have a canonical bijective correspon- 
dence DJl = S) given by M ^ Gal(L/M) and H L^. 

Proof. Pick a compact subgroup H of Aut(L/iL). Then for each G L, the 
topological group Aut(L/iL(^)) is an open subgroup of Aut(L/iT). Thus H' = 
H n Gal(L/iL(^)) is an open subgroup of H. In particular, H/H' is compact 
and discrete; so, it is finite (Exercise 4). Since f{X) = YlheH/H'i^ 
coefficients in L^, ^ is algebraic over . Since h{^) = 4T hH' = K H/ 
we find that the roots of f{X) are all distinct; so is a separable 

extension. Since h{^) G L for all h e H, all the roots of f{X) are in L. The 
Galois closure M of L^ over is a Galois extension of inside L. 
Since L = we find that L/L^ is a Galois extension. Then by 

Theorem 2.19, we find that H = Gal(L/L^). Starting from M G we find 
that Gal(L/M) G and M = L^ai(L/M) Theorem 2.19. □ 

A field extension L/K is of finite type if L is generated over K by finitely 
many elements (as a field). Let be the set of all open compact subgroups 
of k\ii{L/K) and be the subset of DJI made up of fields M that are of 
finite type over K. 

Corollary 2.21 If DJl^ is nonempty, then Aut (L/iT) is locally compact, and 
the one-to-one onto correspondence in Proposition 2.20 induces DJl^ = 
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Proof. If is nonempty, pick M € Then the identity of Aut(L/iL) 

has an open neighborhood Gal(L/M), which is also compact by Proposi- 
tion 2.17. By translating this neighborhood to any point a on Aut{L/K) 
through multiplication by a, every point has an open-compact neighborhood; 
so, Aut{L/K) is locally compact. We need to show that jK is of finite type 
over K if H e Consider F = ML^ . Then L/F is a Galois extension; so, 
H' ~ Gal(L/F) is a compact subgroup of Gal(L/M). Since F/M is a finite 
extension, F is of finite type over M and hence over K. Thus the subfield 
of a field F is of finite type over K. □ 



Exercises 



1. Prove Corollary 2.15. 

2. Give a detailed proof of the assertions (2) and (4) of Theorem 2.19. 

3. Prove that the Krull topology on Aui{L/ K) given by (2.5) is well-defined. 

4. Prove that a compact and discrete set is a finite set. 



2.4 Algebraic Curves over a Field 

Here we give an exposition of classical theory of algebraic curves over a field 
from the viewpoint of the theory of discrete valuation. See [ALF] for a more 
detailed exposition on algebraic curves from this point of view. Under this 
setting, in the following section, we give a prototype of classification problems 
of abelian varieties (description of the moduli of elliptic curves over a field). 
To treat classification problems over rings, a more sophisticated language, for 
example, the language of schemes, is necessary. Prom the next chapter on, we 
treat the general case via the theory of schemes. 



2.4.1 Algebraic Function Fields 

Let AT be a field of an arbitrary characteristic. An algebraic function field ^ 
of dimension 1 is a finitely generated nonalgebraic field extension ^/K such 
that for any xG.fi transcendental over AT, ^jKix) is algebraic. We assume 
that the algebraic closure of AT in .fi is A itself. In this case, we say that .fi 
is defined over K. Replacing K by its algebraic closure in .fi, we may always 
assume that .fi is defined over K. 

We relate field theory to the geometric theory of projective algebraic curves 
by considering local coordinates. A prototypical example of algebraic function 
fields is given by the meromorphic function field over C of a compact Riemann 
surface. Each point of a Riemann surface has a coordinate neighborhood, and 
the collection of all coordinate neighborhoods by definition determines the 
Riemann surface. Each meromorphic function has Laurent expansion at a 
given point, which gives a well-defined order of vanishing (or order of pole) of 
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the function at the given point. Associating the order at a point with mero- 
morphic functions gives a valuation of the function field specific to the point. 
An idea of how to algebraize a Riemann surface is to consider the set of all val- 
uations of its function field trivial over the base field and to replace coordinate 
neighborhoods by corresponding valuations. We recall here a formal definition 
of discrete valuation rings (DVR) inside an algebraic function field ^ over K. 
A discrete valuation v oi ^ trivial on AT is a surjective map v \ IjU {00} 
satisfying the following four conditions: 

(VO) v{K^) = 0 (triviality over the base field); 

(VI) v{f) = 00 <^ / = 0 ; 

{Y 2 ) v\f + g)> v{g)) for all f,ge^\ 

(V 3 ) v{fg) = v{f) + v{g) for all f,g eA- 

Here we agree as a convention to have a + oc = 00 and 00 > a for all a G Z. 
By the above properties, Vy = {f ^ > 0 } is a subring of and either 

X G ^ or ^ belongs to Vy- In particular, the field of fractions of Vy is equal to 
The ring Vy is called a discrete valuation ring^ and m = {/ G Vy\v{f) > 1 } 
is a unique maximal ideal of Vy (so, Vy is local). The field Vy/m is called the 
residue field of the valuation v and is a finite extension of the base field K. 
Moreover, every ideal of Vy (except for the zero ideal) is a power of m, and 

= {/ G ^\v{f) > n}. See [CRT] Chapter 4 for more about valuation rings. 

Our goal in this subsection is to create a space (a geometric object) from 
the purely algebraic notion of algebraic function fields K The object is called 
the Zariski-Riemann space and is the collection of all valuations of ^ trivial 
over the base field K. The space is an algebraic replacement of the associated 
Riemann surface for AT = C. 

Example 2.22 We start with the simplest Riemann surface: the Riemann 
sphere P = = CU{oo}. The meromorphic function field of the sphere P is 

isomorphic to the rational function field ^ = C{x). Then the polynomial ring 
C[x] corresponds to the Riemann sphere P with coordinate x in the following 
sense. The space P is covered by two coordinate neighborhoods Uq and Uoo 
identical to C, Uq is centered at 0 with complex coordinate x, and the other 
Uoo is centered at 00 with coordinate x' — K Then the field of meromorphic 
functions of P is given by C(rr), and the polynomial ring C[x] is the ring of 
functions with the only possible pole at 00. Each meromorphic function cj) on 
Uo finite at 0 has its Taylor expansion in the coordinate x: (j){x) — 
whose radius of convergence is positive. If (j) is not finite at 0 , for some pos- 
itive m, x'^(j){x) is finite at 0 , and (j){x) therefore has its Laurent expansion 
define a valuation vq on C(x) by assigning the expo- 
nent of the leading term of the Laurent expansion to a given meromorphic 
function <p G C(x). The valuation vo{(j)) is just the zero order of the function 
(f) holomorphic at 0 . For any other point a G C = Vq (resp. a — 00 e Uoo), 
we can take t^ = x — a (resp. too = ^~^) as a coordinate around a, and we 
can think of the valuation Va giving the order of zero at a. In differential ge- 
ometry or in complex analysis, local behavior of functions refiected by Taylor 
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expansion often determines in the aggregate global properties of the function. 
Partial fraction expansion determines elements in C{x); so, local knowledge of 
the valuation Uq;(0) almost determines C(x). Thus it is natural to expect that 
the set Z of valuations {uq,}^ determine P. Indeed, at least set-theoretically, 
Z is in bijection with P. 

We choose a transcendental element x ^ ^so that ^ is a finitely generated 
separable algebraic extension of K{x). Then ^/K{x) is a simple extension; 
in other words, we can find a single generator y E ^ such that ^ = K{x)[y]. 
We may assume that y is integral over K[x] (because some multiple of y 
by an element in K[x] is integral over K[x\), and y satisfies an equation 
2/™ + ai(a;)y™“^ H h a^ix) = 0. 

Suppose that K = C. Take a general compact Riemann surface R. Then 
on the given Riemann surface R, choosing two generators (x, y) in its mero- 
morphic function field, the relation of (x, y) gives a projective algebraic curve 
V in P^. Moreover, defining the algebraic function field C{V) of V by the 
collection of nontrivial restriction to V of rational functions P{x,y) / Q{x,y) 
(with two polynomials P and Q of equal degree), the meromorphic function 
field of R is isomorphic to the algebraic function field C(R) of V. 

Here is another slightly more nontrivial example. 

Example 2.23 Consider the function field ^ = C{x)[y] defined by the equa- 
tion y‘^ = x{x — l){x ~ X) for A G C different from 0 and 1. We consider the 
square root y{x) = yjx{x — l)(x — A) on Uq. This function has two values 
on P vanishing at 0,1, A and has a pole at oo; in other words, its inverse 
vanishes at oo. Thus the locus of the point (x, y, 1) G P^ is a two-sheet cov- 
ering of P that ramifies at 0, 1, A, oo. Around x = 0, if a point circles around 
(x,y) = (0,0), for two values of ±y, we have one value of x. In other words, 
cutting a line segment [0, 1] and [A, oo] from two copies of P and gluing the 
two corresponding segments, we get the donut-shape Riemann surface R^ on 
which the functions y and x both have single values. The field of meromorphic 
functions over R is given by C(x)[yj. Moreover, we can embed R into P^ by 
P ^ {x{P), y(P)), which satisfies the given equation = x(x — l)(x — A). In 
other words. 



R^V = {{x,y) e = x{x - l){x - A)} , 

because x moves around all possible values inP = CU{oo}. 

For each point a G C different from 0, 1, A, pick a point P from the two 
points P, Q of if over a. Then P has an open neighborhood U with coordinate 
t = x~a. Any meromorphic function / defined over U has a Laurent expansion 
fW — Xln>-oo We define a valuation vp : C{V) -E ZU {oo} given by 

vp{f) = m if am ^ 0 and = 0 if n < m. 

Thus we have (VO-3) for vp and 
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Vp = {/ e ^\vp(x) > 0} (2.6) 

is a valuation ring (Exercise 1) with wp(C^) = 0 (i.e., vp is trivial on C). 

For P over one of the four ramified points a = 0, 1,A, oo, for an open 
neighborhood O of a that does not contain any of 0, l,A,oo different from 
a, = [/ is an open neighborhood of P and y gives a local coordinate 

t if a 7 ^ oo and y~^ gives a local coordinate t of if a = oo. Then we 

define Vp exactly in the same way. By definition, for each x e K, either 
> 0 or vp{x) < 0; in other words, x or x~^ is in Vp. Thus we have 
^ = Frac{Vp) = {f |a G Vp, 6 € Vp - {0}}. 

Start conversely with a discrete valuation u : > Z U {oo} with u(C^) = 

0. Then V = {/ G ^\v{f) > 0} is a discrete valuation ring. Again for each 
x G either x G V or x'^ G V. First suppose that x G V. Then C[x] C V. 

Let m = {/ G V|u(/) > 0}. Then m is the maximal ideal of V, and V/m 

is a field extension of C. Since C[x] is a principal ideal domain, m H C[x] is 
either (x - a) for G C or (0). If m H C[x] = (0), we find that V/m contains 
an isomorphic image of C[x]. Thus the transcendental degree of V/m, (i.e., 
dim(V/m)) is larger than or equal to 1. Since V has Krull dimension 1 (cf. 
[CRT] Section 5), this implies m = (0), which is impossible. We find that 
m n C[x] = (x - a). This implies that V/m = C and y mod m = P which 
satisfies = a{a - l){a - A). In other words, taking the point P with 
coordinate (a,/3) G V, we find V = Vp. 

If X 0 V, we find P = ^ e V. Then we see easily that V = Voo- We have 
found the following fact: 

R = {V\V is a DVR with a valuation trivial on C} . 

This is an algebraic interpretation by Oscar Zariski of a Riemann surface as 
a space of all valuations trivial on C, and the space at the right-hand side of 
the above identity is called a Zariski- Riemann space. It is intriguing that all 
rational primes correspond to discrete valuations of Q, and we might want to 
think that Q is an arithmetic analogue of a Riemann surface. 

For a smooth projective curve V defined over a field iF, we write K{V) 
for its field of iC-rational meromorphic functions, and V {M) denotes the set 
of M-rational points of the curve V for an extension MjK. For a point P 
of V algebraic over K, we write K{P) for the field generated over K by the 
coordinates of P. 

Theorem 2.24 For a given algebraic function field ^ defined over a field 
K , there exists a unique smooth projective curve V defined over K such that 
K{V). We also have a canonical one-to-one onto correspondence: 

V{K) = {discrete valuations of ^ trivial over with residue field K}. 

If ^ ^ is an extension of algebraic function fields defined over K, the corre- 
sponding smooth projective algebraic curve gives rise to a covering p : V' ^ V 
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such that f ^ f 07T gives the inclusion . In particular Vp — Vvr(p) 

for the valuation ring Vp corresponding to P ^ V' . 

Proof. We generalize the argument (in the two examples) of making a pro- 
jective algebraic curve out of valuations of ^ for a general algebraic func- 
tion field over a field K. We start with K{P^) = K{x) with one transcen- 
dental element x. The main tool is the fact that K[x] is a principal ideal 
domain. Pick a nonzero prime ideal P of K[x]. Pick f £ P, and factor- 
ize / into a product / = irreducible monic polynomials t{x) 

with a constant c G . Since P is a prime, one of the irreducible fac- 
tors t{x) has to be in P. Then K{P) = K[x]/P is covered by K[x]/ {t{x))^ 
which is a finite extension of K. We get a surjective field homomorphism 
7T : K[x]/{t{x)) K{P) = K[x]/P. Since a field homomorphism is always in- 
jective (a field only has two ideals: (0) or itself), we find K{P) = K[x]/{t{x)) 
and P — {t{x)). So any nonzero prime ideal is a maximal ideal. We define the 
valuation vp : K{x) -G Z U {oo} by Vp{f) = vp{cY[tti^Y^^Y ~ Then 
the valuation ring Vp = {/ G K{x)\vp{f) > 0} is associated with the point 
P by trip n K[x] = P for the maximal ideal trip = {/ G Vp|up(/) > 0}. 

We study Vp/rrip = K[x]/P'^, because — (K[x]/P)t{xy = 

P^ jP^^^ . For a given / G K[x]^ by the division algorithm, we find a quotient 
q £ K[x] and a remainder r such that f = tq-\-r with deg(r) < deg(t(x)); so, 
we may regard r as a unique element in K{P). We again apply the division 
algorithm to q, getting q = tqi T ri; in other words, / = r + rit T Yqi. Re- 
peating this process, we can expand / into: / = r P rit P r 2 Y P r^Y . This 

appears to be an infinite series, but is actually a finite sum by comparing the 
degrees of the both sides. We write Vp = K{P)[[t]]^ which is a formal power 
series ring, and embed Vp into Vp by the above expansion; so, the image of 
Vp is made up of polynomials in t with coefficients in K{P). If one introduces 
the projective limit of Vp/rUp, we find Vp = ^m^Vp/rrip. 

For a given valuation ring V = {f € K{x)\v{f) > 0} with v(K^) = 0 (but 
v{K{x)) = Z U {oo}), we find either x G V or x ^ V. If x G V, then K[x] C V; 
so, u is a valuation on K[x]. Since v cannot be trivial over K[x] (otherwise, 
it is trivial on K(x)), the intersection mH K[x] is a prime ideal P of K[x]. 
Then v — vp because v{f) > m <=P f G D K[x] — P'^ because P is 
principal. If x ^ V, then x~^ G V, and for the prime Q = (x“^) in K[x~^]^ we 
have K[x~^]q = V, and V corresponds to the point oo = Q. 

If K is algebraically closed, each nonzero prime ideal of K[x] is the form 
of (x — a) with a G jR, which tells us 

|V| valuation rings of K{x) trivial on K} = K U {oo} = P(JT) (canonically). 

If K is not algebraically closed, take an algebraic closure K of K. Defining 
P(iF) by the set of points in P(iF) with coordinates in K, we have 



{Vjvaluation rings of K{x) trivial on K with K{P) = K} = P{K). 
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The set {V| valuation rings of K(x) trivial on K} is called the set of closed 
points of P. They are associated with a maximal ideal of K[x] or K[x~^]. 
Of course, if V is associated with (t{x)) and t{x) ^ x, then the same V is 
associated with x~ G K[x~^] because vp{x) = 0 if t{x) ^ x. Thus 

we find 



{closed points of P/^} 

= {maximal ideals of K[x]} U {maximal ideals of K[x~^^]}. 



We now treat a general case of algebraic function fields not necessarily 
a rational function field K{x). For a given valuation u, the residue field of v 
means the residue field of the valuation ring of v. Let ^ be an algebraic function 
field defined over K, and choose elements x and y so that ^ = K{x,y) and 
y is separably integral over K[x\. Let R be the integral closure of K[x] in 
Since K[x] is a principal ideal domain and the quotient field of R (i.e., is 
a finite extension of iC(x), we find that R is free of rank : K{x)] over K[x\. 
Since i? is a finite integrally closed extension of the principal ideal domain 
iL[x], i? is a Dedekind domain ([CRT] Section 11). So each nonzero fractional 
R-ideal a has a prime decomposition a = Hp into a product of prime 

ideals P (e(P) G Z). With each prime ideal of P, we can associate a valuation 
vp : ^ IjU {c>o} by vp{f) — e{P) if (/) = fR = f|p PP^^ . For any given 
valuation ring V associated with a valuation v : ^ ^ ZU{oo} with v{K^) = 0 
but = Z, we find x e R transcendental over K such that x G V. Thus 

all valuations v as above are of the form vp for a suitable choice of x and a 
prime ideal P of an integral closure R of K[x]. Thus we may identify 




xidiscrete valuation 



x(iLX)=Oandx(.^><)-Z 
with residue field K 



Any prime ideal P of K[x] is decomposed into a product of primes Pi, . . . , 
in R. If K is algebraically closed, then there are g distinct points over a given 
point P = (x — a) of P for a G K. If K is not algebraically closed, K{Pi) 
for some i may be a nontrivial finite extension of K. In other words, in the 
algebraic closure K of AT, we have at most [AT(Pz) : K] (geometric) points 
coming out of P^ corresponding to embeddings of K{Pi) into K. 

If furthermore, R = K[x,y] for another element y e we have an equation 

f{X,Y) — X ai(X)Y^~^ + * • • + Cig{X) satisfied by (x,y). So for a given 

2 

point P = (x — a) G P(P), the point (a, /3) E K satisfying /(a, P) = 0 gives 
rise to a point P^ over P in P^. In this way, P^ (a,/5) supplies us with 
a projective embedding of V{K) into P^(iL). The image is the projective 
algebraic curve defined by the equation /(X, T) = 0 in P^ (or more precisely, 
using the homogeneous coordinate (X, T, Z), it is defined by f{^ , = 0). 

Thus except for finitely many points, there are really g distinct points in V (K) 
over a given point P G P(P). More generally, if P = K[x,yi , . . . ,ym]^ then 
P (x,2/i, . . . ,2/m) gives an embedding of V into the (m + l)-dimensional 
projective space 
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If we take a proper subring K[x^y] C R such that R — K{x^y)^ the ring 
K[x, y] is not integrally closed. In other words, for P G F {K), x and y generate 
a subring V'p of the valuation ring. Since trip f1 iL[x] = {t{x)) for an irreducible 
polynomial t{x), trip c V'p for some e < g (since P^ C {t{x))Vp). 

Let f{X,Y) be the equation of (x,y). We can think of the projective 
algebraic curve C C defined by this equation. Then if K is algebraically 
closed, a = {x mod P) G K{P) == K and P = {y mod P) £ K gives a point 
{a^P) of C in P^. Even if V does not ramify, in C{K), P' = (a,/3) has extra 
ramification, and V'p is not a valuation ring. 

We have a natural morphism F — > C ^ P taking P^->((a,/5)s->a. In this 
sense, F is the largest projective algebraic curve (over P with coordinate x) 
giving rise to the algebraic function field 

For a projective algebraic curve (7, we consider its function field K{C) and 
V'p made up of functions in K{C) finite at P G C. If V'p is a valuation ring, we 
call P a smooth point. The projective algebraic curve C giving rise to a given 
algebraic function field R is called a model of Among models of there is a 
unique model smooth everywhere, which is called the smooth or non-singular 
model of If K ' is a finite extension, by the above construction, we have 
a covering map F' ^ F as defined in the theorem. □ 

For each point P G F(P) for F as in the theorem, / G has an expansion 
/(O = with On G K (P) for a generator t of PVp. An element 

t £ R giving rise to the generator t of P is called a uniformizer at P. 

Corollary 2.25 Let the notation and assumption be as in the theorem. Then 
the morphism tt : V' V is a polynomial map of the projective coordinates. 

Proof. Let R (resp. R') be the integral closure of K[x] in ^ (resp. ^'). 
Choose generators so that R = K[x, ^i, . . . , ym] and R' — K[x^ • ^Vn]' 
Since R C P', we find x = /o(x,^i, • • • ,y^) and y^ = ft{x,y'p . . .,y'^). Then 
7r((a:,?/j,...,y^)) = (x, ^i, . . . , y^), as desired. □ 

Since any field embedding a \ ^ brings ^ into a subfield cr(^), 

we have a morphism tt \ V' ^ V^j oi projective algebraic curves V' and 
corresponding to and o-{R) as long as a leaves the field of definition stable 
(even if a is nontrivial on AT). If ^ is defined by f{X, Fi, . . . , F^), then cr(M.) 
is obviously defined by the polynomial cr(/)(A’, Fi, . . . , Ym) obtained from / 
by applying a to the coefficients in K of /(X, Fi, . . . , Ym)- Thus as above 
is actually given by the conjugate cr(V) (i.e., a{V){K) = cr{V{K)) for any 
choice of extension of a to K). We have proven: 

Corollary 2.26 Let Vjp and be smooth projective curves. Then we 
have a canonical isomorphism Homx(F, F') = Hom/^(iC(F'), iC(F)) given 
by K{V') 3 (j) ^ (j) o f for a morphism f : V ^ V' of projective curves, where 
Hom/^(F, F') is the collection of morphisms of projective curves defined over 
K and Homx(P(F'), K{V)) is the set of all field homomorphisms over K. 
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For each / G Homx(V’, F'), taking the corresponding field homomorphism 
a : K{y') ^ K{V)^ we define the degree of the morphism / by the field 
extension degree [K{V) : a{K{V'))]. By definition, deg(/) also can be given 
by ranky^, (®PG/-pp')^p) choice of a closed point P' G V . 

Exercises 

L Prove the surjectivity of vp so that Vp in (2.6) is a DVR. 

2. For a valuation ring V of K{x) of a valuation trivial on K but nontrivial 

on iC(x), if X ^ V, show that V = K[z]^z) for z = . 

3. Describe the intersection in P(AT): 

{maximal ideals of K[x\] H {maximal ideals of 

4. Give a more detailed proof of Corollary 2.25. 

2.4.2 Zariski Topology 

Let ^ be an algebraic function field over an algebraically closed field K. We 
write V for its Zariski-Riemann space or equivalently the set of iC-rational 
points of the associated smooth projective algebraic curve. We equip V (K) 
with a topology in the following way. We cover V by “open” affine subvarieties. 
In the language of schemes, an open affine subvariety U C V is given by the 
spectrum of an integral domain R; that is, U = Spec{R) and V — U is a 
proper closed subset of V (i.e., heuristically, a subset defined by the zero set 
of polynomial equations whose meaning becomes clear later). 

Recall that up is the valuation vp : ^ Z U {oo} associated with each 
point P G V{K). We put 

Vp = {/ G ^\vp{f) > 0} (the discrete valuation ring of up), 

mp = {/ G Vp|pp(/) > 0} (the maximal ideal of Vp), and (2-7) 

K{P) = Vp/mp (the residue field of Vp). 

For each nonconstant x G .fi, we can think of 

Rx= n VpCi?. (2.8) 

Vp 3x 

Then R^ is the integral closure of the polynomial ring K[x] in ^ (Exercise 
1), and Vp is the localization of Rx at = P ^ Rx (Exercise 2). Then 
the set Spec{Rx){K) of all maximal ideals of Rx is in bijection with Vx — 
{P G V|Vp 3 x} (see [GME] 1.2 and 1.4.3 for Spec{Rx)). We also have V = 
[jye^-K K/ = Va, U Vi/a,. Eor each P G V and for x e Vp (so, P G Vx), Vx is 
called an open affine neighborhood of P. Any finite intersection Vx^ H- • 
of Vxj 3 P {j = 1, 2, . . . , m) is also called an open affine neighborhood of P. 
Each open affine neighborhood U of x is in bijection with the set of maximal 
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ideals Spec{R){K) of a subring R C ^ finitely generated over K. For example, 
Vx = Spec{Rx){K) and VxHVy = Spec{Rx • Ry){K) [Rx • Ry is the composite 
ring of Rx and Ry in ^), because Vp D Rx • Ry Vp D Rx and Vp D Ry. 
This topology we defined on V is called the Zariski topology on V. 

2.4.3 Divisors 

We now introduce divisors on an algebraic curve V. We start with interpreting 
elements in ^ as a function defined on V with values in the projective space 
Pb Each f £ ^ — K gives rise to an inclusion K{f) ^ R and hence gives rise 
to a (rational or meromorphic) function f : V with 

\pnK[j]ePl^f ifPeU//, 

where = {P G P^|P 3 g}. This is well-defined by the following. If P G V/, 
then P n K[f] = {f — a) ior a e K = P^, and a = {f mod P) = /(P). If 
P G F/ n Fi/y, then P n K[j] (i - 1) and still /(P) = a. If P 0 F/, then 
/(P) = oo. When /(P) = 0, we call P a zero of / and when /(P) = oo, we 
call P a pole of /. For / G P, we associate a constant function / : F ^ P^ 
with value / everywhere. In this way, we can identify ^ with the set of all 
meromorphic functions on F. 

For each P G F, take t = tp with vp{tp) = 1 (such a. tp always exists 
because up : ^ Z U {oo} is surjective). By definition, mp = (tp) in Vp. 

Then we can expand / G into a Laurent series of ^p as follows. First suppose 
that P is not a pole of /. Then / — /(P) has zero at P; so, fi — {f — f{P))/tp 
does not have a pole at P; so, we have / — (/(P) + fi{P)tp) is divisible by tp 
and so on. We thus have / = Cntp G K[[tp]]. If / has a pole at P, killing 

the pole by multiplying / by g — f does not have a pole at P; 

so, we apply the above argument, and after expanding g into a power series 
of tp, we divide the power series by tp^^'^^^ to get the Laurent expansion of /. 
We have / = Y.n>vp{f) ^ntp G K{{tp)) = K[[tp]][-^]. If we choose another 

tp with vp(t'p) = 1, we find that tp = t'p{cQ P Cit'p P C 2 t'p^ ^ ) with cq ^ 0. 

Thus t'pjtp G Vp and if we write the power series expansion of / with respect 
to tp as /(tp), then we get /(tp) by substituting tp(tp) for tp (check that 
this substitution gives a well-defined power series in t'p because tp{P) = 0). 

The divisor div(/) of / yt 0 is defined by a formal sum Ylp^pif)^ 
some classical books in number theory, they use multiplicative notation, such 
as div(/) = Hp p^p(f)^ because it corresponds to the prime decomposition of 
the ideal (/), but we use additive symbols following the geometric tradition). 
Since / satisfies a polynomial equation of finite degree over K[x] for a suitably 
chosen x G .^, / has only finitely many zeros and poles; thus the sum defining 
div(/) is actually a finite sum (because vp{f) = 0 except for finitely many 
points P G F). 
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We define the dmsor group Div(l/) = Div(.^) by the free abelian group of 
all formal finite sums D == where ep = 0 except for finitely many 

P G V. We define the degree of a divisor D — X^pev ^p^ deg(D) = Yip ^p- 
We have a homomorphism deg : Div(V') — > Z, and we define Div°(l/) = 
Ker(deg). 

Proposition 2.27 If f e then deg(div(/)) = 0; so, div(/) G Div‘^(V'). 

Proof. We may assume that / G ^ — K, because the assertion is clear for 
f e . The inclusion K{f) ^ R induces a projection / : F — > Ph Then 
for each p G P^, regarding it as a prime ideal of K[f], we find pR — f|p P^^ 
with prime ideals P in the integral closure R of K[f]. Then by definition, we 
have f{P) = 0 ep > 0 and YYp ep = [i? : K[f]] = ^ ^(/)]- particular, 

writing oo = for the points Q with f{Q) = oo, we find that 

deg(div(/)) = y]ep - = [j? : K{f)] - [K:K{f)] = 0 

P Q 



as desired. □ 

Write P{V) — {div(/)|/ G Then V{V) is a subgroup of Div°(V'). 

The quotient group Pic(F) = Div(F)/P(V’) (resp. Jac(F) = Pic^(V') = 
Diy^ {V)/V(V)) is called the Picard group (resp. the Jacobian) of V. When 
D — e V{V), we say that D is linearly equivalent to D' , and if deg(I}) = 
deg(D'), we call D is algebraieally equivalent to D' . 



2.4.4 Differentials 



We introduce a notion of differential forms on an algebraic curve V in a purely 
algebraic way. For the moment, until the end of the proof of Theorem 2.29, 
we suppose that K is algebraically closed. 

For a given f e we formally define df as a collection of power series 
df{tp) = Here P runs through all points P G V, and 

In particular, df does not have the term If we change coordinate tp into 
tp, the expression of df will change according to the chain rule: 



df{t'p) 



^ dfjt'pjtp)) dt'p ^^ 
dtp ^ dt'p dtp ^ 



We also think of cu = gdf as a collection of power series {g{tp) dtp}p^y. 
In other words, if gdf and g'df' give rise to the same power series at every 
P G H, we identify gdf = g'df' . The totality of all differentials on V gives 
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rise to a vector space over We see gdf/g'df' — because / and 

f' satisfy the polynomial relation F(/, f') = 0 over K. In other words, if 
F{X, Y) = ^ , then taking a formal derivative of F(/, /') = 0, we 

have 

0 = dF(/, /) = ^ (ia,J^-^fdf + ja,J^f~^df) , 

and df and df' are linearly dependent over K Thus this vector space over ^ 
is one-dimensional. 

We define vp{gdf) = Note here that vp = 0 for two 

parameters tp and dp at P G R. By the chain rule, we have 



vp g 



dt p 



= vp \g 



df dtp 
dt'p dtp 



df \ f dt'p\ f df 



Since the last expression of the above formula is the value vp{gdf) computed 
with respect to the coordinate t'p^ the value vp(gdf) is well-defined indepen- 
dently of the choice of the parameter tp around P. In particular, we have 



gdf 



df{tp)\ 



n>vp{gdf) 



dtp. 



We define div(c4;) = ^pUp(u;)P. 

Since differentials form a one-dimensional vector space over .fi, for any 
two differentials lu and u;', div(cj) and div(u;') are linearly equivalent. Thus 
deg(div(cj)) is independent of the choice of cu. Writing deg(u;) = 2^ — 2, we 
define the genus g = g{V) of V . 

A differential lj is called holomorphic or of the first kind if vp{uj) > 0 for 
all P G y. If iu' is holomorphic, writing cj' = /cj, we find div(/) + div(cj) = 
div(o;') > 0 (we write P > 0 for P = epP if ep > 0 for all P). We have 

/ G L(div(o;)) = {^ G div(^) > - div(u;)} . 

The space Py/K of all holomorphic differentials is isomorphic to L(div(cj)) 
by /cj G> / for any choice cu of nonzero differentials, and dim^ L(div(cj)) = 
dimx Oy/K is finite and independent of the choice of u (see Lemma 2.30). 
We later show (see Theorem 2.31) that this dimension is given by the genus 
g; so, ^ > 0. 

For a differential cj = gdf, we expand it into a power series in tp at P G R, 
and write 



UJ = 
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n>vp{uj) 



dtp. 



Then we define Resp(u;) = c_i. 
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Proposition 2.28 The residue Resp(cc;) is well-defined independently of the 
choice of the parameter tp. 

Since u has only finitely many poles, Res(cj) = C AT is well- 

defined. 

Proof. We give a proof valid only when K is of characteristic 0. See [ALF] 
Appendix and [ALG] Theorems III.7.14.1-2 for the proof valid for arbitrary 
characteristics. Choose two parameters t = tp and T = tp^ and expand T = 
ait + a 2 t^ -f . . . with ai ^ 0. If the expansion of cj = gdf with respect to t is 
given by g^dt' = Yin Cnt'^dt' , the one with respect to t is given by 



df df dt' 
g — dt = g-n—r 
^ dt ^ dt' dt 



dt = ^ Cn{ait + + • • • )^ 



Let us look into the term involving t 



- 1 . 



c_i(ait + U2t^ H ) ^ janP ^ \ dt = ^ + higher terms. 

vii ) 

We need to show that Cn(ait T U 2 t^ + -’Y (^j ~ 

n 7 ^ -1 does not involve the term This follows from t'^^ = F+I^^d7~’ 
since the Laurent series expansion of ^ does not involve the term t~^ which 
is not a derivative of a power of t. This finishes the proof. 

Since ^fK{x) is a separable finite extension for a nonconstant x E R, we 
have the trace map Tr^/p(a;) : ^ -e K{x) for any nonconstant function x. 
We study how the residue map behaves under field extensions using the trace 
map. The inclusion K{x) ^ ^ is induced by the projection x : V -> P^. For 
a prime ideal p of K[x], we consider x~^{p) = {P}; thus, pR = Y\p P^^ for 
the integral closure R of K[x] in 

By the Chinese remainder theorem, R/pR = R/p'^R = 

Y\p R/ P^^^ - Thus the completion of ^ with respect to p is given by = 
Ylp:x{P)=v particular, we have T^^/k{x)U) = Ylp-.x{P)=p ^^p/K{x)pU) 

for / G because Tr^/p(a,)(/) is Tr(p(/)) for the matrix p{f) G Mn{K{x)) 
given by (/c/i,/^ 2 , • • • , /pd) = (^i, • • •^gd)p(f) for a base gj of ^/K{x). 

In ^p — K[[t]] {t = tp), we find t^ = utp (e = ep) for a unit power series 
u = Co + cit + C2t‘^ 4 - . . . with Co ^ 0. We can take an eth root u of u in 
K[[t]] because K is algebraically closed. Changing t by vt, we may assume 
that K{x)p = K{{P^)) and tp = P. Then we realize that K{{t)) is a Galois 
extension of K{x)p — K{{P)) with the Galois group isomorphic to the group 
of eth roots of unity /ig. Each C F /ie acts on t by t (t. Then 



T^Kp/K{x)pt'^ 



E c” b" = 

CC/ie / 



0 e I n, 

et'^ if e|n. 
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We see that for G ReSp(Tr^p/x(x)p(^’^)<^(^^)) = e or 0 accordingly as 
n = — e or not. On the other hand, we see Res p{t'^d{t^)) = Resp(et’^'^^“^dt) = 
e or 0 accordingly as n = — e or not, because ~ . Thus 

ReSp(Tr^/K(^)(/)dtp) = Ep:o;(P)=p ^^^sp(/dtp), and hence we get, for all 






Res,(TV,„,„(/)dx) = Resp(/dx). (2.9) 

pepi Pev 

Theorem 2.29 (Residue Theorem) For every differential to on V , we 
have Resp(ct;) = 0. 



Proof. Pick X G ^ — K. Since the space of differentials is one-dimensional 
over we can write uo — fdx for / G .ff. Then by (2.9), we may assume that 
^ = K{x). Since == RT U {oo}, for each a G RT, we take ta = x — a to 
be our parameter. At oo, we choose too = y to be the parameter there. For 
each / G K(x), expand / = Yn^nt^ and define [f]^ = Yn<o^nta- Then 
[f]a — 0 except for finitely many a and cf = f — YaeP^lf^<^ ^ because 
f-[f]a ^ K[x](^j:_a) = Y and Yf3^alf]d ^ (wMch implies the difference cj) 
is a rational function without a pole; so, constant by deg((/)) = 0). We expand 
/ = EaGKj (a^ap + We Only need to check the vanishing for 

t~^dx = dice and x^dx for j > 1. By computation, we have Resa{x^ dx) = 0 
for all a G AT U {oo} because x^dx = —t^^'^dtoo- Similarly (Exercise 5), 



Respite dt a) 



1 if p = a and j — 1, 

< — 1 if /? = oo and j = 1 , 
0 otherwise. 

V 



( 2 . 10 ) 



This finishes the proof. 

We now treat the general case; so, K is an arbitrary field inside its algebraic 
closure K. We suppose that K is algebraically closed in The composite 
^ G)x K is an algebraic function field over K. We write V (resp. 
V) for the Zariski-Riemann space of = ^(^) (resp. = K{V)). Then 
we have a natural inclusion V{K) ^ V{K). Note here that V{K) = (P G 
V'|AT(P) = K}. If K{P) D K, then there are [K(P) : K] points corresponding 
to P. In other words, for points Pi,..., Pd with d = [P(P) • K] in V{K), 
Pj F ^ = P vpf^ = vp or, equivalently, Pj corresponds to each field 
embedding K{P) ^ K. We define Resp(c<;) = ^^ Resp^(^), where lo is the 
differential of KR corresponding to a; = gdf. Since Resp^(cJ) for different j 
are conjugates of each other, we find Resp(u;) G K. Similarly, we send P to 
the sum Yj Pj (trace of Pj) in Div(F) and in this way, we embed Div(E) into 
Div(i/). This embedding sends V{V) into V{V), and we have deg on Div(E) 
by pulling back deg defined on Div(E). In this way, everything we stated (in 
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particular, the residue theorem, Theorem 2.29) is valid over the general field 
K (not necessarily algebraically closed). 

Similarly to I/(div(o;)), we define for a general divisor 

L{D) = {fe^\ div(/)>-D}, 

where for two divisors D = epP and D' = Y2p ^'pP^ we write D > D' \i 
ep ^ Pp for all P. Plainly L{D) is a iC-vector space. 

Lemma 2.30 The dimension dimx L{P) 'is finite. In particular, we have 
Lfd) = K and dimxL(0) = l. 

Proof. If / is nonconstant, div(/) is nontrivial (in V) and deg(div(/)) = 0. 
Thus L(0) C K n ^ = K (by the definition of algebraic function field, the 
integral closure in ^ of the base field is itself). For sufficiently positive D' , we 
see L{D) C L{D'). Writing D' = Ylp^pP expanding / G L{D') into a 
Laurent series of tp at P G D' , we have e'p linear forms taking / G L{D') to 
the coefficient of tf^ for 0 < j < Cp. If all such linear forms vanish at /, we 
see / G 1/(0) and hence / is a constant. Thus dimp: L(D') < oo, which proves 
the desired assertion. □ 

Since / • L{D) — L{D — div(/)), the dimension dim k L{D) depends only 
on the linear equivalence class of D. For the linear equivalence class i? of 
differential divisors, we have a well-defined number dimx L{Q — D). 

We introduce the following Riemann-Roch theorem (see [BNT] Chap- 
ter VI, [FAN] 7.2 and [GME] 2.1.3 for different proofs). 

Theorem 2.31 We have for all D G Div(V), 

dimp: L{D) = deg{D) — ^ + 1 + dim^ L{f2 — D), 

where g is the genus of the curve V . 

Applying this theorem to the trivial divisor 0, we find 

1 = dimp L(0) = deg(O) — ^ -f 1 + dimp: L{Q), 
which shows that g = dimp: L{12) = dim^ I^v/k as we claimed before. 

Exercises 

1. Prove that in (2.8) is the integral closure of K[x] in 

2. Prove that Vp is the localization of Rx dX Px = P Rx- 

3. Show that V is not a Hausdorff space under its Zariski topology. 

4. Prove Theorem 2.28 for an algebraic function field of characteristic p > 0. 

5. Give a detailed proof of (2.10). 
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2.4.5 Adele Rings of Algebraic Function Fields 

We insert a brief interpretation of differentials by the language of adeles (due 
to A. Weil; see [ALF] Chapter 2). We write Rp for the Laurent series ring: 
K{P){{tp)) and consider the product ring Ylpev^P^ which we consider as a 
^-algebra by embedding ^ diagonally. We define the adele ring .^a of ^ by 

+ V C .fip, 

Pev 

where V = Ylpev ~ Here we do not assume that K is 

algebraically closed. Similarly to the case of Q, we can identify 

•^A = {Up) Pev\fp F Vp except for finitely many P} . (2-11) 

For a divisor D = epP, we define V{D) = {(/p) G V|up(/p) > -ep}. We 
equip with .^a tho topology whose system of neighborhoods of f E is given 
by f+V{D) for all negative divisors D. Fiere we call D negative if ep < 0 for all 
P. By definition, ^a becomes a topological ring. For each / = (/p) p G , we 
define its divisor div(/) = vp{fp)P. This is well-defined since vp{fp) = 0 
for almost all P if / G . In particular, = {f E .^a| div(/) = 0}. Thus 
we have Div(^^) = Div(y) and hence 

Pic(R) = (2.12) 

For each differential u; on F (supposing K to be algebraically closed), we 
define a iG-linear form a; : a ^ AT by / ^pResp(/cj). Since fp E Vp 
for almost all P, Kesp{fuj) = 0 for almost all P; so, the linear form uj is 
well-defined. By definition, if div(/cj) = div(/) -f div(u;) > 0, then iu{f) = 0. 
Thus c5(V(div(cj))) = 0, and hence is a continuous linear form on ^a with 
respect to the discrete topology on K and vanishes over (the diagonal image) 
R by Theorem 2.29. 

We consider the space C of continuous linear forms f \ ^a/ ^ K ■ We 

know that P is a vector space over Actually C is isomorphic to the space 
of differentials by cu lj. We could have defined the differentials as iG-linear 
forms on Ra/^^ and the proof of the Riemann-Roch theorem can be given 
from this point of view (see [BNT] Chapter VI and [ALF] Chapter 2). 

Exercises 

1. Give a detailed proof of (2.11). 

2. Prove that ^a is locally compact if and only if iG is a finite field. 

3. Prove that V{D) + V{D') = V{[D,D']) for the least common multiple 
[P,P'j of P and D'. 

4. Prove that V(P) H V{D') — V{{D,D')) for the greatest common divisor 
(P,P0 of P and D'. 
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2.5 Elliptic Curves over a Field 

An algebraic function field is called elliptic if its genus is equal to 1. The 
corresponding algebraic curve with one designated point 0 G E{K) is 
called an elliptic curve. The elliptic curve is a pair (F, 0)//^. The point 0 is 
called the origin of E, and two elliptic curves E and E' are isomorphic if we 
have an isomorphism (j) \ E = E' oi algebraic curves that sends the origin to 
the origin. We study elliptic curves over a field in detail here. When we regard 
the point 0 as a divisor, we write [0] instead of 0. 



2.5.1 Dimension Formulas 

For divisors m[0], we study L{m[0]). Since 0[0] is the trivial divisor 0, we find 
L(0[0]) = K. By definition, f^EjK is one-dimensional over K. Since deg(cj) = 
2^ — 2 = 0 for a differential cj on F, if cj has a zero, then uo has to have a pole. 
If uo is holomorphic nonzero, it vanishes nowhere. In other words, nowhere- 
vanishing differentials are all nonzero multiples of tu. In particular, div(u;) = 0. 
Recall the linear equivalence class of div(cj') for all meromorphic differentials 
Lj' on E. Then f2 is the linear equivalence class of all meromorphic functions 
in and L{f2 — D) = L{—D). If D > 0, then dim^ L{—D) = 0 (Exercise 1). 

We fix a nowhere- vanishing differential cu. If / G T([0]), then / has pos- 
sibly only one simple pole at 0. Thus Reso(/cc;) = = 0 by 

Theorem 2.29. The function / is in L(0) and is constant, and dimx T([0]) = 
diuiK L(0) 1. By the Riemann-Roch theorem, we find 

dim;^ L(m[0]) = deg(m[0]) — + 1 + dimjv L{~m[0]) = m if m > 0. (2.13) 

More generally, by the same proof, we get 

Proposition 2.32 Let E be an elliptic curve over a field K . If D > d is a 
positive divisor, we have dim k L{D) = deg(D). 

We may normalize the uniformizing parameter at the origin 0 in terms 
of a holomorphic differential uj. Choose a parameter t at the origin. Since uj 
does not vanish at 0, we have cu = (cq + cit + + • • • with cq ^ 0. 

Making a variable change t = we get cu = (1 aiT + a 2 T^ + . . . )dT. 

The parameter T with the above property is unique modulo in K[\T]]. 
Conversely, once we have chosen a formal parameter T modulo T^, there 
is a unique nowhere-vanishing differential uo of the above form because of 
dim^ Oeik = 1 (Exercise 2). Such a T is called ‘T adapted to uoL 

Exercises 

1. Show that dimx I/(— D) = 0 for an elliptic curve E if D > 0. 

2. Show that for a given parameter t at 0, there exists a unique nowhere- 
vanishing differential cj so that its expansion in t has constant term 1. 
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2.5.2 Weierstrass Equations of Elliptic Curves 

We now embed into the two-dimensional projective space using a 
base of L(3[0]) and determine the equation of the image in P/^. We first 
consider L(n[0]) which has dimension n if n > 0. We have i^([0]) = K and 
L(2[0]) = K\ + Kx. Since x has to have a pole of order 2 at 0, we may 
normalize x so that x = T“^(l -h higher terms) in RT[[T]]. Here x is unique up 
to translation: x i-^ x^a with a e K. Then L(3[0]) = Kl^Kx^Ky. We may 
then normalize y so that y = — T“^(l + higher terms) (following the tradition, 
we later rewrite y for 2y; thus, the normalization will he y — — 2T~^(1 + 
higher terms) at the end). Then y is unique up to the affine transformation: 
y ^ y + ax -h 6 (a, 6 G K). 

Proposition 2.33 Suppose that the characteristic of the base field K is dif- 
ferent from 2 and 3. Then for a given pair (E,uj) of an elliptic curve E and 
a nowhere- vanishing differential u both defined over K, we can find a unique 
base (l,x,y) of L{3[0]) such that E is embedded into P/^ by (l,x,y) whose 
image is defined by the affine equation 

= 42.3 _ __ g2,93<^ K, (2.14) 

and to on the image is given by ^ . Conversely, a projective algebraic curve 
defined by the above equation is an elliptic curve with a specific nowhere- 
vanishing differential ^ if and only if the discriminant A{E,uj) = “ 27^3 

0/4^3 -52X — ^3 does not vanish. 

An equation of an elliptic curve E as in (2.14) is called a Weierstrass equation 
of E, which is determined by the pair (E,u;). 

Proof. By the dimension formulas, counting the order of poles at 0 of mono- 
mials of X and y, we have 

L(4[0]) ^K + Kx + Ky + Kx^, 

L{b\Q])=K + Kx + Ky + Kx^ + Kxy and 
L(6[0]) = K + Kx + Ky + Kx^ + Kxy + Kx^ 

= K + Kx + Ky + Kx^ + Kxy + Ky'^, 

from which the following relation results, 

+ aixy T asy = x^ + U2X^ + U4X + oq with Oj G K, (2.15) 

because the poles of order 6 of and x^ have to be canceled. Therefore Ejk 
can be embedded into Py^ via P ^ (x(P),y(P)). The image is defined by 
the equation (2.15). 

Now we make a variable change y i-G y + ax + 5 in order to remove the 
terms of xy and y (i.e., we are going to make ai = a3 = 0): 
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(2/ + ax + 6)^ + aix{y + ax + 6) + a-^{y + ax + 6) 

= + (2a + ai)xy + (25 + aa)y + polynomial in x. 

Assuming that 2 is invertible in AT, we take a = and h — — — . The 
resulting equation is of the form = x^ + 52X^ + 54X + b^. We now make the 
change of variable x x a' to make 62 = 0: 

y^ = (x + a T &2(x + a + a ) + 65 = x^ + (3a 4- 52)x^ -f- • * • . 

Assuming that 3 is invertible in AT, we take a' = — y. We can rewrite the 
equation as in (2.14) (making a variable change 2y y). By the variable 
change as above, we have y = — 2T“^(1 + higher terms), and from this, we 
conclude u — The numbers Q 2 and ys are determined by T adapted to a 
given nowhere- vanishing differential form uj. 

Conversely, we have seen that any curve defined by equation (2.14) is 
smooth in Example 2.23 if the cubic polynomial F{X) = 4X^ — Q 2 X — ys has 
three distinct roots in K. In other words, if the discriminant A{E^uj) of F(X) 
does not vanish, E is smooth. 

For a given equation, = F{X), the algebraic curve E defined by the 
homogeneous equation Y^Z = 4X^ — g 2 XZ‘^ — gsZ^ in has a rational 
point 0 = (0, 1,0) G E{K), which is 00 in P^. Thus E is smooth over K if 
and only if Z\(E,cu) ^ 0 (Exercise 2). 

We show that there is a canonical nowhere- vanishing differential uj G 
if E is defined by (2.14). If such an uj exists, all other holomorphic differ- 
entials uj' are of the form fuj with div(/) > 0, which implies / G A"; so, 
y = dimjv ^EjK — I5 and Ej^ is an elliptic curve. It is an easy exercise to 
show that y^^dx does not vanish on E (Exercise 2). 

We summarize what we have seen. Returning to the starting elliptic curve 
AJ/x, for the parameter T at the origin, we see by definition 

X = T~^(l + higher degree terms) and y = — 2T“^(1 + higher degree terms). 



This shows 



dx 

y 



-2T-3(i + ...) 
-2r-3(i + ...) 



dT = (1 + higher degree terms) dT = cj. 



Thus the nowhere- vanishing differential form uj to which T is adapted is given 
by Conversely, if Z\ 0, the curve defined by y^ = 4x^ — y2X — ya is an 
elliptic curve over K with origin 0 = cxo and a standard nowhere-vanishing 
differential form uj = This finishes the proof. 



Exercises 

1 . Show that dx/y does not vanish at any point on E. 

2. Show that if Z\ = 0, the curve defined by y^ = 4x^ — y2X — ya is not smooth 
at the multiple root a of 4x^ — y2X — ya = 0. 
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2.5.3 Moduli of Weierstrass Type 



We continue to assume that the characteristic of K is different from 2 and 3. 
Suppose that we are given two elliptic curves and with 

nowhere-vanishing differential forms lj and E. We call two pairs {E,lj) and 
{E\E) isomorphic if we have an isomorphism (p : E E' with Lp'^uj' = uj. 
Here for uj' = fdg, = (/ o (p)d{g o (p); in other words, if a : ^ is the 

isomorphism of the function fields associated with ip, ip*uo' = (^{f)d{cr{g))- Let 
T' be the parameter at the origin 0 of E' adapted to uj' .lip) \ {E, uj) = {E' , uj'), 
then the parameter T = (p*T' mod is adapted to cu (because p*uj' — uj). 
We choose coordinates {x,y) for E and {x',y') for E' relative to T and T' as 
above. By the uniqueness of the choice of (x, y) and {x' , y'), we know ip*x' = x 
and ip^^y' = y. Thus the Weierstrass equations of {E,uj) and {E' ,uj') coincide. 
We write g 2 {E,uj) and g^{E,uo) for the g 2 and g^ of the coefficients of the 
Weierstrass equation of {E,uj). Considering a polynomial ring K[g 2 ,g^] with 
variables g 2 and g^, li K has a characteristic different from 2 and 3, we have 



[{E,w)/P = {{92,93) e K^\A{E,u) ^ 0} - Spec{Z[X,Y, 

where [•] indicates the set of isomorphism classes of the objects inside the 
bracket and Spec{R){K) for a ring R is the set of all algebra homomorphisms: 
R ^ K. The last isomorphism sends {g 2 ,gs) to the algebra homomorphism (j) 
with (jj{X) — g 2 and 0(T) = ^ 3 . 

We now classify elliptic curves E eliminating the contribution of the dif- 
ferential from the pair {E,uj). If p : E = E' for {E,uj) and {E',uj'), we 
have = \uj with A G , because p^uj' is another nowhere-vanishing 

differential. Therefore we study iL^-orbit: {E,uj) mod under the action 
of A G given by {E,uj)/x ' — ^ computing the dependence of 

gj{E,Xuj) [j = 2,3) on A for a given pair {E,uj)i^. Let T be the parameter 
adapted to uj. Then AT is adapted to \uj. We see 



^ (1+T(/)(T)) ^ ^ (1 + higher terms) 

x{E,uj) = ^ =>x{E,Xuj) = ^ = A 



gp2 

y(E,u>) = (~2 + TU{T)) ^ 



(AT)2 
(— 2 + higher terms) 

XE 



Since y^ = — ^ 2 {E, uj)x — gs (T, cu), we have 



'^x{E,uj), 

\~h{E,io). 



(A-3y)2 = 4A-6 x3 - g2{E,uj)X-~^x - \-^g^{E,u2) 

= 4(A-2x)3 - X-^g2{E,Lo){\~\) - X-^gs{E,io). 



This shows 

g 2 {E,Xuj) = X^"^g 2 {E,u) and gjE.Xuj) = X~^ gJE.to). (2.16) 
Thus we have 
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Theorem 2.34 If two elliptic curves CL'^d arc isomorphic, then 

choosing no where- vanishing differentials oo/e o^'^d we have gj{Efu') — 

gj{E,(jo) for X G . The constant X is given by (p^uo' — Xu. 

We define the J-invariant of E by J{E) = Then J only depends 

on E (not the chosen differential u). If J{E) = J{E'), then we have 



{l2g2{E,uj)f 

A{E,lo) 



(12ff2(g',V))^ 

A{E',lo') 



9j{E\u;') = \ ’^^gj{E,u)) 



for a twelfth root A of A[E,oj) / A{Efu'). Note that the twelfth root A may 
not be in iC if iC is not algebraically closed. 

Conversely, for a given j ^ {0, 1}, the elliptic curve defined by — 

gx — g foT g — has J-invariant 12^ j. li j = 0 or 1, we can take the 
following elliptic curve with J = 0 or 12^. If J = 0, then y‘^ = - 1 and if 

J = 12^, then = Ax^ — x. Thus we have 

Corollary 2.35 If K is algebraically closed, then J{E) = J{E') E = E' 
for two elliptic curves over K . Moreover, for any field K , there exists an 
elliptic curve E with a given J{E) G K. 



Exercises 

1. Prove that gj{E' ,u') = X'^^ gj{E,uj) for suitable u and u' and a suitable 
twelfth root A of A{E,u) / A[E' ,u') if J{E) = J{E'). 

2. Explain what happens if J{E) — J{E') but E E' over a field K not 
necessarily algebraically closed. 

2.5.4 Group Structure on Elliptic Curves 

We now introduce algebrogeometric group structure on elliptic curves. First 
assume that K is algebraically closed. We know that L(2[0]) = K + Kx. For a 
given point P E E — {0}, x is finite at P. We put f = x — x{P). The function 
/ has a zero at P. Since deg(div(/)) = 0 and / has at most an order 2 pole at 
0, we have two possibilities: div(/) = P + P' — 2[0] or div(/) = P — [0]. If the 
latter case happens, : K{f)] = 1 and hence P — P^, which is impossible 
since the genus of is 0 (Exercise 1). Thus we find a unique P' from P, and 
we define P' = — P. When P = 0, the above argument just gives P' = 0; so, 
the definition of P ^ —P is valid for all P. 

Now we define addition of two points P,QeE. For P,Q G E — {0}, we 
solve a system of simultaneous linear equations: 



x{P)X G-y{P)Y + Z = 0, 
x{Q)X-hy(Q)YEZ = 0. 
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Here (1, x, y) is a base of L(3[0]). Then for a nontrivial solution (a, 6, c) of the 
above system, we define g — ax ^by^c. We assume that Q ~P. Then b 0 
(because 6 = 0=4>Q = — Pasis clear from the definition of — P). Thus g has 
a pole of order 3 at 0 . Since g is nonconstant with two zeros P, Q, we find a 
unique point R such that div(^) = P + Q + P - 3[0]. Then we define P + Q to 
be —R. By Abel’s theorem we prove in the following subsection, this addition 
gives rise to an abelian group structure on E. When Q = -P, we just define 
P -h Q = 0 . 

Here is a geometric interpretation of the above definition of the addition. 
Embed E into by 1, x, y. Then we draw a line aX P bY cZ = 0 passing 
through P, Q in P^, where (X, T, Z) is the homogeneous coordinate of P^. 
Then we consider the function ^ : P ^ P^ given by the equation 0(X, T, Z) — 
{aX + bY + cZ^jZ^ which is an element in = K{E). We see that (j) vanishes 
at two points P, Q, and the line intersects with P at a unique point R again. 
Then div(0) = P + Q + P~3[0]. In particular, the coordinate of P is a rational 
function of the coordinates of P and Q; so, -f : P x P -> P is a morphism 
of algebraic geometry (in other words, it is induced from a field embedding 
^ ^ ^ Similarly, P —P is an automorphism of the elliptic curve 

(therefore of the algebraic function field ^). 

After embedding P into P^, for any field automorphism a of P, we can 
apply a to the coordinate of P. Then we get a new elliptic curve E^ . U E 
is defined, for example, by P(X, T) = ai^jX'^Y^ = 0, then P^ is defined 
by P^(X, Y) = Ylij — 0- Since everything we have proved for P 

shifts to E^ , the morphism + : P x P ^ P will be sent to + : P"^ x P"^ — > P^. 
If P is defined over a smaller field k C k = the rational functions of the 
coordinates of P giving rise to + : P x P ^ P are therefore invariant under cr; 
so, it is a rational function with coefficients in k. Thus what we have said so 
far is valid for any elliptic curve defined over any perfect field (not necessarily 
over an algebraically closed field). 

Exercises 



1. Prove that P^ has genus 0. 

2. Give a detailed argument why the morphism giving addition on P is well- 
defined over its field of definition. 



2.5.5 Abel’s Theorem 

We now prove the following Abel’s theorem for elliptic curves. 

Theorem 2.36 Let E be an elliptie curve with origin 0 defined over a per- 
fect field K. Then i : E{K) — > Jac(P)(P) given by i{P) = P — [0] is an 
isomorphism of groups. 

By this theorem, we find that P A Q + P ~ 3[0] (here ~ is the linear equiva- 
lence) if and only if i{P) + i{Q) + i(P) = 0 in Jac(P); so, the group structure 
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we have defined in the previous subsection is induced from the group structure 
of the Jacobian Jac(£^). 

Proof. By the same argument (as in the last part of the previous subsection) 
conjugating by automorphisms of iC, everything we prove over an algebraically 
closed field K will be valid over any subfield k such that K/k is algebraic. 
Thus we may assume that K is algebraically closed. We first remark that 

L(D) {0} deg(L>) > 0. (2.17) 

Indeed, if 0 ^ f E L{D) implies that div(/) + U > 0; so, taking the degree, 
we have deg{D) > — deg(div(/)) = 0. This shows 

deg(U) < 0 diuiK L{D) = 0. (2.18) 

Take a degree 1 divisor D = ~ By the Riemann-Roch 

theorem, we have dimL(D) — deg(D) + dim L{~D) = deg{D) = 1 by (2.18). 
We find a nonconstant / G L{D). This / has to vanish at all Qj. We have two 
possibilities: 

• div(/) = Qj - Pi after renumbering P^] so, D ^ Pd] 

• f has an extra zero R. Then div(/) = JZjZi Qj +R — J2i=i so, D ^ R. 

Thus D is linearly equivalent to one point. In other words, for any divisor 
Do of degree 0, Dq + [0] ~ P for a point P, and hence, the class of Dq is in 
the image of i] so, i is surjective. If i{P) = i{Q) for P Q, then we have 
P — (3 ~ 0, and hence dimP(P — Q) = dimP(O) = 1. Therefore we have a 
function / with a simple pole at P and a simple zero at Q. Thus : K{f)] = 1 
and P = P^, a contradiction; so, i is injective. □ 

2.5.6 Torsion Points on Elliptic Curves 

Let T be a parameter of E over K at the origin 0. Then taking a copy 
S of T, we may think that 5, T is a set of parameters of P x P at (0,0). 
Then (P, Q) /(P + Q) gives rise to a meromorphic function on P x P. 
In other words, the function is a pullback of / by +. In particular, we have 
T o + = ^ G K[[T, 5]]. For /(T), we find / o + (T, S) = f{E{T, S)), and by 
associativity, we get P(T, ^(5', U)) = P(^(T, 5), U) (Exercise 1). In particular, 
sending (T, 5) ^ ^(T, P) = aT P bS E (T, P)/(T, 5)^, we get a new asso- 
ciative and commutative group law on P", which is linear with respect to K. 
Since such a group law is unique on the field P, we find that ^(T, S) =T P S 
mod (T, SY and, hence, the addition of the elliptic curve coincides with the 
usual addition on K in this sense. 

N 

Let P be a positive integer. Then x^N'X = xPxP---Pxisd. mor- 
phism of P into itself, and N induces on the vector space (T)/(T^) the mul- 
tiplication by N . The morphism x ^ N ' x induces an embedding P* of the 
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function field ^ = K{E) into itself. The degree = deg{N) is finite, 

because R is finitely generated over K and of transcendental degree 1. Thus 
we find that N : E ^ E is surjective for all positive integer N. In particular, 
E{K) is an A^-divisible group if K is algebraically closed, and we have proven 
this fact as long as N is prime to the characteristic of K. 

A naive question is: What is deg(TV) = : A^*(.^)]? The following theorem 

gives us that information and slightly more. 

Theorem 2.37 Suppose that K is algebraically closed. Then deg(A^) = . 

Moreover, if N is outside the characteristic of K, we have E[N]{K) = 
(fLjN'LY CiS abelian groups, and if p > 0 is the characteristic of the field 
K, then E[p] is either trivial or isomorphic to ’Ljplj. 

We prove this theorem in the following subsection when AT is a subfield of C. 
See [GME] 2.6 for more general cases. 

In the rest of this subsection, we explore consequences of the theorem. 
Start with an arbitrary field K and write K for its algebraic closure. Take an 
elliptic curve E defined over K with function field We write the composite 
as which gives rise to an elliptic curve E over K. As the algebraic curve 

inside (the integer m can be taken to be 2 as we have seen), E is just 
defined by equations giving relations among generators of ^ over K. Since ^ 
has the same generators (as over K, they give rise to the same algebraic 
curve inside P^. For any extension E/K inside K, we define E{E) to be the 
set of points of E with coordinates in E. Thus E{F) is the subset of E{K) 
fixed by Gal(AT/F). 

Take two points P,Q in E{K). Since P E Q is determined by the third 
intersection with E of the line passing through P and Q, if we conjugate the 
coordinate by cr G Gdl{K /K), the resulting image goes to the third intersec- 
tion with E of the line passing through cr{P) and cr{Q) (when P = Q, the line 
is the line tangent to P G E{K)). This shows that cr(P) + o-{Q) = a{P + Q), 
and conjugation by Galois automorphism is compatible with the addition of 
E. In particular, a{N • P) — N • cr{P), so the Galois action preserves E[N] 
(since a(0) = 0 because 0 G E{K)). In other words, a : E[N] P[A"] is 
an injective group homomorphism. Since P[A^] is a finite group, a induces an 
automorphism of the group P[A"]. 

Let P, Q be a base of E[N] over 'Ll NX. Then fj(P), (i{Q) is another base. 
Write p{a) the base-change matrix: 




with p{a) ~ (cd)- definition, we find p(cr)p(r) = p{ctt) and p(l) = I2, 
where I 2 = (0 ?)• 

Theorem 2.38 Let E be an elliptic curve defined over K . Suppose that the 
integer N is outside the characteristic of K . Then a ^ p{a) is a homo- 
morphism p : G3l{K/K) GL 2 {L/NL) , where GL 2 {L/NL) is the group 
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of invertible two-by-two matrices with coefficients in the ring Z/A^Z. More- 
over, det p(cr) = Xiv(^); where XNffi) is determined by cf{(n) = ffir a 

primitive root of unity (n- 

By the above theorem, the field F = K{E[N]) generated by coordinates of 
all points of E[N] is a Galois extension of K with Gal(F/iC) = Im(p) C 
GL 2 {Z/NZ), and F contains all iVth roots of unity. We later explore some 
cases where p is surjective. 

Proof We only need to prove the last assertion about detp = xn for fho 
cyclotomic character xN’ We construct a bilinear form e = e^ ' E[N] x 
E[N] /Xjv for the group of Nth roots of unity pn such that 

(PI) e{x,x) = 1 for all x G E[N] (alternating); 

(P2) e{x,E[N]) = 1 => X = 0 (nondegeneracy); 

(P3) a{e{x,y)) = e{a(x),a{y)) (Galois equi variance). 

If this is worked out, we find e(P, Q) = Cn is a primitive A^th root (P2) and 

o-(Civ) = a{e{P,Q)) = e{a{P),a{Q)) 

= e{aP + 5Q, cP + dQ) - e(P, Qf^e{Q, Pp = Cn~'’" 

as desired (because 1 = e{P E Q,P + Q) = e{P,Q)e{Q, P)). We need to 
construct e and to prove (Pl-3) above. Here is a construction given by A. 
Weil; we need to consider a point P e E both as a geometric point and also a 
divisor; so, we write [P] when we consider P as a divisor. By Abel’s theorem, 

(div) if — 0 for x^ G E{K) and = 0 for integers c^, then 

0 = Ej c^{[x^] - [0]) = E* c»N- 

Pick X G E[N]; so, N[x] — A^[0] = div{fx) for a function fx G R. Since E{K) 
is divisible, we can pick t G E{K) such that x = Nt. We consider the divisor 
D = T.ueE[N]l'f^ Eu]- EuG£[iV]M- Then by (div), we find a function Px e ^ 
such that div(^a,) = D. We see that dW{fxoN) is made up of points that go to 
0 and t with multiplicity N] so, div(/^ o N) = N • div(pa^). Thus / fx ^ N is 

a nonzero constant c, and gx{PEy)^ = cfx{N{P Ey)) = cfx{NP) = gx{P)^ 
for y G P[A^]. We then define e{x,y) = gx{P Ey) / gx{P) which is an A^th roots 
of unity. By this construction, ga{x) = Cia{gx) for a nonzero constant ci G AT; 
so, we may choose ga{x) fo be (j{gx)- Then Galois equivariance follows from 

a(e(x, y))(j{gx{P)) = cr{gx{P + y)) 

= <^{9x)ffi{P) + cr(y)) = e(a(x), (r{y))(j{gx{P))^ 

For y,y' G P[A/'], gx{PEyEy') = e{x,y')gx{P Ey) = e{x,y)e{x,y')gx{P); 
so, the pairing is linear with respect to the right variable. We now take care 
of the linearity for the left variable. Let z = xEwtoix,w^ PW]- Since 
X E w — z — 0 = 0, applying (div), we find ZiG.fi such that div(Zi) = [x] + 
[w] — [ 2 :] — [0]. Then 
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= ^(N - [0] + M - [0] + [0] - W) = ^ ■ div(/i) 

and N ■div{gxgwg~^) = N -div^hoN). Thus gx9w9z^ = c{hoN) for a nonzero 
constant c e K. In other words, 

e{x, y)“^e(w;, yy^e{z, y)gxiP)9w{P)97^{P) 

= 9x{P + y)gUP + y)g;\P + y) = c- h{P) = 9x{P)g^{P)9:\P), 

which shows the desired left linearity. 

If e(x,y) = 1 for all y G ^[A^], Qx factors through the image of N\ that 
is, = g' o N, and hence fx = (so, N • div(^') = div(/^)) because 
N : E E is surjective. We have div(p') = [x] — [ 0 ], and by Abel’s theorem 
X = 0. This proves the nondegeneracy. 

We now prove (PI). Observe 



N-l N~1 

div( jQ fx{P — '^x)) = N {[nx Ex] — [nx]) — 0. 

n=0 n=0 

Then UP — nx) is a constant. Since we have chosen t so that Nt = x, 

we have gx{P-nt) = fx{N{P-nt))^ = fx(NP-nx)^ , and 9x{P-nt) 

has to be a constant. Now we plug P — x in P, and we get 



9x{P)9x{P - 0 • • • 9x{P - [N - l)t) 

= 9x{P - t)9x{P - 2f) • --gxiP -{N - l)t)gx{P - x). 



This shows that gx{P) = gx{P — x) and hence e(x,x) = 1. □ 



Exercises 

1. Prove that ^(T, ^(5, R)) = ^(^(T, P), R) in the power series ring of three 
variables T, P, R over K. 

2. Prove p{a)p{r) = p{crr). 

2.5.7 Classical Weierstrass Theory 

Let P/c be an elliptic curve over C. Since E is of genus 1, it is a quotient of 
C by a lattice L c C. Here a lattice L c C is a Z-submodule of C generated 
by a base (wi^W 2 ) of C over M. We write Lat for the set of all lattices in C. 

Taking a nowhere- vanishing differential uj on P(C), we rediscover the lat- 
tice L of C (associated with (P,u;)) by 
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Abel’s isomorphism is then given by P ^ ^jL = Jac(P). By Abel’s 

theorem, we find that E[N] = jjLjL = (ZlNZ)"^, which gives a proof of 
Theorem 2.37 if AT = C. For a general field K of characteristic 0 inside C and 
an elliptic curve P/i^, the composite gives rise to the elliptic curve Ec 
over C defined by the same equation; so, E[N]{K) = Ec[N]^ which proves the 
theorem basically for all fields of characteristic 0. 

Conversely, for a given L G Lat, we define the Weierstrass P-functions by 



= p(„) = ^ 

Pr- r _/n\ ^ ^ ^ 



ieL-{o} 

-2 



1 1 _ 1 , 52 2 I 53 4 I 

_ ~ ^ + — W + ' 



vM=V'(u} = ^-2 



1 



eeL-{o} 



{u - iy 



20 28 
= — 2 u ^ T • • • , 



where 



92 



52(C) =60 5] 1 



and gs 



53(C) = 140 y] 1. 

ieL-{o} 



Then ip = y\ — Ax\ + Q2Xl + gs is holomorphic everywhere. Since these 
functions factor through the compact space CjL^ ip has to be constant, because 
any nonconstant holomorphic function is an open map (the existence of power 
series expansion and the implicit function theorem). Since xl and do not 
have constant terms, we conclude ip — 0 . We have obtained a holomorphic 
map {xl^Vl) : C/L — {0} -> Looking at the order of poles at 0 , we know 
the above map is of degree 1, that is, an isomorphism onto its image. It also 
extends to the embedding ^ • P/A ^ P/c- 

Thus we get an elliptic curve El — ^(C/L) = E{g2{L), gs{L)). We then have 



dxL , 

ujl = == dXL 

Vl 



dXL 

du 



-1 

= du. 



This shows 

Theorem 2.39 (Weierstrass) We have 

E: an elliptie curve over C, 

Lu: a no where- vanishing differential ’ 

where the straight brackets [ ] indicate the set of all isomorphism classes of 
the objects inside. 

We now make the space Lat more explicit. Two complex numbers Wi,W2 
span a lattice if and only if Im(u;i/u;2) 7^ 0. Let io = {z G C| Im(z) > 0}. 
Interchanging wi and W2 if necessary, we may assume that lm{wi/w2) > 0. So 
we get a natural isomorphism of complex manifolds via {wD^ (tC2, W1/W2): 



Lat 



{E,lv)/i 
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= ( “P G (C^)^ lm{wi/w2) > o| ~ X f). 



B={v = 



Since v and v' span the same lattice L if and only if v' — av for a G 5L2(Z), 
we see that Lat = SL 2 { 7 j)\B. The action ofa = G S'L2(Z) on B is given 

on X by a{u, z) = {cu + d, a{z)) for a{z) = 

We now consider the variables g2 and gs and the J-invariant J defined 
below Theorem 2.34 as a function on the upper half complex plane S). In 
particular, by Corollary 2 . 35 , J satisfies 7(7(2:)) = J{z) for 7 G 5L2(Z). 



2.6 Elliptic Modular Function Field 

Combining the analytic consideration in the previous subsection with the 
algebraic study in the earlier ones, we now state and partially prove the first 
non-abelian global reciprocity law due to Shimura. 

For a lattice L spanned by {wi,W2) with Im(u;i/u;2) > 0 , let E{L) be 
the elliptic curve given by E{C) = C/L. Picking a point u{a,b) = ^ 

E[L)[N] (for 0 / u = (a, 5 ) G (Z/A^Z)^), we define a function fu : Lat C 
by 

fuM = — ^ b)) and Xu{w) = XL{u{a,b)) 

A[w) 

for w = ^{wi^W2) and A = g^ — 27 ^ 1 . Then for a G 5L2(Z), 

fu{aw) = fuM for 0 Vii = (a, b) G (Z/ 7 VZ)^ 77 a = ±l2 mod N. 

( 2 . 19 ) 

Also we see easily that x^i(Are) = X~‘^Xu{w) for nonzero scalar A G C^. We 
call a meromorphic function / on i? a modular form of weight k on E(N) 
if / satisfies f{'yw) — f{w) for all 7 G 5^2 (Z) with 7 — I2 ^ A^M2(Z) and 
f{Xw) = X~^f{w) for A G C^. In particular, if A: = 0 , they are called modular 
functions on E{N). Thus fu is a modular function on E{N), and Xu is a 
modular form of weight 2 on E{N). We often let E{N) denote the subgroup 
of 51/2 (Z) made of matrices congruent to I2 modulo TV. We have the following 
exact sequence, 

1 ^ r{N) SL2{Z) 5L2(Z/AfZ) ^ 1. 

The surjectivity of the last “mod TV” map is nontrivial (Exercise 1 ). 

Since B = S) x ^ one may regard a modular form as a meromorphic 
function on the upper half complex plane by putting f{z) = /( 27 rz(f)). 
Since a{\) = {cz + d) ( ) for a = ( ^ ^ ) , we find that / : — > C is a 

modular form of weight k on E{N) if the following conditions are satisfied, 

(Gl) = f{z){cz + d)'^ for all a = (“7 G r{N). 

If / is a modular form on T(TV), /(2: + TV) = f{z); so, / is a function on 
where TVZ acts by translation. By the variable change, q = Qn = exp(^^). 
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we may identify S^/NX with the open unit disk {g G C||g| < l} punctured at 
0 (0 corresponds to oo), and we may regard / as a function of q defined over 
the punctured disk. It has a Laurent expansion around 0: f{q) = 
which is called the q- expansion of /. We assume that /(g) is finite tailed; that 
is, there exists > 0 such that = 0 as long as n < —N. 

We can compute explicitly the g-expansion of g 2 , 93 and for g = gi: 



1252 = 1 + 240 y] X 

n=l (^0<d|n 



oo 

-6^3 = 1 - 504 y] 

n=l 



0<d\n 



A^ql[{l-qn^\ 

n=l 



(2.20) 



From this we can conclude J G g~^Z[[g]] (cf. [lAT] Section 4.6). 

We consider the Riemann surface Y{N) = r(N)\:^. Regarding J = 12^g 
as a variable, and considering the elliptic curve E : y‘^ = — gx — g for 

9 = defined over Q(J), we can think of Q_{J){E[N]). This is a Galois 
extension of Q( J) with 

Gal(Q(J)(F;[7V])/Q(J)) C 



We also consider the field generated over Q(J) (now J is a function on 
S)) hy fu for all u G (Z/7VZ)^. Since fu is the x-coordinate of the point 
corresponding to u = u{a,b) G (up to the factor g‘^/g^ ~ 27 in Q(J)), 

we may regard E Q{J){E[N]) and Kn C C{Y{N)). It is easy to see that 
a G 5L2(Z) acts on Y{N) by z ^ so, it induces an automorphism of 

C(T(fV))/C(J). 

Theorem 2.40 We have Gal(.^ 7 v /Q(J)) = GL 2 {'l/NZ) / {±1} , and a G 
5L2(Z) acts on f e by f ^ f o a. This action of 5L2(^) factors through 
PSL 2 {Ij/NZ), which is the subgroup of Gal{^N /Q{d)) ■ 

Proof. We check fu^ oi — fua • Since fua = fu for all u implies that ua = ±u 
by definition, we find that Gal(C(y'(A'))/C(J)) contains PSL 2 {Z/NZ). Since 
y(A^) is the covering of degree \PSL 2 {ZfNZ)\ of P^(J), we find that 

C{YiN)) = C( J)(/„|0 ^ue (Z/iVZ)2). 

By computing the g-expansion of fu, we find that fu e Q[C/v]((<?)): 



X 



U 



1 

12 



gf- I CW 

1 - 5 ^" (1 - C'kq%r 



+ E 






1 - g^ 
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for u = (a, 6) and q = exp{27riz/N). By Theorem 2.38, we know that G 
Q[Cw]; so, Cn.^Ar = C n Q[CAr]((g')) = Q[Ctv]. Since Gal(.^Ar/Q(J)) contains 
all PSL 2 {Z/NZ) and also matrices with any given determinant modulo N, 
we find 

Gal(.^^/Q(J)) = GL2(Z/7VZ)/{±1}. 

This finishes the proof. 

By the above proof, q gives a parameter at oo of Y{N) defined over Q(Civ); 
so, we have 



J?^=C(y(7V))nQM((g)) (g = exp (2.21) 



This shows 

Corollary 2.41 The curve Y{N)/c is actually defined oferQ[Civ]; cind 

Q[C/v](>^W/Q[c;vi) = ^iv- 

We consider the union ^ = |J^ (note here that ^ if N\M)\ so, ^ 
is a field. 

Corollary 2.42 We have Gal(.^/Q(J)) ^ GL 2 (Z)/{± 1 } and^nC = 
Moreover, each matrix g G GL 2 (Z) acts on by the action of det{g) under 
the identification Gal(Q^^^/Q) = Z^. 

For a G M 2 (Z) with det(a) > 0 , we can always write by elementary divisor 
theory, a = 7(0^ n) 7 ^ with 7,7' G 5L2(Z). We write 5 = (’q n)- Since 
the effect of / f-G / o J on g-expansion is g ^ action f ^ f o a 

preserves the coefficient field Q[Ctv]- Since 6~^r{N)5 D TfrunN) (Exercise 2), 
C Since 7,7' G 5L2(Z) preserve .^at, we see that Kj\[oa C 

and hence / / o a is an automorphism r{a) of K For any a G GL 2 (Q)+, 

its integer multiple is in M 2 (Z). Thus the linear transformation z a(z) is 
induced by an integer matrix; so, r{a) G Aut(.^) is well defined on that is, 
GZ/ 2 (Q)+ acts on ^ by f ^ f o a. We can check (e.g., [I AT] 6.4 or [MFG] 
Gorollary 3.3): 

(Al) GL 2 (Q)+GL 2 (Z)GL 2 (M)+ = GL 2 (A)+, where + indicates the posi- 
tivity of the determinant (at 00 ); 

(A2) GL2(Z X R)+ nQ^ = {±1}. 

Thus we can let GL 2 {A)^ act on Here is a theorem of Shimura. 

Theorem 2.43 (Elliptic Reciprocity Law) We have an exact sequence 

1 -G Q^GL 2 (M)+ ^ GL 2 (A)+ a Aut(.fi) ^ 1. 
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The action of GL2(A)+ on ^ is as given above. The difficult part of the proof 
is the surjectivity of r for which we refer the reader to [I AT] Theorem 6.23. 
We later give a sketch of a proof in a more general setting, Theorem 4.14. 

For each open compact subgroup S of GL2(A)4-/Q^GL2(M)+, we have an 
algebraic function field which gives rise to a projective curve Vs defined 
over the fixed subfield ks of by det(5) C A^/Q^M^ = Gal(Q^^^/Q). 
This curve is the modular curve of level 5, and Vs{C) = rs\S^) (forgetting 
the points above cx) e P^(J)). Here Fs = S n SL2{Q). In particular, Y{N) 
corresponds to {it G GL2{Z>)\u = I2 mod A^}, and we have the following 
identity. 



(Z/7VZ)2 ^ £;[iV])/^|eiv(^(l,0),</>(0, 1)) = Civ] = Y{N){K), 



where K is any field extension of Q[Cn] for a specific primitive TVth root of 
unity Civ, and [•] indicates the set of isomorphism classes of the pairs (A”, 0). 
We have {E^(j))/x — if there exists an isomorphism f : E E' 

defined over K such that / o (/> = 0'. 



Since A = x R, we have GA2(A) + /Q>'GL2(IR)+ = 

ing Z(Q) for the center of GL2(Q) isomorphic to Q^. Consider r giving the 
isomorphism 



r : 



GL2 



3 )) 



= Aut(.^). 



The fixed field of r(S) is an algebraic function field; so, it is the function 

field of a unique smooth projective curve Vs defined over ks = H Q 
(which is the fixed field of i{det{S)) for l in Theorem 2.12). Therefore the 
isomorphism r in Theorem 2.43 gives rise to a tower of algebraic curves {Ks}5 

defined over ks indexed by open compact subgroups S C — ^ ^ . The tower 
{^^5)5 is called Shimura’s canonical model of the tower of modular curves (or 
simply just the tower of modular curves), which classifies elliptic curves with 
additional structures and is the simplest example of the Shimura varieties 
we study in the rest of the book. We write Ys{F) for the image of Es\S^ 

in 145(C) for Es = PGL2{Q) H 5 in Then Vs — I5 is a set of 

finite points (called cusps of V5), and Ys is an open algebraic curve (a quasi- 
projective curve) defined over /C5. In other words, Vs/ks is the unique smooth 
compactification of Ys/ks- 

We may regard Vs as defined over Q forgetting the requirement of the field 
of definition to be the algebraic closure of Q in the function field ks{Vs). By 
the strong approximation theorem (i.e., the density of 5^2 (Q) in 5L2(A^°°^); 
e.g., [MFC] 3.1.2), GL2(Q)\GL2(A^°°))/Z(Q)5 is in bijection with Gal(A:5/Q) 
by g ^ i{det{g)). We write for the conjugate g ■ S ■ g~^ . Since ks Gq C = 
ricrGGal(/cs/Q) C by /c 0 X 1-^ {a{k)x)cr, we have 

Y[ 

geGL2(Q)\^^^^^^/S 
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which implies 

Ks XQ C = [J ^S/<C = |_J yas/c 

a€Gal(fcs/Q) ggGL,(Q)\^^i^^/S 

(2 22 ) 

Ks/q(C) = □ V,s,c{<C), 

9<iGL^(Q)\a±2l^/S 

where each T45/c(C) = Fg 5 //c^(C) gives one connected component of Vs/q{C). 
Since V 5 (C) with finitely many points above oo (called cusps) removed is 
exactly the quotient Ys = Fs\S), we find 

GL.(Q)+\ X fl) /S = □ y„(C) = y„«(c) 

geGZ.2(Q)\ °^ytr*V -g 

by (g^z) h-7- [z mod Pgs). Thus we get the following expression: 

GL2(Q)+\ (gL2(A(“)) X /Z{Q) 

= ^sGL2(Q)+\ X /5 = ]^sYs/q{C). (2.23) 

We may think of the proalgebraic curve F = as a model of the 

pro-Riemann surface GL 2 (Q)+\ (GL 2 (A(°^)) x io) /Z{Q). This is the point of 
view of Deligne ([Dl] and [D2]). Then is the smooth compactification 

of the open proalgebraic curve Y. In the rest of this book, we replace the 
algebraic group GL(2 )/q by a more general reductive group G /q and study 
the canonical models of G{Q)\ (G(A^^^) x X) /Z{Q) for the symmetric space 
X of G(R) and their (smooth and minimal) compactifications. Here F(Q) is 
the topological closure of the c enter Z{Q) of G(Q) in G(A(^)). In the case 
of G = GL(2 )/q, we have F(Q) = F(Q); so, our formulation is consistent. In 
our study of p-adic automorphic forms on G, the two formulations, one due 
to Deligne and the other due to Shimura, both play fundamental roles. 

Exercises 



1. Prove the surjectivity of the mod N map from 51.2 (Z) to 5L2(Z/XZ). 

2. Let (^ = (’g' 0 ). Prove that S~^r{N)S D r{mnN). 

3. Prove (Al) and (A2). 




3 



Modular Curves 



In this chapter, we translate the result in the latter part of the previous 
chapter into the language of schemes, and at the same time, we sketch a proof 
of the vertical control theorem in the p-ordinary case of elliptic modular forms. 
There are several different proofs of the vertical control theorem: 

(1) Through the moduli theory of elliptic curves; this is what we show (Ann. 
Sci. Ec. Norm. Sup. 19 (1986) and [GME] Chapter 3); 

(2) Through the study of topological cohomology groups and Jacobians of 
modular curves. This way has the advantage of simultaneously producing 
at the same time Galois representations into GL 2 (II), where I is a quotient 
of the universal p-ordinary Hecke algebra. The ring I could be large and 
may be free of finite type over VE[[A']] (Inventiones 85 (1986)); 

(3) Through the theory of p-adic Eisenstein measures and p-adic Rankin con- 
volution theory. This method was found by A. Wiles in [Wi] and is pre- 
sented in the elliptic modular case in my book [LEE] in Chapter 7; 

(4) As an application of the identification of Hecke algebras and universal 
Galois deformation rings at many different weights (done by Wiles and 
Taylor). This method is presented in my book [MEG] 5.3.5. 

We follow the first method. Chapter 3 of the book [GME] contains a more 
down-to-earth description of the proof. This first method seems most effec- 
tive when we try to generalize the VCT to more general reductive groups 
(as long as the group admits Shimura varieties). We generalize this proof to 
automorphic forms on more general Shimura varieties (see Sections 4.1, 4.2, 
and 8.3). 



3.1 Basics of Elliptic Curves over a Scheme 

We give a brief description of the theory of the moduli of elliptic curves. 
Chapter 2 of the book [GME] contains a thorough exposition of the theory. 
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Studying curves C over a field k in Section 2.4, we have analyzed its set 
C{K) of iC-points for a field extension K/k. The main idea behind the theory 
in Section 2.4 is to associate with each point P G C{K) a discrete valuation 
of the function field K{C). However, to study a curve C over a base ring 
S, obviously we need to study C{R) directly for an arbitrary H-algebra R. 
The main point of scheme theory is to consider C as a covariant functor 
R i-G C{R) from the category B-ALG (also written as ALG/js) of >B-algebras 
into the category SETS of sets. We have many interesting functors F : B- 
ALG — > SETS. For example, we may associate with R the set [E^ji] of all 
isomorphism classes of elliptic curves defined over R (or Spec{R)). This is 
a covariant functor since a S-algebra homomorphism R R' induces the 
base change Ej^ i-G {E R') which is an elliptic curve defined over R' . We 
can extend this functor to a contravariant functor from the category B-SCH 
(also written as SGHjr) of schemes over B to SETS in an obvious manner. 
The functor is contravariant, because R i-G Spec{R) reverses the direction of 
morphisms. If the functor R i-G [E/r] is isomorphic to a functor R ^ Tl{R) 
for a H-scheme we could use algebraic geometry to study the functor (and 
at the same time we may use the functoriality to study the geometry of the 
moduli scheme OJl). Finding OJl is a classification problem of elliptic curves. 
Of course, we may add some extra structures 0 to to classify pairs {E, 0), 
and if successful, the moduli of the functor R ^ [(F^, 0) /r] constitutes a 
scheme over TR by the morphism (F’, (j)) i-G E. We study this type of problem 
in this and the following sections. In this section, we summarize necessary 
facts on elliptic curves defined over a scheme. 

3.1.1 Definition of Elliptic Curves 

For a given scheme 5, a proper smooth curve f : E S is called an elliptic 
curve if it satisfies the following three conditions: 

(El) E has a section 0 = 0^; G E{S) (thus / o 0 = I 5 ); 

(E2) dim 5 F = 1 , and F is geometrically connected (this means that each 
geometric fiber of F over an algebraically closed field is connected and 
of dimension 1 ); 

(E3) f^T^E/s (equivalently R^/^Or by Grothendieck-Serre duality) is lo- 
cally free of rank 1 (genus = 1 ). 

Compare this definition to the one already given in Section 2.5. There is no 
harm in assuming that S is connected, as we do from now on. Eor any S- 
scheme cj) ' T ^ S^ the fibered product Ft == F x 5 T is again an elliptic curve 
with the zero section Ot = 0£; x It- For two elliptic curves F and F' over F, 
an F-morphism h : E E' is always supposed to take 0^; to Qr' ■ 

3.1.2 Cartier Divisors 

A closed subscheme F c F is called an effective Cartier divisor (relative 
to S) on F if f^Oo = f* {Or/ 1(D)) given by an invertible sheaf of ideals 
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I{D) C is 5-flat (thus locally free). We define C{D) = I{D)~^ and put 
deg{D) — deg{C{D)) — rank^ In particular, the 0 section gives rise 

to a divisor [0] of degree 1 given by O[o] = Os- We then consider l{m[0]) = 
/([O])"^ and C{m[0]) = /(m[0])“^ for m ^ Z. The line bundle C{m[0]) can be 
regarded as the sheaf of meromorphic functions on E smooth outside 0 and 
with possible singularity at 0 having a pole of order < m. 

If 5 = Spec{k) for an algebraically closed field k, /c-rational effective divi- 
sors can be identified with positive linear combinations of points on E(k). We 
have deg(^p mp[P]) = We can thus think of the group Div(P/A:) 

of all formal linear combinations (including negative coefficients) of points 
on E. Then deg : Div(P/A:) Z is a well-defined homomorphism given by 
the above formula. In particular, for any divisor D E Div(P//c), we have 
C{D) = C(Ds-) 0 writing D = for effective divisors 

and P_, and we can verify deg{C{D)) = deg(P). By Abel’s theorem (Theo- 
rem 2.36), any invertible sheaf C on E/^ is isomorphic to C{D) for a divisor 
P, and we define deg(T) = deg{C{D)) if E is defined over an algebraically 
closed field k. 



3.1.3 Picard Schemes 

For any scheme X, we define Pic(X) as the set of all isomorphism classes 
of invertible sheaves on X. The association X Pic(X) is a contravariant 
functor by the pullback of invertible sheaves, and Pic(X) is actually a group 
by tensor product. 

j 

Let P ^ 5 be an elliptic curve. We define, for each 5-scheme (j) :T ^ S, 
Picp/p(T) = Pic(PT)//^Pic(r). 

We can extend the degree map to deg : Picp/p(T) ^ for the set of 

connected components 7 To(T). Indeed, for any algebraically closed field k and 
a geometric point 5 : Spec{k) T, the fiber E{s) = E s = Pp Xp 5 

is an elliptic curve over the field k and deg(£) = deg(P(s)) for the pull back 
C{s) at s, which is well-defined independently of the choice of 5 in a connected 
component. We embed Z in diagonally, and we define 

Pic^s/s(0 = {c& Pic^/s(T)| deg(£) = r} . 

Here is a version of Abel’s theorem (e.g.. Section 2.5.5 and [GME] 2.2.2): 

(Abel) Pic^/ 5 (T) = P(T) = Hom 5 (T, P) by C{[P]) G P([0])"-i P. 

Thus an elliptic curve is a group scheme with the identity 0 (see [GME] 
1.6 for the basics of group schemes). If 5 • ^ ^ C" is a nonconstant 5- 
morphism of two smooth geometrically connected curves, |5“^(5')| is constant 
for geometric points s' of C'; that is, (p^Oc is locally free of finite rank (e.g., 
[GME] Lemma 2.6.1). We write this number as deg(5). If the base scheme 5 
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is a spectrum of a field, the valuation ring Vs' associated with a closed point 
s' G C is given by the stalk Oc,s'\ so, this definition of deg( 0 ) is consistent 
with the one given for algebraic curves over a field just after Corollary 2.26. 
Thus (j)^Oc is an invertible sheaf on Ch If 0 : E ^ E' is an S- 

morphism of elliptic curves, by our convention, (p takes 0 ^; to 0 ^;/ and, hence, 
at the side of the Picard scheme, it is just C ^ 0 ^/;. § 0 ^ obviously 0 

is a homomorphism of group functors. In particular, a morphism of elliptic 
curves (taking zero to zero) is a homomorphism of group schemes. 



3.1.4 Invariant Differentials 

By (E3), for a dense affine open subset Spec{B) of S', H^{E^Qe/b) = 
for a 1-differential uo. For each point P G E(S), Tp : x ^ x E P gives an 
automorphism on E. Since we can therefore bring any given cotangent vector 
at 0 isomorphically to a cotangent vector at P, each cotangent vector at 0 
extends to a global section of Ep/p. Thus TpCj = uo (see [GME] 2.2.3 for a 
more rigorous proof of this invariance). 

3.1.5 Classification Functors 

An important fact from functorial algebraic geometry is that we can associate, 
with each 5-scheme AT, a contravariant functor X : S-SCH — > SETS such 
that 2L{T) = Hom 5 (T, X). This association is fully faithful; in other words, 
writing CTE for the category of contravariant functors from 5-schemes to 
SETS, we have 

Homs(X,r) ^ HomcTF(2C,Z) 

via (V y y) ^ {(p{T) : X{T) ^ Y{T)) given by 4>{T){T P X)^4>of. This 
is intuitively clear because an algebraic variety is just a function associating to 
each ring R its P-integral points X{R) = X_{Spec{R)). The verification of this 
is left to the reader as an exercise (the inverse is given by PiOmcTFiK^^Y.) ^ 
F ^ F{X){lx) where F{X) : X{X) -> Y{X) = Hom 5 (X,T); see, for exam- 
ple, [MEG] 4.1.3 or [GME] 1.4.3). 

This fact can be used as follows. Let X be a positive integer. Since E{T) 
is a group, x ^ N • x gives a functorial map N{T) : E(T) -G E{T); so, an 
endomorphism of elliptic curves N : E E. We define its kernel P[X] = 
E Xe,n,o 5: 

E[N] > E 

1 

5 ^ E. 

0 

It is clear that E[N]{T) = Ker(X(T)). It is known that degX = (e.g., 

[GME] Theorem 2.6.2) and if X is invertible over 5, E[N]{k) = {ZjNZ)‘^ for 
all algebraically closed fields k with Spec{k) 5. 
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We consider the following functor 

from the category ALG of Z-algebras into SETS, where a; is a nowhere- 
vanishing invariant differential, P is a point of order exactly N, that is, m ^ 
mP induces an isomorphism (Z/NZ) jpi ^ P of group schemes defined over R, 
and [ ] = { }/ = is the set of all isomorphism classes of the objects inside 
the brackets. Here ZjNZ as a group functor associates with T the group 
(Z/A''Z)’"oV). Therefore 0(z/m)/z = 0z/ivz^ = 0 z/atz-^); 

SO, the structure sheaf of ZjNZ is free of finite rank N . Such a group scheme 
is called a locally free group scheme (of rank N). 

There is another example of locally free group schemes: starting with the 
multiplicative group (as a group functor Gm{P) — R^ and as an affine 
scheme G^ = Spec{Z[t,t~'^])), we consider the kernel of N (as a group 
functor iin{R) = {C C R\C^ = 1} and as a scheme pn = Spec{Z[f\/{t^ — 1)) = 
Spec{Z[{Z/NZ)])). Then /i^v is a locally free group scheme of rank N. If 
> 1, it is nonisomorphic to ZjNZ, since for any prime p, Pp(¥p) = {1} but 
{Z/pZ){¥p) = ZfpZ. We consider a version of the functor defined as 

follows, 

Rri{N){R) = ^ E[N],u;)/fi] . 



3.1.6 Cartier Duality 

The two functors Vri(N) ^^nd are isomorphic by Cartier duality (see 

[GME] 1.7): If G is a locally free group scheme of rank N over 5, there exists a 
group scheme G/s such that G(T) = Hom^ ( G t, G^/t^) = Homr {G t , I^n /t) ■> 

where G ^/5 = Gm x S and Pn/s — l^N x S over Spec{Z). We have G = G 

in an obvious manner, and ZjNZ = /iyv by C(^) = for C ^ I^n{R) and 
me {ZINZ){R). 

f 

Let P -0 5 be an elliptic curve. The section 0 : S E induces a section 
of /* : Pic(5') — > Pic(P); so, we have a splitting: 

Pic(PT) = ff Pic(T) © Ker(05^) and Ker(O^) = Pic£;/s(r), 

regarding Pic e/s{T) as a set of isomorphism classes of invertible sheaves whose 
restriction to 0 is trivial; that is, is isomorphic to Os- 

Let P e Ker( 7 r) for a nonconstant S'-morphism tt : E ^ E\ Then 

7T^ : E' ^ FIce'/s -> FIce/s = E 

is an S'-homomorphism. We show that Ker( 7 r*) = Ker( 7 r). Take jC e Ker( 7 r*), 
and take an open covering E' = U^ such that C\u^ = - Since 0*C = 

Os-> we may normalize f^ so that fi o Oe' = fj o Oe' for all i ^ j on U^^UJ. 
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Let hi = f^o 7t; we have 7 t*£|v; = for K = ^ Let P G Ker(7r); 

then 

hi o P = o 7T o P = f, o Oe' ^ fj o Oe' = hj o P. 

This implies that the hi o Ps glue to give a global section ho P g T(T, O^) = 

Gm{T), getting a homomorphism Ker(7r*) — > Ker(7r), which can be easily 
verified to be an isomorphism (because twice this operation yields an identity 

map of Ker(7T*)). Since N* = TV as we can see easily, we get E[N] = E[N]. 
Writing the pairing as ( , } : E'[TV] Xs LJ[TV] fJ'N/s^ we get ((/)(P),(5) = 

(P, (/)*((5)); so, (/) 0* is an involution with (/>* o 0 = deg{(p) > 0 (a positive 

involution; see [GME] 2.6.3). The pairing (•, •) is the scheme-theoretic version 
of the pairing ew(-, •) we studied in (Pl-3) in the proof of Theorem 2.38. 

For a given additive level TV-structure (j)^ ‘ ’LjN'L ^ E[N]^ by duality, 
we get ttn ■ which has a section 0'^ well-determined modulo 

C = 07v(Z/TVZ). Thus {E!C,(t)'^ : iin ^ {E /C)[N],uj') is well-defined as an 
element of Vr^[N){E)^ where u' coincides with u) at the identity (because the 
projection E E/C is a local isomorphism; that is, an etale morphism; see 
[GME] Proposition 1.8.4). The inverse map: P ^ P' is given similarly by 

(P',0'^ : fiM E'[N],u') ^ (P" = P7lm(0'^),0iV : ^/NZ ^ E^'[N],uj"). 

Since (P/C)/07 (Mw) = E/E[N] = P, we have p' ^ p ^ p' and hence 
equivalence. 



3.2 Moduli of Elliptic Curves and the Igusa Tower 

As already described, we regard a scheme M over a ring P as a contravariant 
functor M : SCH/s SETS by M{S) = YiomB-scH{S, M). The scheme 
TkT /5 is a coarse modulus of a contravariant functor T : SCHf^ SETS if 
we have a morphism / : P ^ M of functors such that f{k) : E{Spec{k)) = 
MiSyecik)) for any algebraically closed field k and for any other morphism g : 
T M' for a P-scheme M/ we have a morphism M ^ M' with g = tt o f (see 
[GME] 2.3.2 (GMl-3) for more details on coarse moduli schemes). If the above 
morphism / is an isomorphism of functors, we say that T is representable by 
TW// 3 , and Mjb is a fine modulus scheme (see Section 4.4.1). A fine or coarse 
modulus of a functor is uniquely determined up to isomorphisms of P-schemes 
(Yoneda’s lemma; see [GME] Lemma 1.4.1). 

We now study the scheme Ti(TV) /z[^] representing PpiiN)- This eventually 
leads us to the vertical control theorems in the elliptic modular cases. 

3.2.1 Moduli of Level 1 over Z[|] 

Hereafter, we assume until Section 3.3 (for simplicity) that 6 is invertible in 
any algebra we consider (see [GME] 2.6-9 for the theory valid over Z). Let 
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(jE, uj) be a pair of an elliptic curve and a nowhere- vanishing differential. 
We choose a parameter T at 0 so that 

u; = (1 + higher terms of T)dT. 

By the integral version of the Riemann-Roch theorem (see [GME] 2.1.4), 
we verify (as in Proposition 2.32) that rank £(m[0])) = m if m > 0. 

Therefore we have two morphisms x^y : E such that 

1. X has a pole of order 2 at 0 with the leading term in its Laurent 
expansion in T (removing the constant term by translation); 

2. y has a pole of order 3 with leading term — T~^. 

We repeat here the computation of the Weierstrass equation of E done in 
Section 2.5.2 more carefully over the ring R as follows. Out of these functions 
X and y, we can create bases of H^{E^ C{m[0]))\ 

• H^{E, C{2[0])) = RE Rx, H^{E, £(3[0])) = RE RxERy. This implies 
that X has a pole of order 2 at 0 and y has order 3 at 0. They are regular 
outside 0 ; 

• Prom these functions we create functions with a pole of order n at 

0 as follows: 



n < 4 : 1, X, (dim = 4) 
n < 5 : (dim = 5) 

n < 6 : 1, X, y, x^, xy, x^, y^ (dim = 6). 

Comparing the leading term of one sees that the seven sections 

in the space H^{E, C{6[0])) have to be linearly dependent and satisfy the 
following relation, 



+ a\xy + asy = x^ E U 2 X^ + a^x + qq. 

We can kill in a unique way the terms involving xy and y by a variable change 
y y E ax E b. Indeed, by the variable change ^x— we get a 

simplified equation: 

= x^ + h2x‘^ E b^x E b^. 

Again a variable change x x — ^ simplifies the equation to 

y^ = x^ T C2X + C3. 

Since £(3[0]) is very ample (deg(£(3[0])) = 3 > 2y + 1), by finally making a 
variable change 2y y (so now the T-expansion of y begins with — 2T~^), 
we get a unique equation from (P, u ) //^: 
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= 43,3 _ g^(E,Lj)x - g 3 {E,L 0 ) for g 2 (E,iv), g 3 {E,w) G R. 

In other words, E C is given by 

Proj{R[X, Y, Z]/(Zy2 _ 4X3 ^ ^ 

It is easy to see by computation that this equation gives a smooth curve 
of genus I having the origin 0 = cx) = (0,1,0) in if Z\ = A{E,uj) = 
^2 — 27^3 G . We recover the differential cj by This shows that, writing 
71 =: Z[i,32,53. 3] for variables 52 and 53, 

'Pn(i)iR) = Homz[l]_<J,g(7^,i^) =Mi{R), 

where Vli = Spec{TZ) for TZ = Z[g,^2,53, 3]- We have the universal elliptic 
curve and the universal differential lj given by 

(E, u;)/Mr = (^ProjinlX, Y, Z]j{ZY^ ~ + g^XZ"^ + g^Z^)), . 

For each pair {E,uj)ir, we have a unique (/? G M.\{R) = Hom^ ( Spec (i7), Adi) 
(S = Spec(Z[|])) such that 

{E,uj)ir ^ p*(E,u;) = (E,cj) Spec{R). 

If we change u by Xuj for A G R^ = Qrn{R)i the parameter T will be 
changed to AT and hence (x,y) is changed to (A“^x, A~^y). Thus {E,Xcu)/r 
will be defined by 

(A“3y)2 = 4(A“3a;)3 - g^(E, \uj){X~'^x) - gsiE, Aw). 

This has to be equivalent to the original equation by the uniqueness of the 
Weierstrass equation, and we have 

g,{E,\io) = \-^^gj{E,uj). 

Again by the uniqueness of the Weierstrass equation, we find that 

Aut((£;,w)/fl) = {1e} 
as long as 6 is invertible in R. 



3.2.2 Moduli of Vr^^N) 

Consider (T, P, uo) /r for a point P G E[^]{R) of order i for a prime 1. We have 
a unique p G Adi(P) such that 

pE ■ (E,uj)/r = p*{E,uj) = (E,w) xmi Spec(R). 
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We thus have a commutative diagram: 



E - 


Ml 




T 


Spec{R) A E - 


Spec{R) 



Then P induces a unique morphism (fp = (pp o P ' Spec{R) (E[^] — {0}). 
This shows that, over ^[^], 

Vr,wiR) = V'rApR) = (EM - {0}) (i?)- 

Similarly, over Z[^], 

Vr,(N){R) = VP^){R) = E[iV] - U E[d] ] (R). 

\ N>d\N ) 

We put Mppp) = E[Af] - Uw>d| 7 V E[d]. Thus we have proven 

Theorem 3.1 There is an affine seheme Adppp^ = SpecfJZppp^) defined 
over Z[^] such that 

Pri{N){R) — P'rpN)iP) - "P^^z[^]-aigiPri{N)j R) = Mp^(N){R) 

for all Z[-^]- algebras R. The scheme M\ is an etale covering of 

degree p{N) for the Euler function p. 

The fact that the covering is etale finite follows from the same fact for E[A^] 
since E[Af](A:) = (Z/A^Z)^ for all algebraically closed fields with characteristic 
not dividing TV. Since Ali is affine, any finite covering of Ali is affine. 

If we find an 5-scheme M. for a given contravariant functor V : S-SCH 
SETS such that we have an isomorphism of functors M = V for MfS') = 
Hom5(5', Ad), we say that V is representable (or represented) by an 5-scheme 
Ad. The scheme Ad is called the moduli scheme of the functor V. Then the 
statement of the theorem is equivalent to the representability of the functors 
Vr,(N) and an affine Z[gE]-scheme Mr^iN)- 

Even if V is not representable by a scheme, we often find a rough approx- 
imation of the moduli called a coarse moduli scheme so that V{Spec{k)) = 
M.{k) for the spectrum of any algebraically closed field k that is an 5-scheme. 
Here we do not give the scheme-theoretic characterization of coarse moduli 
schemes, only referring to [GME] 2.3.2, though we show many coarse moduli 
schemes in this book. 



3.2.3 Action of Gm 

The group scheme acts on the functor in the following way. 
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{E , (j) ^ uj) ^ ^ {E ^ (j) ]S[ ^ Xuj) ! 

for A G €^m{R)- This induces (by the functoriality described in Section 3.1.5) 
an action of on Mri{N) and hence on lZri{N)- 

Here is a general fact on the action of Qrn (see [GME] 1.6.5). Let X be 
a H-module for a base ring B. Regard X as a functor from B-ALG to the 
category of S-modules B-MOD by X(R) = X R. If a group scheme G/j^ 
has an action coming from the following morphism of functors, G x X ^ 
(which induces the set-theoretic action G_{R) ^ 2L{R) 2L{R) for each 

algebra R), we call X a schematic representation of G. It is known that if 
has a schematic action of Grn/B^ then 



such that X[k] — {x C X|A • x — A^x}; that is, X[ac] is the eigenspace for the 
character Qrn{R) -> B^ taking z G Gm(H) = B^ to z^. 

The action of Qrn/B on gives rise to a schematic action on RpiiN) 

(because it was defined by functorial action; see Section 3.1.5). Thus we can 
split 

T^ri{N)/R = ^TZ^{ri{N);R), 

G ^ 

where on / G R), G^n acts by the character — k. 

Since / G 7^^(Ti(X);H) is a functorial morphism. 



M.ri{N){R) — Rri(N){R) -> A^(R) = R, 

we may regard / as a function of {E,(I)n,uj)/r with f{{E,(pN^u;)/R) G R 
satisfying 

(GO) f{{E,(i)]sf,\(jj)iR) = \~‘^f{{E,(j)N,uj)i^) for X e R^ = Gm{R)] 

(Gl) If {E,(j)]sf,(jj) JR = {E' /R, then we have 

f{{E,cPr,.u;)/R)^f{{E\^'^,uj')/R); 

(G2) IfpiR^R' is a morphism of H-algebras, then we have 

/((E, 0w,c^)/i? RO = p(/((E, ^ n , uj )/ r )). 

If a graded ring A = 0^ Aj has a unit u of degree 1, we see that A = 
Ao Gz and Spec{A) = Spec{Ao) x G^^^ by definition; so, Proj{A) = 

Spec{A)/Grn = Spec{Ao). If A has a unit of degree n > 0, then we still have 

Proj{A) = Proj{A^'^'^) = Spec{Ao) 

for A^'^^ = 0^ Anj (see [GME] Lemma 1.3.1). Since e 1Z C 1Zn{N)^ the 
graded ring 7Zri{N) has a unit of degree 12, and hence, we have 
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Gm\Mr,(N)/B = Proj(7Zr,(N)/!3) = 5pec(7^o(^l(7V); ^)) =: Yi(N)/^. 

We consider the functor defined over Z[~]-ALG given by 

Sr,iN)(R) = : fiN E[N])/j,] . 

By definition, ^ri(TV) = ^m\Pri{N)- Since Proj{lZr^(^]s[)) gives the quotient 
by Grn of Spec{Pri{N)) (cf. [GME] Theorem 1.8.2), we conclude 

Theorem 3.2 (Shimura, Igusa) We have an open curve 

yi{N) = PTOj{Pn{N)) — ^m\Mri{N) 

defined over which is locally free of finite rank over Mi = Proj{P) = 

— {oo}. For all geometric points Spec{k) of Spec{Z[-^]) , we have 
^ri{N){k) = [(E^, 0iv)//c] = Yi{N){k). The above assertion holds for any 
-algebras R in place of algebraically closed fields k if N > 4. 

Here a “geometric point” means that k is an algebraically closed field. This 
theorem over Z[~] for an unspecified M with N\M was proved by Shimura 
in the late 1950s (see [CPS] I [57a]), and the result over Z[P] was proved by 
Igusa in [I] soon after Shimura’s work. 

Returning to the classical setting, we define an arithmetic subgroup Pi{N) 
of SL 2 m by 

Pi{N) = { ( c ^ ) C SL 2 {Z)\c = 0 mod Af, a = d = 1 mod . 

Since SL 2 {Z) acts on the upper half complex plane S) discretely by 2 : ^ 77+5’ 
we can make a quotient Riemann surface Pi{N)\S) (see [lAT] Chapter 1). By 
the association: z k+ (^'^^(C) = C/{Zz-\-Z)^ Pz = ^ C E^(C)), it is well known 
that Pi{N)\S) classifies all elliptic curves with a point P of order N over C 
(cf. [lAT] Chapter 4 and [CME] 2.4); so, we conclude 

Yi{N){C) = Pi{N)\S). 

Thus Yi(A')(C) is an open Riemann surface. 



3.2.4 Compactification 

For any Z[|]-algebra R, we put 



G{R) = R[g 2 .gs]=Z 



1 

6 



OR. 



Let Gp^( 7 v)(Z[~]) be the integral closure of the ring G{Z) in the graded 
ring 7 ^+^(;v)/z[Av]‘ ^ri(v)(^[^]) is a graded ring, we write r for 

the nontrivial homogeneous projection of highest degree of r G 
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If r C T^j-^( 7 V)/z[^] is integral over G(Z), r satisfies an equation P{X) = 

X'^ + aiX'^~^ + • • • -h Un = 0 with Gj G G(Z). Then r satisfies P{X) = 
X'^ + + • • • + a,T, = 0, and r is integral over G(Z). Then by induction 

of the degree of r, we see that Gr^(]v)(^[^]) is graded (cf. [BCM] V.1.8). 
We put for any Z[^]-algebra R, 



Gri{N)(R) = Gr^(TV) 




G,(ri(7V);i7). 

k=0 



We then define = Proj{Gr^(^N){R))- By definition, Xi{N) is the 

normalization of Proj{G) = Proj{G^^‘^^) = P^(T) {J = for G^^^^ = 

©r=o Gi 2 k in Ti(A^). As classically known, J ^ has a g-expansion starting 
with that is, J~^ G ^Z[[g]] (see [lAT] (4.6.1)). Thus the completion of the 
local ring of P^(J) at the cusp oo is isomorphic to Z[|][[g]]. Moreover, we 
have the Tate curve (e.g., [GME] 2.5): 

T^te{q) = Proj{Z[[q]][^][X,Y,Z]/{ZY^ - + g2{q)XZ^ + g3(q)Z^)), 

which extends the universal curve over P^(J) — {oo} to P^(J) locally at the 
cusp oo. 

Since Tate(g)(i^[[g]]) 3 {R[[q]]^)/q^ (see [GME] Theorem 2.5.1), we may 
regard Tate(g') as the algebraization of the formal quotient of the 

formal multiplicative group so, it has a canonical level structure 



^ Gtm Tate(^). 

The Tate couple (Tate(g), is an elliptic curve over Z[[q]][q~^]; so, 

by the universality of Yi(7V), we have a morphism 

too : Spec{Z[^][[q]][q^^]) Yi{N). 

Since we may regard the Tate curve as a universal formal deformation of a 
stable curve of genus 1 (with the level structure 0^^) centered at the Z[^]- 
point represented by an ideal {q) of ([GME] 2. 5. 2-3), the morphism 

Loo is an infinitesimal isomorphism centered at the cusp oo (by the univer- 
sality of the Yi{N) and the universality of the Tate curve). Since Xi(A’) is 
the normalization of P^(J) in Yi(7V), we conclude that the formal comple- 
tion along the cusp oo on Ai(A’) is canonically identified with i?[[^]] by too- 
Replacing the level structure by o a for a G AL 2 (Z/A/'Z), basically 
by the same argument, the local ring at the cusp a(oo) of Xi{N)/fi is given 
by R[fid][[q'^^^]] for a suitable divisor d|7V. We need to extend the scalar to 
Rlfidlllq'^^^]] because the Tate curve (Tate(g), o a) is only defined over 
R[lid][[q'^^^]] for a suitable divisor d|7V dependent on the choice of a. This 
point is slightly more technical, and we refer the reader to a more detailed 
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account, which can be found in [AME] Chapter 10 and [GME] 3.1.1. Thus 
Xi{N) is smooth at the cusps, and moreover / G Gk{ri{N); R) is a function 
of (E, 0iv,a;) satisfying (GO-2) and 

(G3) f{Ta,te{q),(/)N,Lj) G ^[Civ][[<7^^^]] for any choice of (pN and cu. 

Since Ei(E)\(il U P^(Q)) is a smooth compact Riemann surface and is the 
normalization of P^(J) in Yi{N){C) ([lAT] Ghapter 1), we conclude 

Xi(iv)(c) = ri(iV)\(i3Upi(Q)). 

The space G/c(Ei(A^); C) is the classical space of modular forms on Ri{N) of 
weight k. Since Tate(g)(R[[g]]) D {R[[q]]^ ) / 0^ ^ we may consider Tate(( 7 ) to be 
a “quotient” of Gim/z[[q]]/Q^] so, it has a canonical level structure 
Gm Tate(g) and a canonical differential uJcan induced by ^ identifying 
Gm — Spec{Z[t,t~^]). In particular. 



/(a) = /(Tate((?), (/)“", Wean) = 

n=0 

coincides with the Fourier expansion of / at infinity if / G G/e(Ei(E); C). 

3.2.5 Moduli of P(7V)-Level Structure 

We consider the following classification problem of level E(E), 

Pr(N){R) = [(^,u;,07v : (Z/TVZ)^ ^ E[E]) | (0yv(l, 0), 0w(0, 1)) = Civ] , 

for all Z[— , Ctv] - algebras R, where (n = exp(27rz^). Writing / for the map 
(•, •) : E[7V] Xyvfi E[Af] as a morphism of group schemes over Z[^], 

it is obvious that Vr{N) is represented over Z[^,Civ] by the closed affine 
subscheme Mj^(yv)/z[A^,Civ] = f~HCN) of ElE] Xmi E[fV]- Writing Mr{N) = 
Spec{lZr{N)) for a graded algebra Rr{N)^ we define an affine curve 

= ProjiUriN)) = 5 pec( 7 ^o(^(V))) = Mr^/^m, 



which represents the following functor, 

6riN){R) = [{E,4>n ■■ {Z/NZf ^[7V])|(<^;v(l,O),0;v(O,l)) = Cn] , 

if Af > 3 (see [GME] Theorem 2.6.8). Here 7Zo{r{N)) is the degree 0- 
component of the graded algebra Rr{N)- Taking the integral closure Gp( 7 v) 
of the graded algebra G(Z[^,Cat]) in lZr{N)-> we define the compactification 
X{N) = Proj{G r{N)) over Z[^, Ctv]. Again we have well-defined g-expansion 
at oo. 

We caalet a constant group a G SL2{7j/NIa) act on Y{N) (and hence on 
X{N)) by (E, (/)) (E, (poa). Since (0oa(l, 0), (/)O(a(0, 1)) = Cw fh® same 
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action of a G GL 2 {'L/N'L) induces an automorphism of Y{N) (and X{N)) 
regarded as schemes over (not over Z[^, Cat]), which coincides with the 

Galois action C,jsr ^ ^[Civ]- It is easy to see that Q[Cat](X(A^)) = 

in Corollary 2.41 and the action of GL 2 (Z/A^Z) introduced here coincides with 
the identification Gal(.^A/'/Q( J)) = Gal(Z/A^Z)/{±l} in Theorem 2.40. 

3.2.6 Hasse Invariant 

Let be a ring of characteristic p and {E^ to) be an elliptic curve over S = 
Spec{R). On each affine open subset U = Spec{r{U, ^e)) in the Probenius 
endomorphism x ^ x'p induces a morphism Fabs ■ U U. These glue each 
other to the absolute Probenius endomorphism Fabs • ^/i?- Note 

here that Fabs acts nontrivially on the coefficient ring R. We can define the 
relative Probenius map E -> E^'p^ — Ex s,Fabs ^ I^y x 5 / for the structure 
morphism f : E ^ S. This relative Probenius map is the classical map taking 
homogeneous coordinates on E to their p-powers. 

Let Te/s bo the relative tangent bundle. By definition, its sections are 
derivations; in particular, the space of global sections H^{E,Te/s) is the R- 
dual of H^{E^Qe/s)^ and H^{E^Te/s) is spanned by the dual base p = 
p{lu) of uj. One can identify H^{E,Te/s) with the module of O^-derivations 
Derog{OE,o,Os) (cf. [GME] 1.5.1). Por each derivation D of Oe,o, by the 
Leibniz formula, we have 

DP{xy) = = xDPy + yD^x. 

j=o O/ 

Thus is again a derivation. The association D i— > induces an Fabs-linear 

endomorphism F* oiTEjs- Then we define H{E^u) G i? by F *?7 = H{E^u)p. 
Since p{Xoj) = A“^? 7 (a;), we see 

H{E,Xuj)p{Xuj) = F^p{Xuj) = F%X-^p{u)) = X~PF^p{uj) 

= X-pH{E,uj)p{lu) = X~^H{E,u)Xp{Xuo) = X^~^ H{E,u)p{Xi^). 



Thus we get 



H{E,Xuj) = X^-^H{E,uj). 



Then iL is a modular form of weight p — 1 defined over Fp: 



F(E,a;)GGp_i(ri(l);Fp). 

We compute if (Tate (g), cjcan) for uJcan = Y’ writing the coordinate of 
as t (i.e., Grn = Spec{Z[tR~^])). The dual of ^ is given by jD = The 
action of F keeps D intact, because D{t) = t (so D^{t) = t). On the tangent 
space, F acts as identity, and hence iL(Tate(g), cjcan) = L 
An important fact (cf. [GME] Proposition 2.9.1) is: 
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H{E^u) — 0 <t=4> E is supersingular. 



This is because: 

1. If E is ordinary, then E[p] = x {JLj'pTE) over Fp; 

2. fXp = Spec{¥p[t]/ — 1)) shares the tangent space with Grn/Wp^ because 
they are both of dimension 1 infinitesimally; 

3. = p up to units in the supersingular case. 

The zero locus of a nonzero section of a line bundle is an effective divisor; 
hence, for any algebraically closed field k of characteristic p for p | N, the 
points in Xi{N){k) carrying supersingular elliptic curves are finitely many 
and algebraic over Fp. 

3.2.7 Igusa Curves 

Let W = Zp and Wm = Wfp^W. Fix N with p \ N. We have a lift of the 
Hasse invariant in Gp_i(Ti(l); Zp), which is the Eisenstein series 8 normalized 
so that a(0,F) = 1. The standard Eisenstein series E^ of weight k on SL 2 {Z) 
has the following g-expansion ([LEE] Chapter 5), 

n=l yo<d|n j 

Define E{q) = ^ ^-p) ^p-i- By the Von Staut theorem, the g-expansion £{q) of 
£ is congruent to 1 modulo p; so, £ mod p coincides with H. Let (E, <Pn)/m 
be the genus 1 semi-stable curve (completed by appropriate Tate curves at 
the cusps) over M = Xi{N)/y^. Let 

Mm = ^l(iV)/W^ = X,{N) Xw Wm. 

Define Sm C Mm by the maximal open subscheme of Mm on which £ is 
invertible, and symbolically write Sm — Mm [|^]- Similarly we write Sq — 
M [|] for the maximal open subscheme of M on which £ is invertible. The 
congruence £ = £' = H mod p tells us that £'=■£• {1 n) for n nilpotent; 
so, £ and £' are invertible at the same time. Thus the scheme Sm does not 
depend on the choice of the lift £ as long as p is nilpotent in the base ring. 
We write Scx> for the formal completion ]^mSm of Sq along 5i. 

Since we have defined Xi{N) by Proj{Gr^(^N))^ the invertible sheaf 
{k > 0) associated with the kth graded piece is ample. To see for which 
A:, becomes very ample, we recall that an invertible sheaf of degree > 
2p + 1 over a curve of genus g is very ample by the Riemann-Roch theorem 
(see [GME] Proposition 2.1.4). Computing the genus of Xi{N) (e.g., [GME] 
Theorem 3.1.2), the invertible sheaf corresponding to Gk{Ei{N)] R) is 
very ample if A: > 2 and TV > 4 (or A: > 2). Thus Sm is affine, and Sm = 
Spec{Vm,o) for a Wm-fiat algebra Vrn,o- 
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Let Wm-p^LG be the category of p-adically complete Wrn-algebras R 
with p-adically continuous morphisms. When we write Woo, it means W = 
Here the words ‘‘p-adically complete” mean that R = |im^i?/p^i^. 

We consider the functors : Wm-pALG SETS given by 

SZ\R) = [(^: a <Pn)ir] and 8Z\R) = [(S, ^ E\p%4>n)/r] . 

where P is a point of order . For a given test triple (P, P^Sn) /r, we have 
a unique commutative diagram (up to isomorphisms) 

E — ^ E 

I i 

Spec{R) > Yi(iV) 

and i{P) G {E[p^Y^ — (P). The association {E,P,(j)N)/R ^ YP) 

gives rise to the following isomorphism, 

^ord(^) ^ ^ {R), 

if m is finite. Here E[p^]®^ is the maximal etale quotient of E[p^]; thus, 
writing E[p^] as a relative affine spectrum Specs^{R) (cf. [GME] 1.5.4) 
of a sheaf of -algebras P, we have E[p^]^^ = Specs^{R^Y’> where P^^ 
is the maximal subalgebra of P etale over Osm (see [T] (1.4)). We write 
Tm^ajSm — (E[p^]®^ — E[p^~Y ^^) , which is an etale Galois covering with 
the Galois group (Zjp'^Z)^. Then the scheme Tm,a represents the functors 
and over Wm- The curve ^a/Wm is called the Igusa curve of level 
Np^. We also define a procurve Tm,ooiWm ~ which represents the 

functor over Wm- 

By a result of Igusa (e.g. [GME] 2.9.3), the curve Ti^^/Si (ce = 1, 2, . . . , oo) 
is irreducible (which we prove in the following subsection). 



3.2.8 Irreducibility of Igusa Curves 

Since Tm,a ha,s the same topological space as Ti^q,, we may assume m = 1 
in order to prove the irreducibility of Tm,a] namely, we prove the following 
theorem. 

Theorem 3.3 (Igusa) Let p he a prime outside N and Fp be an algebraic 
closure of¥p. Then the Igusa curve T^^f := Ti^a over Xi{N) is irreducible 
for all a. 

This theorem was first shown by Igusa in [I] using the fact that the inertia 
group at each supersingular point of Xi(7V)yp^ in Gal(Tc^/Xi(A^)) is equal to 
the full group (Z/p^Z)^. We prove this theorem assuming p > 3, since we 




3.2 Moduli of Elliptic Curves and the Igusa Tower 



83 



have constructed modular curves only over Z[^]. Our proof is new and can 
be generalized easily to more general Shimura varieties (see Theorem 4.21, 
Theorem 6.27, and Corollary 8.17). 

Proof. We write Ta = Spec{Va) for an etale extension of Vq over F^. For two 
integers 0 < 7V|7V' prime to p, Ta over Xi{N') is a finite covering of Ta over 
Xi(7V), the irreducibility of the Igusa curve over Xi(N') implies that of the 
Igusa curve over Xi(77). Thus we may assume that N is large so that Xi{N) is 
smooth over Z[^]. We may construct the Igusa tower Tf over S' = X(7V)[^] 
in exactly the same manner as Ta/Xi{N)i replacing Xi{N) by X{N). Again 
Ta is a finite quotient of T^; so, we only need to prove the irreducibility of 
Tf. By Zariski’s connectedness theorem ([ALG] III. 11.5), the irreducibility 
of the projective curve X{N) over Q combined with f^Ox{N) — 
for / : X{N) Spec{Z[(x^ ^]) implies the irreducibility of Si over Fp (an 
algebraic closure of Fp). We extend the scalar to Fp and again write Vq for 
^ 1,0 GFp Fp. Then, Vq is an integral domain over Fp. Since Tf/S'i is etale, Tf is 
a disjoint union of irreducible curves over . By the existence of the Tate 

curve, the cusp oo gives a point of Tf, and there exists a unique irreducible 
component Ca = Cr{N),a of containing oo. The action of Zf on the level 
p-structure permutes irreducible components of so, all other irreducible 
components are isomorphic to Ca- In this way, we get a tower of irreducible 
curves 

— > ^ > Co = s;. 

Since (Z/p^Z)^ acts transitively on points of over a given closed point of 

Ca/S'i is a Galois covering with Galois group 

Ha = {a e iZ/p^Z)^\a{Ca) c Ca}. 

Thus H = ^im aHa is a subgroup of . We need to show that H = Z^ . 

We fix an embedding ^p : Q ^ Qp for an algebraic closure Qp of Qp. Let 
be the maximal unramified extension of Qp inside Qp, and write W for the 
p-adic completion of the p-adic integer ring of Qp''' - We write >V == ^(W); so, 

W is a strict Henselization of Z(p) C Q, which is the localization in Q (not a 
completion) at p of Z. Let Rq be the affine ring of S'o/wi so, Vq = Rq/pRq and 
So = Spec{Ro) for the W-algebra Rq- The ring W[/ipoo] is a valuation ring (no 
longer discrete). We write Ra for the integral closure of Ro[l^p^] in X{Np'^) 
for the field of fractions X of W[ppoo]. Each element / G Ra has its g-expansion 
Hq) = X^n»-oo then define a valuation v ^ Va ' Ra Q 

'^a(f) = InC ordp{ip{an{f)))^ where or dp is the valuation of W normalized so 
that ordp{p) = 1. Obviously, by the same definition, this valuation extends 
to n : Q U {oo} for the modular function field S. in Theorem 2.40. 

Note that Ro/pRo ~ Vq and Va is an extension of the valuation vq to Ra- 
Thus for the ideal = {/ G Ral'^aif) > 0} of Hai we have an embedding 
Ra/pa ^ Fp(Ca) by the g-expansion (irreducibility of Ca)- Let Ka be the 
field of fractions of Ra/pa- Since Fp(Coo) is Galois over kq = Fp(Co), the 
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Galois group H surjects down to Gal(«;oo/Ko) by the restriction map; so, we 
need to show that Aut(Koo/Ko) D where Let V„ be the 

valuation ring of in lC{X{Np°‘)). By definition, we have Ka = Va/^a for 
the maximal ideal of Va- Note that 0 = Gal(^/Q(J)) = GL2{%/{±1) by 
Theorem 2.40. By the description of the action of r(a) on M in Section 2.6, we 
find that the action of (“ 'j with a G is induced by the action (f>p <ppO 

(o r(p°°)-structures (pp. By our choice, Ca contains the infinity 

cusp where the Tate curve Tate(g) /z[[gi/p“]j has the level structure (pcan '■ x 
Z/p“Z -> Tate(g)[p“] given by (C,m) e G„(VF[[gi/P“]])/g^. Thus 

the action of a diagonal matrix ( “ ) brings the etale part = 4>can\z/p^z 

to (pfan o a for a e Zp , which induces the action of a G Z^ on Voo = [Ja Sa- 
lience we need to prove that D/I D Z^ by a ) for the decomposition 

group D <Z <d and the inertia group / C © of iPoo/^^o- In other words, we need 
to show that for a diagonal matrix a G SL 2 {Qp), r{a) preserves the valuation 
V : M. ^ Q\J {oo}. 

Let Dp be the decomposition subgroup in Aut(j?) of v; that is. 

Dp = [a e Aut(.^)|u o a = vj . 

We note here that Dp is a closed subgroup of Aut(.S). Indeed, by Hilbert’s 
theory of decomposition groups (e.g. [BCM] V.2.3), for any subfield t C 
over which ^ is algebraic, the intersection D^ = Dp D Aut(.^/6) is compact 
by the surjectivity of Dj onto Aut(K^/Ke) for the residue fields and 
of the valuation v restricted to ^ and t, respectively. Note here {Gal(j?/e)}e 
for 6 finitely generated over Q with algebraic M/t gives a system of open 
neighborhoods of the identity of Aut(.ft); so. Dp is a closed subgroup (see 
Section 2.3 for the topology of the automorphism group of a field). 

As we have seen in Section 2.6, the action of a rational upper triangular 
matrix a = (g g GL 2 (Q)+ on f{q) is given by / /^(«) = / o a which 

sends (/)?"“ to Em exp(27T2^)a„(/)g"‘“/A Thus r(a) preserves v. 

In other words. Dp D B{Q) = {(g G GL2(Q)+|a,h,d € Q}. Since U(Q) ^ 
Q is dense in t/(A(°°)) ^ for the upper unipotent radical [/, we find 

(7(A(°°)) c Dp. 

Since SL2{A^^°°d 'n Aut(.^) commutes with the diagonal torus T{Zp) 
given by { ( g ) |n e }> thejrction of 5 G 5'L2 (A(p°°)) can be lifted to an 
action of the function field Uiv,a ®'p(C'r(/v),a); so, v is preserved by SL 2 {A^^°°'^) 
(this point is addressed more carefully in the proof of Theorem 4.21). Since the 
closure of S'L2 (A(p°°))B(Q) in GL2(A)+/Q^K(( = Aut(.S) (see Theorem 2.40) 
is contained in the closed subgroup Dp and contains the diagonal torus T(Zp), 
we conclude that T(Zp) preserves v. □ 

The following corollary is called the g-expansion principle and is a consequence 
of the irreducibility of Tg, combined with the fact that the local g-parameter 
gives the uniformizing parameter at a cusp of Xi{N) over Z[A], 
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Corollary 3.4 Let be a line bundle realized in the function field ofT^^f . 
Let s be a cusp and U le a Zariski open neighborhood of s G ^a/Fp* 
expansion at s of a section f G vanishes, then f vanishes on U. 



3.2.9 p-Adic Elliptic Modular Forms 

Since Sm is affine, Tm^a is also affine. We write Tm,a = Spec{Vm,a)- We have 
a tower of Wr^^-flat algebras: 



^4ri,0 C Vrn,l C * * * C ^rn^a. C • • ' . 

These algebras are unramified over Wi,o and Gal(Wi,a/Kn,o) — (fLjp^lL)'^ . 
By construction, we have Tm,oo = 5'pec(Wi,oo) for Frn,oo = [Ja^rn,a- Write 
simply Pa for as a locally free etale group scheme over Sm- Over Vm,a^ 

we have a canonical isomorphism (the universal level p-structure) 

han = = Pa- 

We then define Vm,oo = Ua ^rn,a and 

V — ^Pi(N) — liri^ m^m.oo and V — ^Fi{N) — ^rn m^m,oo • 

The space Vp^(w) is the space of p-adic modular forms on Ti(A). By taking 
the Cartier dual of Z/p^Z ^ E\p^], we may regard / G Vm,a as a function 
of {E,(j)p : ppoc ^ E[p^],(j)N) satisfying the following conditions similar to 
(Gl-3) for p-adically complete W-algebras R = ]^mnR/p'^R. 

(Gpl) {E, cI>n)/r = (E^ 0 ;, ^ f{E, Sp. 4 >n) = f{E', S'n) e 

(Gp2) If p : -> is a continuous VE-algebra homomorphism, then 

/((E, Sp, Sn) xr,p R^) = p{f{E, (l)p, </>7v)); 

(Gp3) For all level 7V-structures (pN of type Ei {N) on the Tate curve Tate(g), 

f{T^te{q),Fr,4>N) eW[{q^/^]]. 

Each element / G Vri{N)^wE for a W-algebra B = f^vOmB /p^B is a func- 
tion of (E, 4>p,(Pn)/r satisfying the conditions (Gpl-3) for p-adically complete 
B-algebras R (replacing W in the conditions by B). 

Again we note the consequence of the irreducibility of the Igusa curve. 

Corollary 3.5 (g-Expansion Principle) If the q-expansion at the infin- 
ity cusp of a p-adic modular form f over a p-adically complete W -algebra 
B vanishes, f itself vanishes; that is, f{E,(j)p,(t)N) ~ 0 for all test objects 
{E, (j)p, Sn) /R defined over all p-adically complete B-algebras R. 
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3.3 p-Ordinary Elliptic Modular Forms 

We have ap-divisible module Vr^(Tv) on which Gal(Wi,oo/Kn,o) — — T{Zp) 

acts continuously. Here T = We construct a projector e acting on V out of 
the Hecke operator U (p) commuting with the action of = Gal(Hrn,c»/Kn,o)- 
The important features of e are 

• e = limn^oo (we recall the definition of U{p) in Section 3.3.3); 

• yord _ gy Pontryagin dual which is projective over W[[Gm(Zp)]]; 

• For any /c > 3, there is a canonical isomorphism 

V^^^[k] ^ GTp) = GTp) (T^ = Qp/Z^), 

where V[k] = {f e V\zf = f Vz G Z^ }. 

Here is how to prove the convergence of the projector e = lim^^oo U (p)^' . 
For any finite p-torsion module X with an endomorphism u, the power u^' 
stabilizes as n grows, giving an idempotent Cu in the endomorphism algebra 
End(W), since End(X) is a finite ring. For a p-divisible module X with an 
endomorphism u, we assume that X = for finite modules W stable 

under u. Then the endomorphism = lim^^oo is well-defined over X^ 
for all i and hence over X. For any compact p-profinite module X with a 
continuous endomorphism u, we take the Pontryagin dual pair (X*, u*) which 
is p-divisible (cf. [FAN] Ghapters 1 and 3). Thus Cu* exists on W*. Then 
6u = lim^i-^cx) (which is the dual of 6u*) exists as an endomorphism of X. 

3.3.1 Axiomatic Treatment 

Let = 0{k) for the embedding of Xi{N) = Proj(GrpN)) into the pro- 
jective space. Thus is the quasi-coherent sheaf GrpN){k) associated with 
the graded piece Gr^^N){^) ([GME] E3.3). Then . Gomputing the 

genus of Xi(7V), the Riemann-Roch theorem tells us that is very ample if 
A; > 3 (see [GME] Proposition 2.1.4 and Theorem 3.1.2). Therefore is the 
pull back of 0{k) of the target projective space. 

Let (E, 0^,o;) be the universal elliptic curve over Yi(A). For each triple 
(E, ^) defined over R (called a test object), we have a unique morphism l : 

Spec{R) Ti(A) such that G (E, = (E, 0A^,a;). For each section / G 

we define Gf = f{E,(j)N,u;)uj^^. The function {E,(j)N,uo) ^ 
f{E,(j)^,uj) satisfies (GO-2). The condition (G3) ensures that / extends to 
Xi{N). This shows 

H\Xi{N)/R,u^)^Gk{r,{N)-R) (canonically) (3.1) 



for all Z[^]-algebras R. 

Let (E,0p,0yY) be the universal elliptic curve over Sm- Pick a section 
/ G Since pp oo carries a canonical differential cUcan = Y’ writing 
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fipoc = Spec{Z[t]/{t^ — 1 )), we may regard / as a function of {E.cjyp.cj)^) 
by f{E,(f)p,^N) = f{E,4>N,(l)p^^ujcan)- For each {E,4>p,4>n) e EZHR) foi’ 
a EE^-algebra R, we have a unique morphism l : Spec{R) Tm,oo = 
Spec{Vm,oo) such that {E, (pp, (p^) = 6*(E, 0^, </>^). Then Rf is just a 
function on f {E.pp^pjsf) such that /(E.z^^pp^pN) — f{E, pp^ for 
2 : G Gal(T4n,cx)/Kn,o) = • Wc recall that the action of T{Zp) = is nor- 

malized so that z e Zp acts on the dual identification : E[p^Y^ — Qp/Zp 
of pp : /ipc^ E[p^] via the multiplication by z; so, z acts on pp by 
pp ^ pp o z~^ . In other words, we have z • f{E^ pp^pjsj) = f{E^ z“^0p, 07v) = 
z^f{E, pp.pjsj). This shows that 

and V[k]= 0Tp) = H°(S^fw,^'")^Tp, (3.2) 

where Tp = Qp/Zp. The last identity follows from the afhneness of Sq. When 
we generalize this point to classical groups bigger than SL{2) /q, the afhneness 
is no longer true; so, we need to work out this point (the base change property) 
carefully: how to bring Tp inside the cohomology group. In the elliptic modular 
case, simply by the affineness of 5 q, (3.2) shows that V[k] is p-divisible, and 
its direct summand eV[k] is also p-divisible. 

We consider the following condition: 

(F) corankvp eV[A:] = rankw Hom(eV[A:], Tp) is finite for an integer k. 

In practice, this condition is often proven by showing 

e//°(5o/iv,w'=®Tp) = e/f°(W(A^)/w,w'=®Tp) ==G^"yri(7V);Tp), (3.3) 



where 

GZ\ri{N)-R) = eGk{ri{N)-R) and Gfc(ri(iV); T^) = Gk{n{N);Zp) ®Tp. 

The left-hand side (LHS) of (3.3) is p-divisible, since Sq is affine. The right- 
hand side (RHS) is of hnite corank since Xi{N) is projective. Thus eV[A:] is 
p-divisible of hnite corank. 

Decompose Z^ = Ft x A for a p-prohnite group Jp and a prime-to-p 
hnite group A. For simplicity suppose that p > 2. Then TV is isomorphic to 
Zp and for its generator 7 , we have bF[[TV]] = FF[[-^]] = A via 7 1 + X 

(i.e., 7^ (1 + X)" - Y.T=o and W[[Z^]] = yl[zl]. Let be the 

Pontryagin dual module of eV. 

See [FAN] Chapters I and 3 for generality on topological groups (in- 
cluding Pontryagin duality and prohnite groups). My books, [MFC] Chap- 
ter 2 and [LFE] Chapter 8 , also have some short exposition on this sub- 
ject. The Pontryagin dual for p-torsion modules X (equipped with discrete 
topology) is given by X* = Homcont (-^, Tp) for Tp = Qp/Zp with dis- 
crete topology. Writing X = 1^^^/X^ for hnite submodules X^, we have 
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X* = |im^,nHom(X^, p ^Z/Z), and the topology on X* is the profinite topol- 
ogy with respect to the finite discrete groups Hom(X 2 ,p“'^Z/Z). Then X* is 
a compact profinite group. The duality is perfect; so, if X ^ T ^ X is an 
exact sequence of p-torsion modules, X* ^ T* ^ X* is an exact sequence of 
profinite groups. In particular, if X is p-divisible and p-torsion, the multipli- 
cation by p is surjective; so, by duality, multiplication by p on X* is injective, 
which shows that X* is torsion-free if X is p-divisible and p-torsion. 

Suppose that a profinite (Noetherian) bb-algebra R acts on X continu- 
ously. For any closed ideal a C Pontryagin’s dual of X[a] = {x E X\ax = 0} 
is given by X*/aX*, where R acts on X* continuously by the pullback (dual) 
action. To see this, we choose a finite set of generators (ai, . . . , a^) of a and 



look into the exact sequence: 0 ^ X[a] -E X X^ . Taking the 

^ X* — y X*y/ dX* — y 0 is exact, which 



dual, we find that X 



shows X[a]* -X*/aX*. 

For any (continuous) FF-algebra homomorphism y : i? -E kF, applying the 
above fact to a = Ker(y), the Pontryagin dual of the y-eigen subspace 



X[x] = {x e X\ax = for a ^ R} 

is given by the maximal y-eigen quotient X*/aX* for the y- augment at ion 
ideal a ^Ker(y) = (a - x{d))aeR ^ R- 

Let A — Hom(Z\, FF^), and write V[x] for the y-eigen subspace of x G Zl: 



V[x] = {u E V\5v = x(^)r’ for all 5 E A]. 



If eV[A:] is of finite corank for one A:, taking x ^ ^ with x = we have 
V[A:] = V[x ][^]5 then by duality, we have 



®w[\m,)]],k W = v°''^[x\l{x + 1 - 

= Horaeont(V°^^[x, (V + 1 - 7'=)],Tp) 

- Homz^ {N),w^ , ) , lii^ mp-^Z/Z) 

^ ^ {N),w^ , ), p-'^Z/Z) 

^ ^ mHornw {Hl^iXi {N),w^ . Wm) 

= nomw{Hl^{X^{N),u^),W) ^ YLomw{GZ\ri{N)-W),W). (3.4) 

In the middle equality, we have assumed (3.3). Here the subscript or super- 
script ord indicates the image of e. 

Write A — Hom(Z\,FF^). Note here that each element x ^ ^ is induced 
by (infinitely many) positive k E X(T). Decompose by the character of 
A as follows, 

= 0 

x6.2 
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This is possible as we assumed that A has order prime to p. If z coincides 
with X on A, then ®A,k W = ®w[[T(Zp)]],fc By Nakayama’s 

lemma, we have a surjective homomorphism of yl-modules: 

7T : ^ 

where s = s(x) = corankw eV[/c]. If (F) holds for one A:, it holds for all 
ti G X(T) inducing x, and tt has to be an isomorphism for the following reason: 
The number s is the minimum number of generators of over W . 

We know that this module is W-free, because its dual V[k] is p-divisible; so, it 
is free of rank s. The morphism tt induces an isomorphism modulo (1+X) — 7 ^ 
for all K inducing x- Then Ker( 7 r) C Ker( 7 r mod (1 + X — = 0, and 

we get 

Theorem 3.6 Suppose that (F) holds for one k. Then is A-free of finite 
rank, and if (3.3) holds for k g X{T) with = k\zi, then 

W - Hom^(Gr‘^(r,(N);W),W). 

3.3.2 Bounding the p-Ordinary Rank 

Since So is affine, we have = H^{So/w,’^) Wi- If we have 

a sequence /i, /25 • • • 5 /j of linearly independent sections in we 

can lift them to fi G H^{So/w so that = (/^ mod p). Since So = XI[^], 
we have 

Thus S'^f^ G for alH = 1, . . . , j for sufficiently large m, 

and they are linearly independent. We now assume 

(C) e{Ef) = £{ef) for all / G 

By this, e { E ^ f ^) are still linearly independent in 1 so, 

we have dim k / k ^ T H rankvPi is infinite, 

the rank of grows as m grows. Thus the condition (F) 

for all k follows from 

(F') dimx G^^^(Ti(X); Qp) is bounded (independently of k). 

Indeed, the Eichler-Shimura isomorphism combined with a calculation of 
group cohomology Hl^^{ri{N),L{k\K)) proves much stronger 

(E) If A: > 3, dirnp: G^^^{ri{N); K) depends only on k mod p — I 

for the projector e. Actually we can ease the condition A: > 3 to A: > 2 if we 
replace Gl^^{ri{N); K) by G^^^(ri(X) H ro(p); X) in (E) (see Section 4.3 in 
the text and [LFE] 7.2). 
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Let {E,(t)p,(j)N) jfi be a test object. Each subgroup C of order p outside the 
image of is etale; so, we can think of the quotient {E/C^ (pp, (/)n) defined 
over a (possibly radiciel) finite extension of R. We define the U (p) operator 
acting on a (p-adic or classical) geometric modular form / by 

f\U{p){E,4>j,,<PN) = 

^ c 

The sum in the above definition has to be understood as a trace from R' 
to R (see (4.18)) if R is not a Q- algebra (this subtle point is discussed in detail 
later in Section 8.3.1). From the definition, as long as the prime p is invertible 
in the base ring i?, we can verify the conditions (GO-3) (or (Gpl-3)) for 
f\U{p). Gomputing the g-expansion, we know a(n,/|f/(p)) = a{np^f). Then 
by the g-expansion principle, the operator U{p) is well-defined p-integrally 
over W even if the definition of the operator involves division by the prime p. 

Since ^ = 1 mod p, we confirm (G). Let 



Gr,iN){R) = ^Gk{ri{N)-R). 
k=0 



One can prove the p-adic density of D = G/-^( 7 V)(kE)[^] nV in V (see Corol- 
lary 8.4 in the text and [GME] Corollary 3.2.4). Using this fact, we can 
show that we can write V as a union of finite modules stable under U(p); 
so, e = limn->oo exists. The final result is as follows. 

Theorem 3.7 (VCT) We have 



Romw{Gl^^{Ei{N)-W),W) ifk>3, 

HomM/(Gf ^(ri(7V) n To(p); W), W) zfk = 2. 



Similarly, if we write Vffgp for the subspace of cusp forms in and write 

^cusp Pontryagin dual (i.e., the cuspidal quotient ofV^^^), the above 

result is still valid replacing and by and . 



3.3.4 Families of p-Ordinary Modular Forms 

Recall the decomposition T{Zp) = = TV x Z\ for a finite group A and 

Ft = Zp. We have chosen a generator 7 G TV so that Zp 3 s ^ Y ^ 
induces the isomorphism Zp = TV and A = VE[[TV]] — ^[[-^]] by 7 1 -h X. 

Let a(n) : ^ Tp be the linear map associating with / its coefficient 

of g^ in the g-expansion; so, a(n) is in the dual We now consider 

G{x-,A)=RomA{V‘’^^[x],A). 
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With each ^ G G(x 5 we associate its g-expansion 

oo 

^(g) = a(n; G A[[q]] with a(n, = ^(a(n)) G A. 

n=0 

Theorem 3.8 For each k >2, we have 

(1) G{x^A) is A-free of finite rank; 

(2) G{x\A) (^A,k w ^ G^^yri(A^) n W), where to is the Te- 

ichmuller character modulo p; 

(3) the above identification is induced by ^ ^ ~ ^ ^[M]- 

Proof. The yl-freeness follows from the freeness of V^'^^[x\- We only prove the 
assertion when k induces x on A; so, is trivial. We have 

G{x; A) ®Ax W ^ EomA{VXx],A) (3 a, k W 
^ EomwiVXx] <S)A,k W, tr) Homw(Homw(Gr‘^(ri(N); W),W)) 

= G°X(ri(N); vr) ^ G^^(ri(iV) n ro(p);W). 

Here is the explanation of how to obtain the last isomorphism in the above 
sequence of isomorphisms. As is well known (see (4.59)), the Hecke operator 
T(p) acts on / G Gk(Fi(N); W) by 

a(nJ\T{p)) = a{pn,f) +y~^a(-,/), 

P 

where we put a{f,f) = 0 if ^ ^ Z. Thus in kE[[g]], T{p) = U{p) mod p if 
k > 2, and the natural inclusion Gk{Fi{N);W) ^ Gk{Fi{N) H Fo{p);W) 
induces an inclusion: 

GzymN)- vr) G°xm{N) n mpy, h^). 

By the theory of primitive forms ([MFM] Theorem 4.6.17; see also [H85] Sec- 
tion 3), this inclusion is surjective if A: > 3. We leave the verification of asser- 
tion (3) to the reader. □ 

For a given element ^ G G{x] A), we get a family of p-ordinary elliptic modular 
forms {^( 7 ^ — l)}k >2 whose g-expansion coefficients depend (p-adic) analyt- 
ically on the weight k G E.omcont{T{Zp),Zp). Each element dh G G(x; A) 
is called a p-ordinary A-adic form, and {#( 7 ^ — l)}/c >2 is called the p-adic 
analytic family of modular forms associated with a A-adic form dh. 

There is a version of this for Fo{N) and cusp forms. For k > 2, we have 

1 . F{Fo{N),x'^ A) is A-free of finite rank; 

2 . TiPoiN), x; A) 3 a, k W ^ Tyyro(iVp), x^-^; w); 

3. the above identification is induced by ^ a(n, ~ 1 )?” € ^[M]> 

where X is a character modulo Np and F = G and S (see [GME] Chapter 3 
for a proof). 
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3.4 Elliptic A-Adic Forms and p-Adic jL-functions 

We describe how to view M-adic forms as p-adic modular forms defined over 
A. Once this is done, we can evaluate 4-adic forms at elliptic curves, which 
gives us a convenient method of constructing and analyzing p-adic L-functions. 
Then, we give a short account of the Aadic Eisenstein series and examples 
of 4-adic L-functions. All the arguments presented here can be generalized to 
the Hilbert modular case (see Chapter 4), the Siegel-Hilbert modular case, 
and the quasi-split unitary case (see Chapter 8). 



3.4.1 Generality of A-Adic Forms 

For simplicity, we assume that p > 2 and only consider the T-adic forms 
of level thus, we have A = 1, and = 1 + pZp is torsion- free. Let 
A = Zp[[T]]. In the previous section, we have introduced the space G(y; A) of 
p-ordinary A-adic forms, which is a free A-module of finite rank with 

G(x; Zp ^ GT^iroip), Zp) 

for all /c > 2. Here k : A ^ Zp is the evaluation at 7^ — 1 of the power series. 
If we identify A with the Iwasawa algebra Zp[[Lt]] by sending the generator 
7 of L7- to 1 + T, /c is induced by the character Ft 3 z ^ E Z^ . 

We write G(A) for the A-module made of formal g-expansions 

^=J2a{n;<l>KT)q^ eA[[q]], 

n>0 

such that ^(7^ — 1) G V[k] for infinitely many k. We have 0^ G(y; A) C G(A), 
where y runs over (actually even) powers of Teichmuller characters. 

We now consider the space of p-adic modular forms V/a over A of level p°°. 
In other words, we make a base change T^,n/Zp to T^,n/yi = ^m,n/Zp XZp A 
and consider p-adic modular forms over A. The functions in V/a — V^ZpA 
classify couples (E, (/> : ppoo E\p^])ffi defined over p-adic A-algebras R. 
This / G V/A is a functorial rule assigning the value f{E^ (f)) £ R for each 
couple (E, (p ) as above. 

This space has two A-module structures: one coming from the base ring A 
and another coming from the action of Gal(Tm,oo/Sm) = Z>^ by the diamond 
operators (z). Let u : Ft -3 A^ be the universal character given by ^{z) — 
[2] G Ft- Then we can define 

G{A) = {/ e V/A\f\{z) = v{z)f Vz e Ft} • (3.5) 

Each F G G(T) has a p-expansion at oo: F{T^q) = X^n>o ^(^5 
definition, we have a natural map V/a Ga,s ^ ^/Zp for each 5 : A ^ Zp 
taking F{T) to ^(7^ — 1) for s G Zp. Here the tensor product is taken using 
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a A-module structure induced by the diamond operators. Since on G(yl), the 
two A-module structures coincide, the map is injective by the g-expansion 
principle. This map brings ^ G G(A) to a p-adic modular form of weight s. 
Therefore, ^ is a A-adic form. 

Conversely, starting from a A-adic form we regard ^ as a bounded mea- 
sure on Ft having values in V/^^. Here we use the fact that Zp^Fr]] is canon- 
ically isomorphic to the measure space on Ft by a{T) ^ f x^da — a{Y — 1) 
(see [LEE] Sections 3.3-5). Thus, writing C{X,Y) for the space of continuous 

f 

functions X Y for two topological spaces X and T, we may regard ^ as a 
Zp-linear map: / ^ / fd^ of C{FT->Zp) into V/Zp- Then for each test object 
(E, (t))/R for a p-adic A-algebra R, regarding as a p-adic Zp-algebra, we can 
evaluate J fdF G V/Zp at (E’,0)//^, getting a bounded Zp-linear form from 
the space C{FT^Zp) into i^, which we write F{E,(j)){T) G R^Zp ^ = ^[[^]]- 
Since R is already a A-algebra, the A-module structure R ^ R given by 
\<^r = Xr induces a surjective algebra homomorphism m : R<^z A ^ R. We 
then define 0) by m{F{E^ 0)(T)). Then the assignment: (E, 0) i-G F{E^ 0) 
satisfies the axioms (Gpl-3) governing the p-adic modular forms defined over 
A. It is easy to check that this p-adic modular form is in G(A) having the 
same g-expansion at oo as F. Thus we have found: 

Theorem 3.9 The subspace G(A) C V/a is isomorphic to the space G{A) of 
all A-adic forms via q-expansion at the cusp oo. In particular, we have 

0G(x;yl) = e(G(^)) 

X 

for the p-ordinary projector e : 

Let {E,uj)/iy be an elliptic curve with complex multiplication by an imag- 
inary quadratic field M = Q[\/— D]. We suppose that lu is defined over 
W = W n Q fixing an embedding ip : Q ^ Qp. Suppose that p splits in 
M and write p = pp. Under this assumption, E is p-ordinary. We may assume 
that W is the p-adic integer ring of the p-adic completion of the maximal 
unramified extension of Qp (so W = W(Fp), the ring of Witt vectors with 
coefficients in Fp; see [BCM] IX. 1) and that E[p^] is the etale part of E[p^] 
over W. Thus we have <f> : /ipoo = E[p°^]. In this way, we can evaluate a given 
A-adic form F at (E, f). 

Corollary 3.10 If F{E,(j)) = 0 for infinitely many distinct Es with complex 
multiplication, then ^ = 0. There exist finitely many elliptic curves [Ei, ff) jy/ 
such that any given linear form G(y; A) A is a A-linear combination of 
evaluation at {E^,(f)f). 

IfF e G(x; A) and furthermore, if / = ^( 7 ^ - 1) G Gk{Fo{p), W), then 

f{E,Lv) G W. The morphism f : ppoo ^ E induces a canonical differential 
^can = Then uo = f^pUJcam and we have a result of Katz: 
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f(E,oj) = 



f{E,OJ,an) _ <P{E,<P){j'^ -1) 



Vi 






e W c 



(EQl) 



We may assume that E{C) = C/R for the integer ring R of M. Let w be 
the variable of C. Then dw induces a canonical differential cOoo on E{C), 
uj = Voodoo, and we get a result of Shimura (actually dating back to a work 
of Hurwitz [Hz] for elliptic modular forms): 






f{E,UJoo) 



f{E,u>c 






€ >V C Q. 



(EQ2) 



The lattice O = H\{E^ Z) C C is generated over O by a single element 7 = 1 
and i?oo = because f^dw = 1. 



3.4.2 Some p-Adic T-Functions 



In this subsection, we describe very briefly some p-adic L-functions whose con- 
struction stems from the theory of d-adic forms. More general and thorough 
discussion can be found in [LFE] Chapters 7 and 10 and [SGL]. 

For simplicity, we assume that p > 2 and only consider the M-adic Eisen- 
stein series of level p^. Let us flx an even power y = of the Teichmiiller 
character. For simplicity, we choose a ^ 0 mod p — 1; so, y is nontrivial. We 
consider the Kubota-Leopoldt p-adic L-function — |Lp(l — 5, y) = ao{'y^ — 1) 
(7 = 1 + p) with ao C Zp[[T]] (e.g., [LFE] Sections 3.5 and 4.4). We have, for 
positive integers k, 

Lp(l ^ fc, x) = (1 - - k, 

Then we deflne an element G G(y; d) by 

a{n,8^) = ^ y(d)d~^(l + and a{0,8^) = ao(T). 

0<d\n,p]d 



We want to relate — 1) to the following classical Eisenstein series: 



Ek{E,uj) 



1 

2 



E 

(m,n)7^(0,0) 



1 

{mwi + nw2)^ ’ 



where (E, cu) /c corresponds to the lattice L = Zici + ZtC2 by Weierstrass’ 
theory ([GME] Section 2.4), that is, E(C) = CjL and uj = dw for the variable 
1C G C. As is well known ([lAT] (2.2.1)), for even A; > 2, 



c{k) 




^) + E(E 

n >0 0 <d|n 



for c{k) 



r{k) 

(27rC— 1)^ 



^ = y, then 



. This shows that if w 
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-l}= c{kr^ (Ek-p^-^Ekipz)) . 

If we take the elliptic curve {E^ cu) defined by y‘^ = — x (which is equiv- 

alent to = 1 — x^: Gauss’ lemniscate) with cu = ^, then it has complex 
multiplication by Q[^/^] {y/^ : (x,y) ^ (\/^x,p) for the model given by 
= 1 — and for A: > 2 with ~ x, we have 



-Ek{E,uj) 



L(k^ A/c) 

^oo 



where Xk is a Hecke character of conductor 1 such that Xk{o/) = - Since we 

can find 7 G SL 2 CE) (q 1 ) -51/2 (Z) such that (tci, 1 ^ 2)7 is a base of p, we re- 
discover p-adic interpolation of Hurwitz numbers (done by many outstanding 
mathematicians) : 



=2c(fc)“Hl-;>-'Afe(p))^%E), 

^ ^00 

This is a A-adic version of Katz’s way of constructing the p-adic Hecke L- 
function: Lp{s) = S^{E,u)){Y ~ 1) ([K3], [HT], and [SGL] Chapter 8). 

A p-adic Rankin product can be constructed similarly. Let ^ be a nor- 
malized Hecke eigenform in G(x;A). Write L for the field of fractions of A. 
As shown in Corollary 5.4, the Hecke algebra acts semi-simply on G(x;A); 
so, we can uniquely decompose G(y; A) Gyi L = 0 X as Hecke mod- 

ules. Let £ : G(x; A) -g L be the linear form defined by E = £(E)E 0 x 
for X G X. We consider two copies of A, say Zp[[/S]] and Zp[[T]]. Take two 
Hecke eigenforms E G G(y;Zp[[T]]) and E G G('0; Zp[[5]]). Linearly extend £ 
to G(x;Zp[[T]]) ^p[[S]] -> L0z, ^p[[^]]. We define 

Lp{S, T) = l{e{^{S)£^^-. ((1 + T)(l + Sy^ - 1))), 

where e : V/Zp[[T]] p-ordinary projector. Then we see 



E{S)S^^-.{ 



1 + T 
A + 5 



l)li 



-1,T=7^-1 



= iF(7"^-1)^;,^-i(7"“"^-1). 



Thus E{y'^ — ( 7“"^(1 0 T) — 1) G G(x; Zp[[T]]) and hence the p-adic 

L-value Lp{y^ — -g coefficient of E{y'^ — l)L^fc_rn in ^( 7 ^ — 1 ) 

for a suitable Eisenstein series Ek-m of weight k — m. As is shown by Shimura 
[Sh7], this coefficient can be computed by the Rankin product value 

L>(A:- 1 ,^( 7 ^ - 1),1^(7^ - 1)) 

(^(7^ ~ 1),^(7^ - 1)) 



[k > m) 
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for the Petersson inner product ( , ) up to an explicit constant; so, Lp gives 
p-adic interpolation of the Rankin product. For an explicit evaluation formula 
for Lp{S,T)^ see [LFE] Chapters 7 and 10 and [SGL] Chapter 6. 

We summarize the basic ingredients we have used in the construction of 
p-adic L-functions and in the study of yl-adic forms: 

1. The vertical control theorem; 

2. The g-expansion principle (irreducibility of the Igusa tower). 

We generalize these points to more general automorphic forms in the following 
chapters. 




4 



Hilbert Modular Varieties 



We present here a general theory of the Hilbert modular varieties together 
with a sketch of a proof of the geometric reciprocity laws and the vertical 
control theorems, assuming some of the results which are proven for more 
general reductive groups G in later chapters. 

We start with an affine group scheme H over a ring R' . For a subalgebra 
R o^ R' , if the covariant functor C H{C <S>r R') defined on the category of 
i^-algebras is representable by a scheme FT/jj, we write = KesRf/RH and 
call it the Weil restriction of H with respect to R' / R (this is not changing 
the base ring of to the subalgebra R). Since C ^ H{C <S)rR') is a group 
functor, ResRf/RH is a group scheme if it exists. If R'/R is locally free of 
finite rank, an affine group scheme KesR^/RH always exists (see [NMD] 7.6, 
Theorem 4). 

To connect with what we have said in the introduction (Chapter 1), we 
describe briefiy the algebraic groups G, Gi and their torus T which gives the 
notion of weight for Hilbert modular forms. Hilbert modular forms are defined 
with respect to a fixed base totally real field F with discriminant d{F). We 
always assume in this section that the fixed prime p is unramified in F/Q; so, 
p I d{F). Write O — Or for the integer ring of F. Our classical groups are given 
by G = ReS( 9 y^GZ/( 2 ) , Gi = ReS( 9 /^*SZ/( 2 ), and PG = G^^ = ResQy'^FGjL(2). 
In other words, for commutative algebras R, we define (as functors from al- 
gebras into groups) G{R) = GL 2 {R G), Gi(R) = SL 2 {R ^z O), and 
so on. The torus T is the subgroup made up of diagonal matrices in Gi; 
so, T{R) = {R (g)^ O)^, and hence T{Zp) — for the p-adic completion 
Op = ]^nO/p'^0. Writing I for the set of all embeddings of F into Q, we 
may identify X{T) with the formal free module Z[/] generated by elements 
of /, associating a character {x ^ = fla with k = ko-c € Z[/]. 

Thus the weight of Hilbert modular forms is given by a p-tuple k of integers 
for g =[F :Q]. 

We usually use the symbol PG for G/Z in place of G^^ in order to avoid 
confusion with the adjoint group of the derived semi-simple group Gi of G, 
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although in the description of Shimura varieties, we use which is more 
common in papers treating Shimura varieties. 

Here is some more notation generally used in this chapter. The real Lie 
group G(M) is isomorphic to GL 2 (M)^ by an isomorphism sending a G G(Q) = 
GI/ 2 (F) to a tuple of conjugates. The identity-connected component 

G(M)^ is made up of ^-tuples of matrices (acx)aei with det(acr) > 0 for all 
(7 e I. We put G(Q)+ = G(M)+ n G(Q). We later define in Section 4.2.2 a 
slightly different group G(Q)_^ for more general reductive groups G, but in 
this Hilbert modular case, we actually have G(Q)+ = G(Q) + ; so we use the 
symbol G(Q)+ instead of G(Q)'^. 

For any lattice a C F, we define a* = {x G F|Tr^/Q(ax) C Z} and = 
O* (so, d is the absolute different of F/Q). As before, W is a discrete valuation 
ring inside Q (on which the embedding ip : Q ^ is p-adically continuous) 
and W = i^riWn for Wn = W/p’^W, which is the p-adic completion of W. 



4.1 Hilbert-Blumenthal Moduli 

We first describe basic definitions and properties of abelian varieties with real 
multiplication (AVRM), which are also called by a different name, Hilbert- 
Blumenthal abelian schemes, and are a direct generalization of elliptic curves, 
because their Tate modules supply us with p-adic Galois representations into 
GF( 2 ). Then we describe some features of the moduli of AVRM necessary to 
prove VCT, putting the construction of the moduli scheme off to Remark 6.21 
and Section 7.1. 

4.1.1 Abelian Variety with Real Multiplication 

Let A /5 be an abelian scheme. Here a group scheme over a base scheme S 
is called an abelian scheme if it is a proper smooth geometrically irreducible 
group scheme over S (the words “geometrically irreducible” mean that its 
fiber at every geometric point of S is irreducible). A one-dimensional abelian 
scheme is an elliptic curve. We consider the following Picard functor from 
SCH/s into SETS: Pic^/ 5 ( 5 ") = Fic{As')/7r^s' = Ker(OJ,) for tt : 
A ^ 5. If / : A -G V is a morphism of abelian schemes, C ^ f* C for an 
invertible sheaf C induces the dual morphism : Picy /5 ^ Pic^/ 5 . Thus 
PiCyi /5 is a contravariant functor. It is known that Pic ^/5 is represented by 
a (locally Noetherian) reduced group scheme ([FGA] Exp. 232, 1961/62, or 
[NMD] Chapter 8 , or [ABV] Section 13, or [DAV] 1.9). Let ^A be the identity- 
connected component Pic ^/5 of the group scheme representing Pic/^/s- Then 
^A/s is an abelian scheme (see [ABV] Section 13). We write V again for the 
dual morphism ^/ : W — > ^A of a morphism f : A ^ Y. 

Let F/Q be a totally real finite extension unramified at the fixed prime p. 
Write O for the integer ring of F. We consider the following fibered category 
Af of abelian schemes over the category of schemes. Here a fibered category C 
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over a base category Cq (cf. [SGA] VI) means that we have a specified covariant 
functor (fiber functor) C Cq. An object of Af is a triple (A, X,l) is, where 

(rml) i — \ O ^ End(A/F) is an embedding of algebras taking the 

identity to the identity; 

(rm2) A is an 0-linear symmetric isogeny X \ A ^ A induced by an ample 
line bundle fiber-by-fiber geometrically (see [GIT] 6.2). Here A is called 
symmetric if X = ^X. Such a A is called a polarization of A; 

(rm3) The image of la is stable under the Rosati involution on the endo- 
morphism algebra End(A) (8)z Q- ^ a* = X~^ o^a o X] 

(rm4) As O Gz C^F-modules, we have an isomorphism: Lie{A) = O Gz Os 
(<4> r:^{QA/s) — ^"^^GzOs with f : A 5 for the absolute different d 
of F) locally under the Zariski topology of 5, where the sheaf Lie{A) 
of Lie algebras of A (i.e., the direct image of the tangent bundle over 
A is) is an O-module by the action induced from l. 

The fiber functor is given by As 3 (A, X, l) is ^ S E SCH . 

Here is a more detailed description of the above four conditions. Either by 
localizing at a rational prime or by extending the scalar to an etale extension, 
any projective O-module becomes free; so, we often pretend that the isomor- 
phism in (rm4) is global, although Lie{A) is required to be only a locally 
free module over (O Gz Os) of rank 1. Since an O-module free of finite rank 
is determined by the characteristic polynomials in Os[t] of multiplication by 
a G O, (rm4) is also equivalent to 

(det) The characteristic polynomial of each a E O on Lie{A) over Os is 
given by the image ofY\^{t — a{a)) E Z[t] in Os[t], where a runs over 
all embeddings of F into Q. 

A morphism / : (A, A,^)/5 — > (A',A',^')/f of As is an 0-linear morphism 
f \ Ais A'^s abelian schemes over S with A = /*A' o A' o /. 

A polarization is an 0-linear isogeny X = Xl : A ^ A induced etale 

locally by a symmetric line bundle that is, we have ( — 1)*L = L and 
Al(^) = Tf(L) (g) where Tx{y) = x F y. This definition is equivalent to 
Mumford’s definition ([GIT] 6.3) requiring that A be induced by a symmetric 
line bundle L^ia^ for each geometric point s E S (see [DAV] 1.1.6). Indeed, for 
the universal Poincare bundle V on Ax s^ A i a, 2A is associated with (1 x A)*P 
globally over S (see [GIT] Proposition 6.10). 

The morphism A is an isogeny if and only if L is ample (cf. [ABV] Section 
6). We have X^^l' = F and the monoid of Hom(A, ^A) generated by 
polarizations forms a cone P{A). If A : A — > M is a polarization, Ker(A) is 
given by A[c~^] for an integral ideal / 0, because Ker(A) is self-dual under 
Cartier duality. Then A induces M = A(g)c for the following reason. Tensoring 
A over O with the exact sequence 0-^0— >c— >c/0— >0, by the divisibility 
of A, we get another exact sequence 0 -4 Tori (c/0, A) —> A — > A <S>o c 0 
of fppf abelian sheaves (see Section 8.2.1 for fppf abelian sheaves). Since 
O is a Dedekind domain, we have c/0 = A[c~^] = Tori(c/0,A) 
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(see [LFE] 1.1.1) and = A/A[c~'^] = A (g)o c. Such a polarization is 
often called a c-polarization. Starting from an 0-linear polarization A, we 
write c(A) for its polarization ideal; so, ker(A) = M[c(A)“^] if c(A)"^ is in- 
tegral. If 5 is a Q-scheme, the module Lie{A) is a faithful module over 
End^(M) = Endo(-A) (8)z Q- An element (j) G End^(M) is called symmet- 
ric if (/)* = (/) for the Rosati involution * in (rm3). We write End^_gy^(M) for 
the F-subspace of F-linear symmetric endomorphisms in End^(M). We put 
Endo-sym(A) = End^ gy^(dL) Pi Endo(A). In particular, the algebra of sym- 
metric endomorphisms End^_gy^(M) is equal to the image of la and is of di- 
mension 1, which implies Endo-sym(A) = O. Therefore if A is a c-polarization, 
Homo-sym(A, = Endo_sym(A) (g) c = c. For a e O, we see easily that 
aoTx = From this, we have Aa * l = The monoid ring of totally 

positive elements in the ideal c is generated over N (additively) by square 
elements. If A and A' are two O-linear polarizations, we have A' = T(a)A 
for a G . By the positivity of the Rosati involution (i.e., the positive def- 
initeness of the quadratic form a ^ Tr{aa*) on End(M) (g) Q; see [ABV] 
Section 21), we find that all conjugates of a in R are positive (i.e., a is totally 
positive: a :$> 0). Hence we have a canonical identification P{A) = c+ for the 
monoid C-f of totally positive elements in c. Write C F for the group of to- 
tally positive elements. Then the class of polarizations A = {A o L[a)\a G FA 
is determined by the pair (c, c+ = P{A)) modulo multiplication by F^ and 
hence only depends on the strict ideal class of c (because (^t(a)) o A = Ao z.(a) 
is an c-polarization for a G F^). 

We can extend the above definition of the polarization class to a smaller 
subclass A = {A o b[a)\a G for a set of rational primes V, requiring A 

to have degree prime to F. Here '^{e) = Q H Ije for Iae = IIpci: ” 

O (gz ^(Z ')5 and = F^ H 0(^e)- Shimura was the first to consider such 

a polarization class, which he called a weak polarization on a given abelian 
variety (cf. [Sh4] 4.7-8). This is natural since Shimura varieties classify abelian 
varieties up to isogenies (as we show later in Section 4.2); so, polarization 
cannot be kept without having some leeway. Suppose that A is defined over 
a Z(^) -scheme. Thus A G A is an etale isogeny; so, for each geometric point 
s G 5, the algebraic fundamental group 7Ti(S,s) (in Section 4.4.2) acts on A. 
We say that A is defined over S if it is stable under the action of tti (S, s) for all 
geometric points s e S. Changing the geometric point 5 changes 7 Ti( 5, s) by 
an isomorphism (see Section 4.4.2), and we only need to require the stability 
taking one geometric point on each connected component of S (for more details 
of this type of results, see Section 6.4.1 where the rationality of level structures 
is dealt with by such an argument). 

Suppose that A is defined over S. Then we find an irreducible etale Galois 
covering S' / S so that we have a member A : A Xs S' -A '^A Xs S' in X. 
The map Gal{S' / S) 3 cr G is a homomorphism of the finite 

group Gal{S' / S) into the torsion-free module (on which Gal{S'/S) 
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acts trivially). Thus = 1, and A is defined over S. By this descent 

argument, we can always find a member A G A that is defined globally over 
5 if A is defined over S. Thus our definition of 5-integrality is equivalent to 
having a member A defined over 5 in the class A (which is the definition of 
integrality Kottwitz used in [Ko] Section 5). As already remarked, the isogeny 
2 A is induced globally by a line bundle; so, if 2 ^ we have A in A globally 
associated with an ample line bundle over 5. 

Take a geometric point 5 G 5 of the base scheme of an AVRM A/s- We 
now study the Tate module T{A) = Ts{A) = ^m a/-A[A"](A:(s)) for the residue 

field k{s) of s (which is algebraically closed). By l, T{A) is an O-module. We 
put T{A)p = T{A) ( 8 )q Op {Op = ]^mnO /p^O) for a rational prime p. An 
abelian scheme A /5 of relative dimension g is called ordinary (at p) if we have 
an embedding ^ A\p] of finite flat group schemes etale locally. 

Proposition 4.1 Suppose that k{s) is of characteristic p. Let Ag/^^g) be the 
fiber of A at s, and suppose that Ag is ordinary; that is, As\p] = (fLlplL)^ 
for g = dim(A 5 ). Then we have T{As)p = Op as O-modules. 

Proof. Since Ag and the connected component Ag[p]° = have the tan- 
gent space of dimension g over k{s), they share the tangent space Lie{As) at 
the origin. As O-modules, they are free of rank 1 over O (8)z ^(< 5 ) by (rm4). 
Write Ag[p]° = Spec{R) for a /c(s)-bialgebra R (e.g., [GME] 1.6.3 for bial- 
gebras). Then for its unique maximal ideal m C R, we have Lie{As) = 
Hom/.(g)(m/m^, k{s)). By Cartier duality between A[p] and ^A[p] (e.g., [GME] 
1.7 and Theorem 4.1.17 (2)), we have 

= HomGp-sch(-As[p]°,/Lip) ^ Hom5c^f(^s[p]°,Mp) - 
Romk^s^^aig{k{s)[t\/{e), R) Eomk(s)-aig{kis)[t]/{t^), R/m^) 

Since A[p]° = p^ over k{s) for g = dim Ag, it is easy to see that the above 
morphism induces ^Ag[p]®^ k{s) = H^{Ag, OAs/k{s))- By duality and po- 
larization, we get Ag[p]®^ GFp k{s) = Lie{As). This shows that 

Lie{As) = T{As)p Gz ^(<^) as O Gz A:( 5 )-modules. (4.1) 

Then by Nakayama’s lemma ([CRT] Theorem 2.2), we conclude from (rm4) 
the desired assertion. □ 

The fact (4.1) shows that Lie{A)/s and O 5 G T(A[p°°]®^) for the locally 
constant sheaf T(A[p ^]®^)/5 = |mnA[p^]^^ have the same stalk everywhere 
if A/5 is ordinary at every point over 5 and p is locally nilpotent over 5, and 
hence they are isomorphic. 

Corollary 4.2 If p is locally nilpotent over S and an abelian scheme A/s is 
ordinary, we have a canonical isomorphism Lie{A)/s = Os Gz T(A[p°°]^^). 
If furthermore, p'^ = 0 over S, we have Lie{A)/s = Os Gz A\p^Y^ , where 
A[pn]et maximal etale quotient of A\p^\. 




102 4 Hilbert Modular Varieties 



Proposition 4.3 Suppose that k{s) is of characteristic 0. Then we have an 
isomorphism T{As)p = as O -modules. 

Proof. Since p'^ G End(Ms) acts on multiplication by p'^, p'^ G 

End(Ms) induces an automorphism of the cotangent space; so, p : Ag Aq 
is etale of degree so, As[p^] = (fLlp^lS)^^ , and hence T{Ag)p = on 
which O acts as linear endomorphisms. Thus it is an Op-module for Op = 
O G)z Since the characteristic polynomial of the action of o G O is given 
by the square of the characteristic polynomial of the regular representation of 
a acting on the Q- vector space F (cf. [GME] Theorem 4.1.20), we find that 
T{As)p = Ol. □ 

By the two propositions, we have 

Corollary 4.4 For an AVRM A over S, the kernel A[N] of the multiplication 
by a positive integer N is a locally free group scheme of rank . If N is 
invertible on S, A[N] = {0/N0)‘^ etale locally. If the reduced part is of 
characteristic p and A is ordinary over S, we have A[p'^]° = Gz CL^d 
A[p^Y^ = O jp^O etale locally. The exact sequence 0 — > -4 A[pY —> 

^[^njet Q geometric point of S. 

Proof. The multiplication by M ^ M is a finite fiat morphism, because 
it is quasi-finite and A /5 is smooth proper and surjective (cf. [GME] 2.8.1). 
By a result of Mumford, we show in Sections 4.1.2 and 4.1.6 that the coarse 
moduli scheme of an AVRM contains a characteristic 0 geometric point and 
an ordinary characteristic p point. The above two propositions then show 
that A[-^^j for all primes £ is locally free of rank over S. Since A[N] = 
for the prime decomposition N = locally free of 

rank . 

Suppose that is of characteristic p. We have an exact sequence of 
locally free group schemes, 0 -4 A[p^]° -4 A[p^j -4 0, which is split 

over any perfect field because of A[p'^Y^^ = (see [ABV] Section 14). In 

particular, it splits over an algebraically closed field and over geometric points. 
We know that A[pYfs ~ {0/p'^0)/s etale locally by Proposition 4.1. The 
Cartier dual of A[pY° is ^A[p'^Y'^ — {0/p'^0)/s (e.g., [GME] Theorem 4.1.17), 
and the dual of O /NO — {fL/NTF) <S>z O is given by Gz Mv by the pairing 
induced by the canonical isomorphism HomGp-sch(A 7 V, ^m) = Z/A'Z combined 
with the trace pairing x O — ^ Z. □ 

4.1.2 Moduli Problems with Level Structure 

We consider the fibered category of quadruples 

(A, A, : (c) ^ Gz Tn) © {O Gz N ^Z/Z) = A[W]) 

over a Z[©]-AGi7. Here the triple {A^ l : O ^ End(A)) is an object of 
Af, the level F{N)- structure is supposed to be 0-linear, and the duality 
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pairing '■ ^[N] x ^A[N] (the so-called Weil pairing; see (PI) in 8.2.3) 

composed with the polarization X : A ^ A agrees via <p with the natural 
pairing (•, -)n ■ ^z^n)®{0^zN~^Z/Z) (jln given hy {a ^ C,,h ^ m) 

e (Trp/Q(a6)) where e(x) = exp(27rix). We often simply write (-A, A) for 
(M,A,^ : O ^ End(M)), dropping i as we agree to have l always in this 
chapter. A morphism / : (A, X,(j))/s ^ (A', A', (/)')/ s is induced by a morphism 
/ : (A, A) ^ (A', A') in Af with the additional requirement that cj)' = f o cj). 
We fix a polarization ideal c, and assume that A is a c-polarization. Then 
for a given c, the Hilbert-Blumenthal scheme fDt(c, r{N)) /z[^] represents the 
following functor £f{N) — <^c,r(iv) • '^[^]-SCH SETS given by 

^r{N){S) ~ [(A, A, (/)at )/5 with c-polarization A] , {T{N)) 

where as before [*] is the set of isomorphism classes of the objects * inside the 
brackets. When TV > 3, as we show in Remark 6.21, this functor is rep- 
resentable by a quasi-project ive scheme over (which is smooth over 

Z[C, jvd(T)c ] for 0 < C G Q with (C) = Q H c, as we show later in Sec- 
tion 7.1), and for small TV < 2, we have at least a coarse moduli scheme (cf. 
[GME] 2.3.2). 

Let 04 be a nonzero ideal of O. Abusing the notation, we write /i^/z for 
the locally free group scheme (of finite rank) given by the 04-torsion points 
of Gm Gz = {x e Gm{R) Gz h~^|04x = O}. If 04 is generated by 

a positive integer TV, we have /i( 7 V) = Gz 0“^. We consider the moduli 
problem classifying test objects (A, A,i : /i^ ^ A[TV ])/5 of level E/(^) i^i 
place of the level T(TV)-structure. The classifying functor = <£’c,rT(at) • 

Z[^]-SCH SETS for an integer TV with 04 H Z = (TV) is given by 

^r}im){S) = [(>i, A,i?n)/s with c(A) = c] , (-^i (^)) 

where ^ Xi[N] is the inclusion of locally free group schemes. If 

each test object {A^ XAm) /s is rigid without nontrivial automorphism, the 
functor is representable by a quasi-projective scheme 0I4(c, T^^(04)) /z [^]5 which 
is smooth over Thus the functor is representable if 04 is deep 

enough. The coarse moduli 034(c, T;^^(04))/^j^j exist for all 04. 

Let = E^ n . We may ease the polarization condition, that is, 
replace a polarization A by a polarization class O^X = {eA|e G 0+}- Easing 
the polarization requirement allows us to change morphisms of our category 
from O-linear isomorphisms to 0-linear isomorphisms up to unit factors (we 
later study categories up to a larger class of isogenies in Section 4.2). For a 
given O^X of A, we say that O^X is defined over S if we find an ample line 
bundle, locally under Zariski topology on 5, giving rise to an element in O^X 
(cf. [ABV] Section 8). Consider the following functor Sr^{m) • SCH ix[i/n] 
SETS (of level Ti(04)) for an integer TV with fi4 D Z = (TV) given by 

^ri{m){S) = [(A, A, T ^)/5 with c-polarization class O+A] , (Ti(94)) 
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where (M, O^A,z) = if we have an isomorphism / : M of 

abelian schemes with f o i — i' and O^A = 0^/*A'. 

Since e G H with e = 1 mod 04 gives an automorphism 

of (A, O^A, Z9rt)/5, the automorphism group Aut((M, A, iai)/^) is not triv- 
ial; so, the functor is not representable in the strict sense that we 

have a moduli scheme 07l(c,04) and a universal couple (X, O^A,iat) such 
that for any triple (M, A, G we have a unique mor- 

phism / : S' -> 0Jl(c,04) such that /*(X, A, i^t) is isomorphic in a unique 
way to (t 4, A, But if 04 is sufficiently deep, the uniqueness is valid 

up to a multiple of O^. The coarse moduli scheme 014(c,04) with functo- 
rial isomorphisms fD4(c, 04)(A:) = (for algebraically closed fields k) 

exists always. This fact can be seen as follows. Letting e G act on 
by (A, A,i) (M,eA,z), we find that £ri{m) has its coarse mod- 
uli if has, and the coarse moduli scheme 0Jl(c, 04)/^[Xj is given by 

014(c, 04) = O^\07l(c, F^^(04)). As is clear from this construction, for each mem- 
ber (A,O^A,zo ^)/5 g <?ri(at)(*5), we have a unique morphism / : 5 — > 0Jl(c, 04) 
with /*(X, A, igr^) = (A, A, io^)/ 5 , but this last isomorphism is unique 
modulo even if (X, A, i 9 rt)/grrt(c,at) exists (e.g., if e = with e G as 
long as e = 1 mod 04 for e G 0+). This is a typical phenomenon we encounter 
if we consider the moduli problem with ambiguity of polarization (which is 
a moduli problem of GL(2)-type). To justify this point, we need to change 
the structure of the category Ap declaring some class of isogenies as isomor- 
phisms. We study this point later in Section 4.2. We record what we have 
described. 

Theorem 4.5 Let the notation and the assumption be as above. Let F be one 
of the level structures of type F{N), (94), and Fi(94). Then we have 

(1) The coarse moduli scheme OT(c, F) representing the functor Sp always 
exists over Z [^] for the minimal positive integer A' G 94. 

(2) Take C O, and let C be the minimal positive integer in c“^. The 
scheme OT(c, F) for F = F(A) and F^^(94) is smooth over Z[ 

if 94 is sufficiently deep that test objects of type F have no nontrivial 
automorphisms (e.g., if N > 3 for F = F(A) ). 

(3) The scheme 914(c, F) for T = T{N) and Tlifft) represents the functor £p 
over Z [^] if ^ is sufficiently deep that test objects of type F have no 
nontrivial automorphisms. 



4.1.3 Complex Analytic Hilbert Modular Forms 

We describe the Archimedean theory of Hilbert modular forms, limiting our- 
selves to what we need later. We accommodate the Fi(94)-type moduli prob- 
lem for an integral ideal 94 (as well as that of F(A)-type for an integer N). 
When we deal with F(94)-structure, the ideal 94 is assumed to be generated 
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by the integer N. We use the symbol (p (resp. i) to indicate a level r{N)~ 
structure (resp. a ri(04)-structure). Over C, by the theory of theta functions 
due to Riemann-Poincare-Lefschetz (see [ABV] Chapter I), the category of 
Hilbert modular test objects (M, A, 0, (resp. i), a;) is equivalent to the category 
of triples (£, A, 0, (resp. i)) made of the following data: jC is an O-lattice in 
0®zC = C^ an alternating pairing A : C Aq = c* , and a level Wstructure 
(f) or i. A level Pi(04)-structure i is an inclusion i : 04* /O* ^ FCj and a 
level P(A^)-structure p is an inclusion p : (04* /O* x 0/04) ^ FCjC, where 
04* = 04~^D~^ for the absolute different 0 of F. 

The alternating form A is supposed to be positive in the sense that the 
symmetric bilinear form {u, v) is totally positive definite and that 

the pairing matches the pairing 



^C/Cf\N~ 



via p when we deal with level T(A^)-structure. The differential uo can be recov- 
ered by i : A{C) — / jC so that u = Fdu, where u = {ua)aei is the variable 

on C^. Conversely, for a given test object (M, A) in .4^ with c-polarization A, 



= y cu e O C|7 e Hi{A{C), Z)| 

is a lattice in and the polarization X FA A0 c induces £ A £ = c* (see 
(Pl-3) in Section 8.2.3). 

Using this equivalence, we can relate our geometric definition of Hilbert 
modular forms with the classical analytic definition. Define 3 by the product 
of I copies of the upper half complex plane By (®^) ^ ? 

we have Gi(R)/Ci = 3 for C{ = S 02 {F Cq M) and i = (>/^, . . . , \/^) G 3 
(which is the origin 0 of 3 )- We regard 3 C F C)q C = made up of 
^2^ = (^o-)o-G/ with a totally positive imaginary part. 

We identify /iiv with 7V“^Z/Z by exp(27rim) (m mod Z). This iden- 
tification induces /i(jv) = f^N C = (A/~^Z/Z) 0 1)“^ = (A^)*/0*, which 
further induces = Tt*/0*. Choose two ideals a and b prime to 94 with 
ab“^ = c. For each 2 : E 3, we define 

Cz = 27T\£^(bz — a*), Xz{27Ty/^{az — 6), 2ttV'^{cz — d)) = {ad — be) G c* 

with = 94*/0* FJ j Lz given by %z{a mod O*) = (— 27T\/^a + £^) 

and p^^z • 94*/0* x 2(l~^/0 -a FA j L z given by, for Ji = (J ~q), 

Pm,z{a^ b) = 27t\/£T(— a + bz) = (a, b)Ji • ^(z, 1) mod £^. 

Taking association (a, b) —aFbz instead of (a, b) ^ azFb looks strange 
(in order to put a complex structure on Lr = LC^zI^ for L = a* 0 b). However, 
we later interpret our moduli scheme in Deligne’s language in Section 4.2, and 
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then 3 is identified with the set of all conjugates under G(E)'^ of the group 
homomorphism Hq : 3 a hi ^ i-ba) ^ G{R)^. The identification is 

given by 3 3 p(i) ^ 9 • hog~^ G (i = (>/^, • • . , V^) ^ 3)- For each 
h G (corresponding to z G 3), Tr 3 u h{a + hi)v gives the complex 
structure we want. For the alternating pairing {x,y) — • Jiy of V = 

(column vectors), Hh{x,y) ~ {x,h{i)y) gives a positive definite Hermitian 
form on Lr = Vr so that (•,•) gives rise to the Riemann form on Lr/L = 
The natural action v ^ av oi a £ G(M)^ on Lr induces the right 
action: z a"^(z) on 3- Indeed, we have 

(ax,h{i)ay) = {x,a‘^h{i)ay) = (x,a'^h{i)ay) mod T(R)^ 

for the adjoint involution since a'' = = det(a)a“^. In other words, 

the natural left action of G on F induces the right action z a^{z) = a~^{z) 
on 3- This is the explanation of why we need to have (a, 6) ^ -a-\-bz. 

If Q/ = G G(Q)-f, the multiplication by (— cz + a) G induces an 

isogeny 



(CVr„-.(,), A, ^ 0 ,, (CVr„ det(a)A, 0,,,, o a). (4.2) 

This shows that the action of a G G(Q)+ sends the complex point of the 
projective limit OT(C) = a/-OT(c, F{N)){C) represented by z G 3 to that of 
a~^{z). The above isogeny is an isomorphism if and only if a G F(04; a, b) for 
the arithmetic subgroup F(ffi; a, b) of G(Q) defined below. 

For four fractional ideals a^J C F, we write symbolically ( all all ) foi* fhe O- 
lattice in M 2 (F) made up of matrices whose (i, j)-entry is in a^J for i, j = 1, 2. 
Define three types of congruence subgroups of G(Q)+ by 



A(04;a,b) = {(“^) G a - 1 e m] , 

a, b) = A (04; a, b) n 5A(F), (4.3) 

r(04;a,b)- {(“^) G A'(^;a,b)|6G0I(ob)*}. 



Since det(F^^(Tt; a, b)) = 1, the condition a — 1 G for F;^^(94; a, b) automati- 
cally implies d — 1 G 

For the moment, we deal with Fi(ffi)-structures. We let g = {g^) G G(M)^ 
act on 3 by linear fractional transformation of Qcr on each component Zcr- It 
is easy to verify by (4.2), similarly to Theorem 2.39, that 

(Ism) (£^, Az,*^) = (-Cw, V, A) w; = 7 (z) for 7 G AH^;a, b). 

Thus the complex points of the coarse moduli scheme 97l(c; A^(^)) given 
by F/(9I; a, b)\3- However, it looks odd that we have an extra dependence on 
the pair (a, b) not just on c and 91. Actually, as long as ab“^ = c, the complex 
manifolds F;^^(9I; a, b)\3 are isomorphic for all choices of (a, b). To see this 
fact, let us analyze the equivalence classes of cusps of F(G; O, c"^). Cusps of 
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3 = are given by P^{F) = F U {oo}. Recall that G(Q)+ is the subgroup 
of G(Q) made up of matrices with totally positive determinants. 

The groups Gi(Q) and G(Q)+ act on P^(T) by linear fractional trans- 
formation (or equivalently by matrix multiplication on homogeneous coor- 
dinates). The stabilizer of the infinity cusp is the subgroup B C G o^ up- 
per triangular matrices. Thus P^(F) = Gi{Q)/ Bi{Q) = G(Q) + /R(Q) + 
for R(Q)+ = B{Q) H G(Q)+ and B\ = B n Gi. For an arithmetic sub- 
group F C Gi(Q), its closure F in Gi(A*^^^) is an open compact sub- 
group, and F = F n Gi(Q). Two cusps s and s' are equivalent under F 
if 7 (s) = s' for some 7 G T. Thus, by the strong approximation theorem, 
Gi(Q) is dense in Gi(A*^^^), and the equivalent classes of cusps are in bi- 
jection with F\Gi{Q)/ Bi{Q) — F\Gi{A^^^)/ Bi{Q). We now make this set 
explicit for F — T(0;G,c“^). For g G Gi(Q), we write i{g) for the left 
column vector of g. Then writing i{g) — ^(a,c), define ilc{g) = (ccc) -f aO) 
as a fractional ideal of F. Then i{g)b = i{gb) for b = (§*) ^ If 

we choose another base, ilc{g) = c'cd -h a'O, we find 7 G T(G;0, c“^) with 
7 • i{g) = \a',c') = ii'yg)- Thus by g ^ we find an isomorphism 

T(0; O, c“^)\Gi(Q)/Ri(Q) = Glp for the class group Glp of F. In other 
words, the cusps of T(0; O, c~^) are in bijection with the class group of F. We 
can extend to Gi(A^°®^) by ilc{g) = (ccc) + aO) H F, which gives rise to the 
identity F(G; O, c~^)\Gi{hS^^) / B\ (Q) = G/f- In particular, il^{g)a = ilc{go) 
for a G Bi{A^^^) with aO H F = a. By the Iwasawa decomposition (e.g., 
[EPE] Lemma 9.2), we have G(A^°°^) = F(G; O, c“^)Fi(A^^^); so, each cusp 
of F(0; G, c"^) is represented by 6 G Fi(A*^^^). Thus we have an association 
of cusps s to ideals of F given by choosing b G Fi(A^^^) representing s and 
sending s to the ideal class of ilc{b). 

There is another description of cusps of F(0;0,c“^). The set of pairs 
(a, b) with ab~^ = c is in bijection with the set of cusps of F(G; O, c^^) in the 
following way. Since ab“^ is fixed to be c, we find (a, b) = (a, ac“^) = a(0, c"^). 
Thus a standard choice of a cusp is (O, c“^), which we call the infinity cusp 
of 9Jl(c, 1), and a corresponds to a cusp 5 if ilc{b) = a for 6 G Fi(A*^^^) 
representing s. 

For one F of these level structures F^^(94), Fi(TI), and F(F), the moduli 
space OT(c, F) has a finite number of cusps (depending on the choice of a level 
F-structure on the Tate AVRM Tatea,b(<?) we define in Section 4.L5) over 
a given cusp s represented by (a, b). When Fj^(Tl) C F C Fi(94), we have 
a canonical level structure Fan, at we specify in the following subsection. 

When F = F{N), we have a canonical level structure (pcan.N over an extension 
ring of the canonical ring of definition Z[^^^^y^]((ab)) of 

Tatea,b(^)- We simply write (a, b) for the cusp of T)4(c, F) with this canonical 
choice of the level structure. Write 



7(c,oi) = 7(fo,c“'), ri(c,ga) = a(fo,c-1), r{c,m) = r{m;0,c-^). 
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For 7 G SL 2 {F) with ^ { \ brings the cusp corresponding to the 

pair (a, b) to the standard cusp (O, c“^). In particular, we have 

77(c,0T)7-i = 7 ( 9 I;a,b), 70 (c, 01)7-1 = A ( 91 ; a, b), and 

7r(c,0l)7-i =r( 91 ;a,fa). ( 4 . 4 ) 

Thus we find rl{c, 01) \3 — > r / (^5 ^)\3 for the above choice of 7. For each 

7 

ideal a, (a, oc"!) gives another cusp. The two cusps (a, oc"!) and (s,0c-i) 
are equivalent under 7(0,01) if a = as for an element a e with a = 1 
mod 01 in 7), where F<yx = O for prime factors [ of 01. 

Returning to the coarse moduli 0 )l(c, Ti ( 01 )) over Z[^ 7 pv] (f>^nZ = (N)) 
for the functor 0.7 (m) : -> SETS, 

£c,r}{<n)(S) = [(A,A,z)/ 5 with c(A) = c], 

we have 9 Jl(c, = 7 ,A( 5 n)(C) = F^{c,^)\'^ from (Ism). In ex- 
actly the same way, we get m(c, F{N)){C) ^ F{c,N )\3 and 0 n(c, 01 )(C) ^ 
7(0, 01 )\ 3 , canonically. 

Let G = Reso/zGL{ 2 ), and set Z = rir:prime Define four open compact 
subgroups of G{A^°°'>) by 

^o(01) = {(“^) gG(z)|cgoi6}, 

A( 01 ) = |(“^) G 7 ( 01 )|a = l mod 010} , 

^ f ^ ^ , (4.5) 

= {icd) eDi(0l)|6G01O, a = 1 mod 010} , 

71(01) = {x G 7 ( 01)1 det (7 G 1 + 016} . 

Put 



^*(^) = (^?) '7(^)(g?) for* = 0,l, 7i(Ol) = (g0)-'7i(01)(g0) 

and 701) = (^0)-'f(01)(g0) (4.6) 

for an idele d with dO = D and d*-®) = 1. Then taking an idele c with cO =7 
and = 1, we see that 

A(c,0l) = (§?)7(0l)(g?)-'nG(Q)+, 

D(c,01) = (g 5) 5(01) (§ C)-^ n Gi(Q) and 

7i(c,01) = (g?) 51(01) (§?)-GGi(Q). 

Choosing a complete representative set {c} C for the strict ray class group 
Cl+ of F, we find by the approximation theorem that 
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G(A)= □ G(Q)(§?)5i(0I)-G(M)+= □ G(Q) ( g ? ) 5 • G(M) + , 

CGC/+ ceci+(m) 



where G(M)+ is the identity-connected component of the Lie group G(M), 
Clp{^) is the strict ray class group modulo 94, and S is either S'|(94) or 
5(94). Similarly, by the strong approximation theorem ([LFE] Chapter 9), we 
have Gi(A) = Gi{Q)K • G(M)+, where K is given either by 

Gi(A(°°))n(§?) 5 i( 9 I)(§?)^' or Gi(A(°°))n(g 0 ) 5 (^)(g?)^'. 



This shows 



G(Q)\G(A)/5i(01)Go= □ 9Jt(c,91)(C), 
G(Q)\G(A)/5i(?I)Z(A)Go^ □ !Ul(c,Da)(C), 

ceCi+/(Ci+)2 

G(Q)\G(A)/5j(91)Z(M)Go = □ 

ceci+(m) 

G{Q)\G{A)/S{N)Z{R)Co= □ m{c, r{N)){C), 

ceci+{<yi) 



(4.7) 



where Z is the center of G and Go is the stabilizer of i = (^/^, . . . , \/^) G 3 
in Gi(M) (which we regard as the origin 0 of 3 )- 

Recall the identification X{T) — Homaig-gp(T, with Z[7] so that 

914(c,94), 97l(c, T/(94)), and DJl{c, r{N)) be 
the automorphic vector bundle of weight k G X{T) = Z[7] (whose precise 
definition will be given in Section 4.1.6). Assuming that F / Q (since the 
case where F = Q is already treated in Chapter 3), define 



Gfc(c,04;E) = i7°(9Jt(c,9I)/fl,w)«), 

Gfc(c, R) = 

and Gfc(c, r(iV); R) = r{N))/n, (4.8) 

^[d(F)iV ]-algebras R. Regarding / G G/c(c, 94; C) as a holomorphic function 
of 2; G 3 by f{z) = f{Cz^O^Xz,iz)^ if satisfies the following automorphic 
property by (4.2) (cf. [GME] 2.4.3), 

f{-f{z)) = f{z){cz + d)^ with {cz + d)^ = JJ(c''^cr + (4.9) 

a 

for all 7 = icd) ^ A(c, 94). We leave it to the reader to formulate the 
corresponding facts for / G G/c(c, F/ (94); C) and / G Gfc(c, F(A^); C). The 
function / has the Fourier expansion f{z) = at the cusp 

corresponding to (a, b). Here ep{^z) = exp{27T\GZiJ2^^'^Zcr)- This Fourier 
expansion gives the g-expansion fa,b{Q) substituting for as we show 

in the following subsection (see also [DAV] Proposition V.1.5). 
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4.1.4 Toroidal Compact ificat ion 

We now give an oversimplified description of how to make the toroidal 
compactification of the Hilbert-Blumenthal moduli space Tl{c, r{N)) over 
Z[^,/i 7 v], because the main purpose of this chapter is to present a short de- 
scription of the structure of our theory applied to Hilbert modular varieties 
and in any case, the process of the toroidal compactification has been well cov- 
ered in book form by [DAV] and [CSM]. We can formulate the result also for 
the moduli spaces and OT(c,Vl) with minor modification which 

is left to the reader, because in any case these moduli over W are (geometric) 
quotients of F{N)) by a finite constant group action as long as N is 
prime to p. Main references in addition to the two books are [C], [K3], and 
[Ra] (and [HT]). 

Let (a, b) be a cusp of 91t(c,T(l)) for two fractional ideals a and b (so, 
c = ab“^). Since the cusp is identified with the infinity cusp of T(0; a, b), it 
is fixed by iAo(0; a, b) = -T(0; a, b) H 5(Q), where B is the upper triangular 
Borel subgroup of G. The group Too(0;a, b) is the stabilizer of the exact 
sequence 0 ^ a* ^ (a* 0 b) b 0 in the sense that 7 G T( 0 ; a, b) acts on 
the column vector ^(a, b) G (a* 0 b) via left multiplication ^(a, 6 ) 7 • ^(a, 6 ) 

and Too(0;a, b) is the stabilizer of (a* 0 0). The 0-module H = (a* 0 b) 
(column vectors) is identified with 0 ;^ = bz T a* C Fc by sending ^(a, 6 ) to 
(a,b)Ji • 1) = a — bz ioT Ji = (? V)’ multiplication by 7 “^ 

gives rise to z ^ 7 (z) by ((a, b) • ^ 7 “^) J\ • ^(z, 1) = (a, b)J\ • ^( 7 (z), l)(cz 0 d) 
if7=(*c2)- 

Let A" be a positive integer prime to p. Since OT(c, F{N)) classifies AVRMs 

with level Wstructure 0 a/' : 0 ^ 0 a cusp of 

97l(c, F{N)) is determined by a triple (a, b, 0 a^) with ab“^ = c modulo the ac- 
tion of Foo{{N); a, b). We fix a triple (a, b, 0at) as above and study the toroidal 
compactification of OT(c, F{N)) at the cusp (a, b, 0tv), which heavily depends 
on a chosen cone decomposition of O = G > 0 for all o’ : F ^ M} 

(the cone of totally positive numbers in Fqo = F 0 q M = M^). 

A (simplicial) cone cj in C of dimension m < [F : Q] = is an open 
span a = R+Ui 0 M+U 2 0 • • • 0 R+Um inside C for linearly independent 
vi, - ‘ ^ C, and a cone decomposition C of C is a decomposition of C into 

a disjoint union Uo-gc ^ open cones a of dimension < g. Choose a cone 
decomposition C = C(a, b, 0a^) of C = UaGC ^ such that 

(PCI) a is an open simplicial cone; 

(PC2) The cones in C are permuted under multiplication by for e G 
T(Z)(A), where F{Z){N) = {e e 0^\e = 1 mod A}. There are 
finitely many cones modulo F{Z){N)^ and e{a) H a 7 ^ 0 implies that 
€ = 1 ; 

(PCS) a is smooth (i.e., generated by a part of a Z-base of (ab)*); 

(PC4) {cr} is sufficiently fine so that the toroidal compactification is projec- 
tive (see [DAV] IV. 2 . 4 for an exact condition for projectivity). 
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The existence of such a cone decomposition was remarked by T. Shintani in 
1976 (for a proof, see [LAP] IV. 5. 2 or [LFE] Theorem 2.7.1) and previously 
also by algebraic geometers studying toroidal compactification ([TEB]). We 
make a choice once and for all of such a cone decomposition C(^a,b) for = 1 
and use the same decomposition for the cusp 5 = (a, for every 

and all N > 1. Then we have an action of T(0; a, b) on {Csjs (indexed by 
equivalence classes s of cusps), and T(0; a, b) permutes them by ^ y of jsj. 

If a and b are prime to we have a canonical isomorphism 

r(0; a, b)/r{N- a, b) r(0; o, r^)/r{N; o, c-1), 

which in turn is isomorphic to SL2{0 /{N)) (possibly noncanonically) by con- 
jugation inside G(A^°^^). Thus we may regard the action on the cusp as an 
action of SL 2 { 0 /{N)). 

Each Hilbert modular form / has a g-expansion 
f{q) = a(0, /) + 

^eN-^abnC 

at the cusp (a, b, 0w)- The minimal compactification r{N)) of the open 

modulus space r{N)) if it exists is characterized by the property that 
it is covered by any smooth compactification of OT(c, r{N)) (having a divisor 
of normal crossing at the cusps) so that the covering map induces an isomor- 
phism in the interior 9Jl(c, r{N)). Thus we convince ourselves that the formal 
stalk of the minimal compactification at the cusp s = (a, b,07v) is given by 
H^{T{Z){N),Rs{N)), where 



Rs{N) =3 2 ao + ^ 

I ^eN-^abnc 






on which e G T{Z){N) acts by 

ao + ^ f-> uq + ^ a^q^ 



Here the series oq + a^q^ is a formal series whose coefficients could be 

nonzero for all G (C H A^~^ab) U {0}. Thus Rs{N) is the completion of the 
monoid ring Rs{N) of the semi-group {N~^ab) H C under the adic topology 
of the augmentation ideal. 

Let be the dual cone = {x G Foo|Tr/?/Q(x(j) > 0}. Then C = 
Pl^cr^. To make our conviction feasible, we try to describe the complicated 
ring Rs{N) using more reasonable rings. We consider the monoid ring Ra-{N) 
of <7^ n N~^ab. Thus 



Ra{N) = |ao + 



g^ gZ[— ,/ i 7 v], ^Gcr'^nTV-^ab 
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but the sum ao + is supposed to be finite (so, = 0 for almost 

all ^). For each a as above, by (PCS), each cone a is generated by a part 
of a Z-basis of A^(ab)*, and hence is generated by a part of a Z-basis 
of N~~^ab. Thus we may assume that (7V(ab)*) fl cr is generated over Z by 
ti, . . . , C (0 < r < [F : Q] = g). We have a base • • . , of N~^ab so that 
for 1 < i < j < r and Tr(C^r+/c) = 0 for /c > 0, and each 
^ G N^'^ab n (7^ can be uniquely written as ^ with irij G Z and 

^ 0 if j < r. Writing Tj = gC ^ we find 

Ra{N) — I^n][Ti^ • . . , Tg][— , • . • , —] 

Ig 

with Spec{Ra{N)) = x 

The additive group Ga = Spec{Z[^ ^ /j.j\[][T]) is a “local” compactification 
of Gm at the origin filling the point “0” onto the hole at the origin of G^’ 
Ca = Gm U {0}, and therefore Spec{Rcx{N)) is a partial “local” compactifica- 
tion of Spec{Rr{N)) = G”“^ x G^”+^ for each face r of a. Thus we can glue 
{Spec{Rcr{N))}a- over the monoid ring Rs{N) to get the toroidal compactifi- 
cation X of {5_pec(F^j(A^))}cr on which T{Z){N) acts by translation. 

If one adds the origin 0 to C, 0^ is the total space Fqo, and the correspond- 
ing ring is given by the group ring Ro(N) of N~^ab isomorphic to 



Z 



N 









and Spec{Ro{N)) = Gm G {N ^ab) (on which T{N){Z) acts naturally by 
hG q^ ^). We have the inclusion Spec{Ro{N)) C T equivariant under the 
action of T{N){Z). The divisor oo = T — Spec{Ro{N)) is stable under the 
action of T{Z){N). Write X for the formal completion of X along oc, and let 
Spf{R(j{N)) be the formal completion of Spec{Ra{N)) C X along oo. 

We can make a quotient X{N) = X !T{Z){N). By the work of Mumford 
[Mul], X carries a semi-abelian scheme Tates (g) having real multiplication 
(which gives rise to an AVRM over X°{N) := X{N) — Dg for the image Dg 
of oo in X{N)) and equipped with a level F(A’)-structure and a polarization 
determined by the cusp s (see Section 6.1.6 for the definition of semi- abelian 
schemes). Indeed, the tautological homomorphism g : ab Gm(Fo(l)) send- 
ing ^ to g^ induces by duality g : b — > (Gm G a*)(Fo(l))- We write g^ for 
its image. As was done by Mumford [Mul] (reproduced in [DAV] in Ap- 
pendix), we have a semi-abelian scheme Tates (g) over X{N) that coincides 
with an appropriate “quotient”: (Gm G ci*)/g^ on X{N). The quotient is in 
turn isomorphic to the pullback to X°{N) of the universal abelian scheme 
over OT(c, F(7V)). Then by the universality of 9H(c, F(A^)), Dg gives a toroidal 
boundary of r{N)) at s. Performing this process for all cusps 5, we 
obtain the smooth toroidal compactification M{c, r{N)) = Mc{c, r{N)) of 
OT(c,r(7V)). 
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This Tate AVRM Tates(g') is revisited in the following subsection. Thus by 
this construction, we have a semi-abelian scheme Q — Qc over Mc{c, r{N)) 
extending the universal abelian scheme over r{N)) which induces the 
Tate AVRM Tates(g) at the cusp s = (a, b,0iv). Here is a reproduction of a 
statement in [C]. 

Theorem 4.6 LetC = {Cs}s be the collection of the cone decompositions sat- 
isfying (PCl-4) for each equivalence class s of cusps o/OT(c, T(l)). Then there 
exists a smooth projective toroidal compactification Mc{c, r{N)) dependent on 
C such that 

(1) The semi-abelian scheme Qc extends the universal abelian scheme over 
97l(c, T{N)) which degenerates into G a* over the cuspidal divisor Dg 
for s = (a, b,0A^) and coincides with Tates(g) on the formal completion 
M,(c,r(V)) ofMc{c,r^)) along Dg. 

(2) The formal completion Mg{c^ T{N)) along Dg is isomorphic to X{N) over 

We write dJl for one of the moduli spaces 0Jt(c,T(V)), 9Jl(c, (94)) and 
OT(c,94) defined over Z[^]. From the data C, we get a unique toroidal com- 
pactification of which carries a semi- AVRM Q with a 

level structure (see [C] 3.5.1) canonically determined by the toroidal compact- 
ification data. 

Once the smooth toroidal compactification M and the universal semi- 
abelian scheme Q ^ M with respect to C are constructed, we get a vector 
bundle u = which is locally free of rank g = [F : Q] over M. The 

Koecher principle (which can be proven in exactly the same way for C M 
as in [DAV] Proposition V.1.5) tells us 

JT0(M,det(a;)^^) = i7°(OT, det(^^)^^) (4.10) 

for all j G Z if F 7 ^ Q (the case of F = Q is already treated). Therefore 
is independent of the compactification M; so, M covers 
M* = Proj{OM) for Om = 0/c>o Since the theta con- 

stants give the modular functions classifying the abelian part 934 (cf. [CSM] 
and [DAV] Theorem V.2.3), the scheme M* = Proj{OM) gives the minimal 
compactification of 934 adding one point at each cusp, M* = 934 U {cusps}. In 
particular, M* has the desired formal stalk Rs{N) at each cusp s. 

We now study the geometric inertia group of the cuspidal prime divisor. 
Since characteristic 0 theory is easier, we describe a characteristic p tame 
inertia group. The prime p is assumed to be unramified in F/Q; so, it is prime 
to the discriminant d(F) of F. We assume that W is the strict Henselization 
of Z(p) with respect to the fixed embedding ip : Q ^ Qp. Thus W is the 
pullback by ip of the valuation ring of the maximal subfield of Qp unramified 
over Qp. Write F for the residue field of W, which is an algebraic closure of 
Fp. Hereafter in this subsection, Mn for N prime to p denotes the special 
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modulo m fiber M{c, r{N)) <S)z[fiN] ^ maximal ideal m C W. By the 

projectivity and smoothness of Mj\[ over Z ? ^n/w is irreducible 

(Zariski’s connectedness theorem [ALG] III. 11. 3). 

We use the same cone decomposition C for all N. Then we get a finite 
covering, Mat/ := Mq{c^ F{N')) Mc{c^ r{N)) for all multiples N' of N. As 
long as N' is prime to p, this covering is tamely ramified at the cuspidal divi- 
sors ^gDs (over Z(p)), and the closure jT(0;a, in naturally 

acts on Mtv'. Taking the limit — ^m pj/y/MTy/ {N' running over multiples 
of N prime to p), we have Gal(M^^V-^Wi^) ~ ^(-^5 b)^^\ However, the full 

group may not act on 

Let n F^, where 0(p) = O 0z ^(p)- Among simplicial cones 

in CIT{Z){N)^ r-dimensional faces are in bijection with generic points of the 
{g — r)th stratum. This is due to the following reason (see [DAV] IV. 2. 5). If 
a cone a is spanned by n linearly independent elements ici , . . . , in 
its dual cone is given by Q-ci + • • • + Qvg^n + Q+tci + • • • + Q+iCn with 
Ttf/q(F'^j) = 0. Note that 

N(abr = {aeF|(i“) €f(7V;a,b)}. 

By (PCS), the choices of ui,...,Up_n and wi,...,Wn can be made to be 
generators over Z of N~^{ab). This point that Wj is a part of a Z-base of 
N~^{ab) assures us of the smoothness of M^. By this fact, Wj is prime to p 
if p I TV; in other words, Wj G 

We have Ra{N) = Z M/v [A, with R = q"' and Sj = . 

Thus if we shrink F(TV;a, b) sending TV — > oo (keeping p | TV), the tower 
of rings {Fcr(TV)}jv tamely ramifies maximally along the irreducible closed 
subscheme defined by the set of n-equations {Si = 0, . . . , 5^ = 0}. We find 
Ra{N) (g)^ W — yV[Ti, Sj][T~\^j; so, this gives rise to an isomorphism 

C Svec{K{N)) ^ X C with g^[F: Q]. 

In the process of compactification, etale locally, the hole at 0 in G^ is filled 
by a closed {g — n)-dimensional subscheme G^’^ x 0 to get the “local” 
compactification Spec{R(j{N)). By the natural morphism Spec{Ra'{N)) ^ 
Spec{Ra{N)) for a face a' of <7, we glue schemes {5'pec(Fcj(TV))}crGC and then 
make a formal quotient under the action of T(Z)(TV). The formal quotient 
is then algebraized. The algebraization requires us to impose the conditions 
(PCl-4) on C ([DAV] IV. 2). Thus p-dimensional cone a gives a closed point 
in the highest stratum, and one-dimensional simplicial cones in the closure 
of a are in bijection with prime divisors containing the point. By construc- 
tion, these prime divisors cross each other normally giving the divisor Dg of 
normal crossing (see [TFG] 1.8 for divisors with normal crossing). Thus the 
intersection where n — 1 distinct prime divisors in Dg meet is of dimension 
g — n which forms the nth stratum of Dg. 
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When a is one-dimensional, the corresponding divisor is defined by S\ = 
= 0 etale locally; so, its maximal tamely ramified extension is generated 
by (etale locally) for all rii prime to p. 

Take a generic point p of the cuspidal divisor which therefore corre- 
sponds to a half line C with G where H 

and 0(p) = O (S>z ^(p)- As seen above, /M^ infinitely ramifies over 
Mat at a generic point p of an irreducible component {p} of the cuspidal 
divisor, and by the g-expansion principle, the inertia group In,t] of p in 
Gal(M(p)/Myv) = F{N; a, is given by 

lN,n = {ct = ( yjy e f (iV; a,b)\ue } . 

More generally, a generic point pn of the nth stratum is determined by a 
n-dimensional simplicial cone This cone determines a unique submodule 
N{ab)* of rank n inside A^(ab)* generated by cr^ H 7V(ab)* over Z, and the 
inertia group in Gal{M^P^ /M^) for pn is given by 

= {<7 = ( 1 n b e N{ab); z(p) } . 

The inertia group is a module under conjugation over D n , r|r^ / n , r)r^ for the 
decomposition subgroup C Gal{M^'P^ /M^) of pn- If we incorporate the 

data of this Galois action, we have 

Theorem 4.7 Let the notation and the assumption he as above. In partic- 
ular, p is a prime unramified in F/Q. Let pn he a generic point of the nth 
stratum of the cuspidal divisor Ds o/Mat/f- Then the p-tame inertia group 
C Gal{M^P'> /M n) ofr]n is given by lN,n„ = iV(ab)* (g)z (1), as mod- 
ules over the decomposition group where Z^^^(l) = as a 

Galois module. 

The Galois module structure of the inertia group as in the theorem follows 
from Kummer’s theory described in [TFG] Section 2. 



4.1.5 Tate Semi- Abelian Schemes with Real Multiplication 

Gonsider the ring i?[[(ab)+]] ((ab)+ = ab H F^) made up of all formal series: 

ao + a^q^ with ^ R 

Ce(ab)+ 

for a given base ring R. Take a subset q^^+ = {q^fi G (ab) + } of i?[[(ab)+]] 
stable under multiplication, and, write R{ab} for the localization of i?[[(ab)+]] 
by the set Then Z[-~ , /aN]{N~^ab} is the localization of the formal 

stalk Rs{N) at the cusp s = (a, b,0w) of the minimal compactification Mff. 
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The formal completion of the semi-abelian scheme Qc in Theorem 4.6 along 
the cuspidal divisors corresponding to the cusp (a, b) is given by the formal 
quotient (G^ G (a* = where the inclusion ^ of the 

additive group ab into the multiplicative group Mw]{cib}) induces 

G b} ^ (G^ G a*)(Z[^, /iA^]{ab}) by the isomorphisms: 

Hom(ob, /iiv]{ab})) 

= Homo(b,Hom(a,G„(Z[G^/iAr]{ab}))) 

^ Homo(b, (G„ ® a*)(Z[G ^^]{ab})) 

via the identification Hom(a, Z) = a* under the trace pairing on F. This 
formal quotient can be algebraized into a semi-abelian scheme by a work of 
Mumford [Mul] (which is included in [DAV] as Appendix). Strictly speaking, 
by the inclusion Rg{N) C R^{N) for the rings introduced in the previous 
subsection, over each 5p/(i^cr(cib)), we construct the quotient (G^ G ci*)/g^ 
and then glue them together to get the formal semi-abelian scheme Q over 
X{N). We denote the algebraization of this formal quotient (GmGa*)/g^ 
by Tatea,b(^) (which is defined over Z[^, /iiv]{ab}) and call it the Tate semi- 
abelian scheme at the cusp (a, b). The scheme S'pec(Z[^, /i 7 v]{cib}) is obtained 
by removing the cusp s from its formal neighborhood Spf{Rs{N)) of 5 G 
M^. The semi-AVRM coincides with A 5pec(Z[^, /iyv]{ab}) which is the 
universal abelian scheme A over dJl restricted to 5pec(Z[^, //A/^]{ab}), and 
over the cuspidal divisor the connected component of Q is isomorphic to 
Qm G n*. 

If tu G O is prime to a, we have a canonical exact sequence 0 
^ 0/(tu) ^ 0. Tensoring this sequence with Gm G over (9, we get 
another exact sequence: 

0 Torf (G^ G ^ G^ G a* G^ G a* -> 0, 

since Gm G is divisible and Gm G Go = Grn G a*. Since O is a 
Dedekind domain, we have Torf (G,^ <S) d~^,0/{w)) = 0/r<7, and the above 
exact sequence identifies Gm G a^[vu] with If 94 is prime to a, taking 

tu G 94 prime to a, we find /i^ C /i(^) C Gm G a*. This inclusion combined 
with the projection Gm G a* ^ Tatea,b(o') gives us a canonical level Ti(94)- 
structure ican.m • Mai Tatea,b(o') as long as a is prime to 94. If further, 
b is prime to 94 = (A^), N~^b/b is canonically isomorphic to N~^/0] so, 
we get a level r(7V)-structure sending (C, 0 ^ (Tn G O*) x {N)~^/0 to 
Gan,{N){C)Q^ ^ Tatea,b(g) which we write as 

(pcan,N ■■ ifJ-N ® O*) X (N)~'^/0 “ Tat6a,b (g) [A^] 
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as long as N is prime to a and b. This level structure is defined over Rs{N), 
although Tatea,b(^) itself is defined over the smaller ring i7s(l). 

For a positive integer n, we have a perfect pairing of group schemes 

Tatea,b(<?)N X Tateb,a(g)N ^ Mn 

given as follows: Taking x G G a* and y G Cm C b* such that x'^ — 
for ^ G b and for 77 G a and writing [x] G Tatea,b(^)N and [y] G 

Tateb,a(9)N for the points these x and y represent, we define 

(N> [y])n = x'^/y^ e iJ-n, 

because {x^/y^)^ = q^^/q^^ — 1. Since we may identify the complex 
points of the Tate AVRM Tatea,b(o')(C)|g=exp(Tr( 2 )) with /e{Cz) {Cz = 

2'Ky/^^{bz + a*)) for the variable z G 3, where e : -G (C^)^ given by 

{U(j)a ^ (exp(7To-)), the polarization induces the above pairing for any z. 
Thus the polarization of the universal AVRM over OT(c,T(V)) induces an 
isomorphism (f : ^Tatea,b(^) — Tateb,a(^) so that the Cartier duality pairing 
^ Tatea,b(^)[Af] X Tatea,b(^)[TT] fiM (in (Pl-3) in the proof of Theorem 8.9) 
composed with (p coincides with the above pairing (•, -)m for all M. Then writ- 
ing c = ab“^, the natural isomorphism 

Tatea,b(<7) C c = (Cm C a*/g^) C ab~^ = (Cm C b*)/q^ = Tateb,a(<?) 

composed with (p~^ gives rise to a canonical c-polarization Xcan on TatCa,b(^)- 
Thus by definition, the level structure (pcan.N is compatible with the Weil 
pairing on Tatea^b(^)[A^] ns required for level T(V)-structures. Similarly, the 
polarization Xcan combined with ican,m also gives a T/ (ffi)-structure (still 
denoted by ican,m) of Tatea,b(<?)- 

4.1.6 Hasse Invariant and Sheaves of Cusp Forms 

Hereafter we often make the base change of our moduli spaces 9Jl, M and M* 
of type r = r{N)^ rl ( 91 ), and Fi ( 91 ) to the valuation ring W and regard these 
schemes as defined over W. Assume that W 0 O = by w <S) a ^ wa{a); 
so, W contains all conjugates of O over Z, and p is unramified in O I Z. Further 
assume that the polarization ideal c is prime to the residual characteristic p 
of yV. We fix a cone decomposition C as in (PC 1-4) once and for all and write 
Q/m for fho universal semi- AVRM with respect to C. 

A little more generally, we start with a W-scheme S carrying a semi- 
abelian scheme Q with real multiplication by O. Thus over an open dense 
subscheme S° C S , Q x s is an object of Af, and over the closed subscheme 
Z = S — S° ^ Q is n smooth multiplicative group scheme of finite type whose 
connected component is given by Cm C O (which is canonically isomorphic to 
a more standard Cm C because of unramifiedness of p in F/Q). Writing 
the structure homomorphism of ^ as tt : ^ ^ 5, we have a vector bundle 
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u = it^Qqis over S. The pullback action of the endomorphism O makes u 
into a schematic T/5-module for T = Reso/z^m- Since p is unramified in 
F/Q, identifying X{T) with Z[/], we find u_ = where is the 

cr-eigenspace of T. Then we define for k G Z[/], which is an 

invertible sheaf over S. The sheaf ^ graded C^^-algebras is the 

affine ring of the scheme Mg/s = Specs(S) (see [GME] 1.5.4) representing 
the following functor Vg/s '■ S-SCH — > SETS given by 

T^g/s{S') = [{A,uj),s'\A S', H°{A, n^/s') = (O Os'M, 

f 

because having 5-morphism 5' -A Ad is equivalent to having an isomorphism 
00^ = Os' for each a e I, which is equivalent to having a generator cu G ^ 
over O Gz Os'- We note that det(^)*^‘^ = = uSS 

We now construct the Hasse invariant relative to Q/s- Let F be a W- 
algebra of characteristic p and {A,uu) G Tg/s{S') be a pair of a semi-abelian 
scheme A over S' = Spec{R) S of relative dimension g and a base 
Lo = {uJi , . . . ,cj^} of H^{A, T^a/S') over R. We have the absolute Frobenius 
endomorphism Fahs • A/s A/s- Let Ta/s^ be the relative tangent bundle; 
so, H^{A^Ta/s') is spanned by the dual base p = p{uj). For each derivation 
D of Oa,o, by the Leibniz formula, we have 

DP(xy) = Q DP-^xD^y = xD^y + yD^x. 

Thus is again a derivation. The association D ^ induces an Fahs- 
linear endomorphism F* of Ta/s' - Then we define H{A,uj) G F by F* ?7 = 
H{A,uj) M p. Since p{Xuj) = \~^p{iu) for A G GLg{R), we see 

H{A, Xu) M p{Xu) = F*(det(A)"^ p{uj)) = det(A)-^F* A^ p{uj) 

= det(A)-PF(A,cu) A^ p{u) = det(A)^-^iL(A, cj) A^ p{Xu). 

Thus we get H{A, Xu) = det(A)^~^iL(A, cu). We call a semi-abelian scheme A 
ordinary if can be embedded into A[p] etale locally (i.e., after a faithfully 
fiat etale base change, we achieve the closed immersion of group schemes, 
^ A[p]). In the same manner as in the elliptic curve case (see Section 3.2.6 
and [GME] 2.9.1), we know 

H{A,u) = 0 4=^ A is not ordinary. 

Now we return to Q/s given hy Q/m for the modulus DJI and its toroidal 
compactification M over psi]- By a result of Moret-Bailly ([DAV] 

Proposition V.2.1), the graded algebra Om = 0j>o ^^(^5 is of finite 
type over pj^]. Recall the Koecher principle (4.10): H^{M^uX) = 

H^(DJl, u_A) for all j G Z if F 7^ Q (the case of F = Q is already treated). Thus 
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Om — 0j>o ^^(^ 5 is ample on M* = Proj{OM) (however, 
is not ample on M). Then for a sufficiently large integer a > 0, we have 
(g)vj/ F = for the residue field F of VF (by 

a theorem of Serre; see [ALG] III Theorem 5.2), and we have a lifting 

(E) 

of that is, = {E mod p). Since the Hasse invariant is a nontrivial 
section of = det(g;)^~^ for / = scheme 5* = is 

affine and irreducible (because is a section of an ample line bundle). Then 
5* C M* is defined by 5* = Spec{OM/ {E -1)) for Om = 

Define = 5* Gw which is affine, and = ^im^r^S^ is an affine 
formal scheme. Similarly, we put S = M[^], and define Sm = S Gw hFm- We 
have a formal scheme S^o = ^imr^S'm,- These (formal) schemes 5m, 5 qo, and 
5 are not necessarily affine if F ^ Q. 

Let Moo be the formal completion of M along the modulo p special fiber 
Ml = M Gw Wi for VFi = WjpW. Then 5oo C Mqo is the ordinary locus 
of Moo; that is, Sqo is the maximal formal subscheme of Moo on which the 
connected component G[p]° of Q[p] is isomorphic to /i^ etale locally. Let 

Tm,n/Wm = lsomo(0 (g)/Ltpr.,^^[p”]°) = lsomo{G\p'^]° , O /p'^O) 

= U (4-11) 

n'Dp'^ 

Then Tm^nlSm is an etale covering with Galois group T{Z/p'^Z) = (0/p^)^ 
for T = Reso/z^m (called the Hilbert modular Igusa tower over Sm)- By a re- 
sult of K. A. Ribet [Ri], Tm,n is irreducible (see Theorem 4.21 for another proof 
of this fact). By the irreducibility, we get the following g-expansion principle 
for any p-adically complete W-algebra R = l^uimR/p^R (see Corollary 4.23). 

(g-exp) f{q) =0 in / = 0 over T^^n/R for a section f of the 

line bundle over Tm^njE defined at oo. 

The sheaf Gzp '^ppnG[p'^Y is isomorphic to the dual of 

7T^Lie{G im) for 7 t : 0 M, because Lie{Q\p'^]g^) = Lie{Gjs^) (see Corol- 
lary 4.2). In other words, = Hom{jx^Lie{Cf /m)->E^m) — is the 

algebraization of the formal sheaf on 5oo (which is uniquely determined 
by Si independently of the choice of E). We define C by the invertible 
subsheaf of made up of sections of vanishing over the cuspidal divisor 
Ecusp = 7t~^(M — 9Jl) on M. We call the sheaf of cusp forms of weight k. 

4.1.7 p-Adic Hilbert Modular Forms of Level r{N) 

Fix a sufficiently fine simplicial cone decomposition C of C for cusps of 
OT(c,F(l)) so that we have a smooth projective toroidal compactification 
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M = Mc{c, r{N)) for all > 0 (using this C) and the minimal compact- 
ification M* =M^{c,r{N)) ofm{c,r{N)). 

Fix a positive integer N prime to p. We put S = M[^] and 5* = 
for a lift E of the Hasse invariant as in (E). Recall Mm = M (g>w Wm, Sm = 
S^wWm. and S;^ = S^^wWm for Wm = Wjp^W = Wip^W. The proof of 
the vertical control theorem we have given for elliptic modular forms extends 
to our Hilbert modular case almost intact except for the following hypothesis 
(see the second identity in (3.2)), 

(Hpl) H\S,Uk) ®W Wm = H\Sm,^k ®w Wm) for Sm = S^w Wm 

for the sheaf c of cusp forms of weight k. In the elliptic modular case, 
we have proven this resorting to the affineness of the open curve Sm there. In 
the present case of F / Q, the scheme Sm is not affine; so, we need to verify 
this. This is a subtle point, and this fact is only valid for the cuspidal sheaf 
not for as we show. 

Write 7T : 5 -4 5*. Since by definition H^{S^C) = iJ°(5*, 7r=t=(£)) for any 
sheaf C/s and 5* is affine, we need to verify 

Wm)- (*) 

If this holds, we have 



®M/ Wm = ® Wm = H° {S* , g) ® Wm) 

H°{S*,Tr,{Uk/s Wm)) = H\Sm,^k Wm) 

as desired, where the identity (1) holds by the affineness of S'* (i.e., the am- 
pleness of on M*). 

We prove (*) stalk by stalk. Outside the cusps, the two sheaves are the 
same; so, nothing to prove. Recall that for an element ^ G F, we write ^ ^ 0 
if cr(^) > 0 for all cr G /. We have for each cusp x associated with the ideals 
ab“^ = c: 



= F«(T(Z)(7V),F[[-(ab)>o]]) 



e i?[[^(ab)>o]]|a(e20 = e^a{0 Ve G T(Z)(7V) ) , 

^^efj{ab)>o 



where (ab)>o = € ab|<^ > 0}U{0} = CHab, and e G T{Z){N) in (PC2) acts 

on -R[[;^(ab)>o]] by e- (E^e(ab)>o «(C)9^) = Ejg(ab)>o e~^a{e‘^C)Q^- We define 
by requiring that its stalk at every cusp be given by those g-expansions 
vanishing at the cusp. The group cohomology H^{U^7) for U = T{Z){N)‘^ 
commutes with taking the tensor product <S>wWm if AT^(I/, ?) = 0. The van- 
ishing holds if ? is isomorphic to a product of copies of Hom(Z[[/],F) = 
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(e.g., [CGP] III. 6. 6). This is the case for any [I/] -submodule of -R[[^(cib)>o]] 
made up of g-expansions without the constant term. Then we get 

Wm = ( 4 - 12 ) 

Remark 4.8 If k is a multiple weight congruent modulo \{0/pO)^\ to a 
parallel weight kol, the character k and kol is identical on T(Fp), and hence 
we often have a nontrivial section E G congruent modulo p to an 

Eisenstein series Eq G with nontrivial constant term modulo 

p. Thus is bigger than However, by the Koecher 

principle, (g)^ Q = Gz Q- Thus we conclude that 

gvi/ Wi ^ H^{Mi,u^) because of W-flatness of 

We put 

Vm,n = H°{Tm,n,OT^J, V = \j^mVm,oo, 

k>e 

CT = Veusp = ( 4 . 13 ) 

Vcusp = |im Rr^ = 0 H°{M, w,), 

k>£ 

De = p{Re)[^] f| C = PiR^ni^] H 

where Vcusp — ~ Xm T^,n is the cuspidal divisor and PiYlk fk) ~ 

YlkPk{fk) for fk ^ with the morphism j3k sending classical mod- 

ular forms of weight k to p-adic modular forms: 

Pkifk){^’> 4^p) — fki^-) can) 

for the canonical differential cocan induced by the on Here k > £ 

means that k^ > £a for all a e L As we show in Section 8.1.4 (Corollary 8.4) 
through a formal argument, the subspece C is dense under the 

p-adic topology of 

In this CL(2)-case, we define in Section 4.1.10 two Hecke operators U{p) 
(acting on cusp forms of level divisible by p) and T(p) = T(l,p) (acting on 
cusp forms of a level prime to p) preserving integrality of The operator 
U{p) has its effect on g-expansion a(^, /|/7(p)) = a(^p, /) and decreases the 
level to p'^~^ from p'^ for n > 1, and if k > 2/, then T(p) = U{p) mod p. Let 
e = limn^oo U{p)'^' (resp. e° = limn->oo T(p)’^') be the idempotent attached 
to U{p) (resp. T{p)). We attach a subscript or superscript ord to the object 
after applying the idempotent e or e° (depending on the setting). Prom this, 
we conclude 

Theorem 4.9 Let the notation he as above; in particular, M — M(c,T(7V)) 
and S = M[^] for a lift E of the Hasse invariant as in (E). Suppose that 
N > 3 and that p is prime to Nd{F)c. Then we have the following facts. 
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(1) The submodule is dense in Vcuspi 

(2) The Pontryagin dual Romw{Vcuspi^)) ^cusp ^ projective 

W[[T{Zp)]]~ module of finite type; 

(3) VZf; ®wmz,)]],k W - Homw(H°,AS,^,),W) zf k > 31 fl = 

where the first tensor product is with respect to the algebra homomorphism 
W[[T{Zp)]] W induced from the character k sending x to i 

(4) If k > 31, e induces an isomorphism 

where ?) = ?) and ?) = e°H°{M, ?). 

Assertion (3) in the theorem is (the Pontryagin dual version of) the “precise 
control” described in Section 1.2. 

Proof. As we remarked, assertion (1) follows from a more general result which 
is given in Chapter 8 (see Corollary 8.4) through the theory of false modular 
forms. We do not prove the assertion (1) here. It is known that 

dim depends only on A:|7^(iTp) if k > 31. (4.14) 

From this, the assertions (2), (3) and (4) follow by the same argument as in 
the elliptic modular case (see Section 3.3). The argument giving this exact 
bound (4.14) is rather involved; so, we allocate the exposition to its own sec- 
tion, Section 4.3 (see Theorem 4.37). Here we just prove the boundedness of 
dim i7^^^(M, a;;.) (independent of k) assuming the existence of a Hecke equiv- 
ariant inclusion map G/c(c, T; C) ^ 77^ (T, T(/c*; C)) (the generalized Eichler- 
Shimura map for k* — k — 27; see Theorems 4.36 and 5.13) for the arithmetic 
subgroup r = r(c,7V) of SL 2 {F) = Gi(Q) giving OT(c, r(7V))(C) = r\3- By 
the definition (4.3), P C 57^2 (0(p)) for 0(p) = Op P F. Here g = [F : Q], 
but actually, the following argument is valid for any integer g > 0. Note that 
Gfc(c, T; W) C = Gk{c, F; C) and G;^(c, T; W) = G^(c, T; W) W (flat 
base change; see [GME] Lemma 1.10.2), because these are spaces of global 
sections of the invertible sheaf By the long exact sequence attached to the 
short one: L{k*-,W) A L{k*;W) ^ L{k*]F) for F = W/pW ([MFG] Corol- 
lary 4.28), we find that {F, L{k'^ ]W)) 0w injects into 77^(T, 7/(A:*; F)); 
so, we need to bound dimp 77^^^(T, L(A:*; F)). We may identify L{k'^;R) with 
the space of 7?-integral polynomials in {Xcr,Y^)aei homogeneous of degree 
k* — ka — 2 for each pair Ya)- The action of 7 G M2 (Op) on 7/(/c*; W) is 
given by ^((Acr, Ta-)^cr(7)05 where xx^ = det(x). Let 

r = {a G F\a mod pM 2 {Op) G G(Fp)} 

for the upper triangular unipotent subgroup U C Gi. Then [F,F^] = 
|Gi(Fp)/G(Fp)| = |P^(0/pO) X {0/pO)^\ which is prime top. Since the ac- 
tion of F' on L(/c*;F) factors through G(Fp), the evaluation f{X,Y) at (1,0) 
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gives a morphism of F'-modules L(A:*;F) A F, where F is the constant F'- 

module with coefficients in F. Similarly, F A L(A:*; F) given by F 3 a ^ aY^ 
gives a morphism of /^'-modules. We get two morphisms of cohomology groups: 

i7^(r,L(/c*;F)) A F^(r,F) and F) A L(A:*; F)), 



which are induced by i and j, respectively. Choose r G M 2 (F) which is suf- 
ficiently close to ( p 7 )^ ) p-adically and sufficiently close to ( o p ) outside p so 
that T normalizes F' . This is possible by the strong approximation theorem 
(e.g., [LFE] Theorem 3.2 for F = Q whose proof is valid even for F 7 ^ Q). By 
a simple computation, the endomorphism j o i of the F'-module F(A:*;F) is 
the action of r. By the definition of the normalized Hecke operator T{p) by 
the following commutative diagram, 

F^(F',F(A:*;F)) — ^ F^(F', F(A:*; F)) 



F^(F,F(A:*;F)) ^ F^(F,F(r;F)) 

T(p) 

for the restriction Resp/p^ and the transfer map Tip/p^ (cf. [MFC] 4.3.1), 
we find that Trp/p^ o tt o t o Resp/p^ = T{p). This shows that l o Resp/p^ is 
injective over L{k*] F)). Since H^{F' , F) is finite-dimensional (because 

OT(c,F(A/’)) is homologically equivalent to a finite simplicial complex; e.g., 
[H79] Section 3), the dimension of F^^^(F', F(A:*; F)) is bounded by that of 
F^(F',F) independently of k. □ 



4.1.8 Moduli Problem of F^^(^)-Type 

Recall open compact subgroups Fi(ffi), F^(91), and F(Tt) in G(Z) = GL2{0) 
defined in (4.5). As long as the moduli problem of type Fi(ffi) is repre- 
sentable by a quasi-projective smooth scheme 9D4(c, Fj^(Tl)) , for its smooth 
projective toroidal compactification M(c, F^^(91))/^^p^ , we get the same as- 
sertions as in Theorem 4.9 replacing the pair (OT(c, F(F)), M(c, F(7V))) by 
(9Jt(c,Fi(91)),M(c,Fi(91)))_for weights /c with A: G (Z-/-f2Z[/]) (i.e., k^ = kr 
mod 2 for all a, r : F ^ Q). This parity condition is necessary to define 
e for totally positive units e G T{Z) (since = 1 for such units). 

We only need the representability of the F^ ([^fTl)-moduli problem for a suf- 
ficiently large m and a prime I to have a result similar to Theorem 4.9 as we 
describe this fact now. 

To formulate the result, we consider the moduli problem of type F for F = 
Fi{Yt) and Fi(91), and accordingly, when representable, we define F, 

V, Vcusp ^ '^cusp with the level F-structure. Even if the modulus problem 
is not representable, we have the coarse moduli scheme 9Jl(c, F) /w by making 
a geometric quotient (cf. [GME] Proposition 1.8.4) of OT(c,F(7V)) (over W) 
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by a finite constant group F /F{N) for a suitable > 3 as in the proof of the 
following theorem. Then we define the above objects by the submodules (of the 
corresponding module of level F{N)) fixed by F /F{N). When it is necessary 
to indicate their dependence on (c, T), we write T), V (c, T), V(c, T), 

and V°„%(c,r) in place of F, V, , and 

Theorem 4.10 Let ^ be an integral ideal prime to p with 01 D Z = (N). 
Suppose that p is prime to Nd{F)c and that p > 5 if N = 1. Then we have 
for T — ReS( 9 / 2 ;^m; 

(1) The submodule is dense in the p-adically complete space 

Vcusp{c,rl{m)); 

(2) The dualVZ%"{^.rl{%) = Fl{%),W) of the module 

T/(Tl)) is a projective W [\T {Ijp)]]-module of finite type; 

(3) K-y (c, rim ®wmz,)]lk W - Honny(i/y (M(c, ry9i))[i], 
if k> 31; 

(4) If k > 31, the projector e induces an isomorphism 

HmM{c,rim[^i^k) = HmM{c,rim.^k)- 

Proof. We deduce the theorem from Theorem 4.9. First suppose that W con- 
tains a primitive Nth root of unity (. For the different al idele d G F^ with 
d^^^ = 1 and dO = D, we identify /Nd~^ = ( 8 ) IjjNIj with O/NO by 

X dx. By m we have an isomorphism O/NO = 0 ~^ 8 /i 7 v well-defined 

over W. Then 0Jl(c, F{N)) over W is the moduli scheme classifying test objects 
[A,\(t): {O/NOf ^ A[N])ir with (0(1, 0), 0(0, l))w = C for W-algebras il. 
Thus we have a natural action of 7 G SL2{0/NO) on 0Jl(c, F{N)) induced by 
the functorial action on the test objects {A, A, 0) ^ {A, A, 0 o 7 ). The coarse 
moduli scheme OT(c, F/{N )) of (TV)-type is given by the geometric quo- 
tient OT(c, F{N))/U (cf. [GME] Proposition 1.8.4) by the constant subgroup of 
order prime top, U = {(J 1 ) ^ O/NO} C SL2{0/NO). By the definition 

of the quotient, we have 

X{c,rl{N)) = W{U,X) for X - V and 

where X{c, F/{N)) is the object corresponding to X defined relative to the 
T/ ( A^)-moduli problems. Note that X{c, Fl{N)) is a direct summand of X 
(with projection tt : X X{c, Fl(N)) given by 7t{x) = \U\~^ J2ueu 
because \U\ is prime to p. Thus each assertion of the theorem follows from 
the corresponding assertion of Theorem 4.9 when 91 = (N) with N > 3. For 
a general W that may not contain the object we studied over W[C] is the 
scalar extension to W[C] over W; so, by faithfully flat descent, we recover the 
desired result for W when 91 = {N). 

We now treat the case where 91 is not necessarily generated by an inte- 
ger N > 3. The (9I)-moduli problem is representable if each test object 
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of level does not have any automorphism other than the identity, be- 

cause then the quotient process making OT(c, rK"^)) out of 91T(c, r{N )) at 
the functor side and the moduli side matches. Suppose C O, and choose a 
prime factor [ of 94. By the positivity of Rosati involution ([ABV] Section 21), 
the automorphism group of a test object (A, A) is finite. By classification of 
the endomorphism algebra of a given abelian variety (cf. [ABV] Application 
I in Section 21), the size |Aut(A,A)| is bounded independently of the test 
object. Thus for a sufficiently large power is representable 

over W, because then each test object of level T^^(P^94) does not have any 
automorphism other than the identity map. Thus the theorem is valid for 
level Note that 9Jl(c, T]l^(["^ 94)) is a faithfully fiat finite covering of 

dJl{c^ rl{^)) of degree d prime to p (actually d is a power of N{{)). Since 
the restriction composed with the trace map is the multiplication by the de- 
gree d, we can realize all objects (91)), V(c,r/ (94)), V(c,r^(94)), 

(94)), and V°.^5p(c, T^^(94)) as a fT[[T(Zp)]] -direct summand of the 
corresponding objects of level T^^([’^94). By this, we conclude the desired as- 
sertions if 94 C O. 

We now suppose that 94 = O. Since p is unramified in F/Q and p > 5, 
Gal(F[/ip]/F) = (Z/pZ)^ by sending the Frobenius element at a prime I |p to 
N{i) mod p (class field theory). Thus we find a prime 1 of F such that N{V) 
mod p generates the cyclic group (%jplj)'^ . In particular p | {N{i) ± 1). Then 
the modulus variety 9Jl(c, T([)) for T is a faithfully fiat finite covering of degree 
prime top over 9Jl(c, T(l)) (the degree is a factor of N{i){N{i) — — 1)). 

Then by the same argument as above, we get the result for 94 = O. □ 



4.1.9 p-Adic Modular Forms on PGL{2) 

We now interpret the result obtained in the previous section in terms of auto- 
morphic forms on PG = Reso/^PGL(2). For simplicity, we hereafter assume 
that k is even, since the general case has been explained in [SGL] Ghapter 2. 

We consider a test object /r of level A (94). For any ideal 3 

prime to Np {{N) = 94 H Z), we make a quotient A' = A/A [3] = A Go 3“^; 
thus, A = A' G3. Then A'[94] = A[94] canonically; so, i induces a level Pi(94)- 
structure F into A'. Let P{A) = {A G Hom(A, ^A)/A = A} and P+(A) c P(A) 
be the subset made of polarizations. Then we have an isomorphism A : P = c 
of 0-modules taking p+ onto the subset c+ of totally positive elements of c. 
Dualizing the exact sequence 0 -G A[3] ^ A — > A' ^ 0, we get another exact 
sequence 0 -G ^A'[i] ^ A! ^A 0, because ^A'[i] is the Cartier dual of A[3] 

(see the proof of Theorem 8.9). This shows ^A' = ^A G 3 = A G C3 = A' G C3^; 
so, A induces A' : P(A')+ = (03^)+. Thus (A,O^A,i) ^ (A/O^A',F) induces 
{3 ) : V(c 32,A(^)) - y(c,A(?I)) by f\{i){A,Ol\i) = f{A',OlX',i')- The 
operator (3) is called the diamond operator. We identify V(c,Pi(94)) and 
V(c3^, Pi(94)) (resp. V(c,Pi(94)) and V(c3^, Pi(94))) by (3), and write it as 
Vc (resp. Vc) whose ordinary and cuspidal part is written as (I’esp. 
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"^cusp,c)‘ Thus these spaces only depend on the strict ideal class of c modulo 
square ideal classes. We then define 

VX(A(^)) - 0 VX,c and V-y(A(01)) - (4-15) 

c c 

where c runs over strict equivalence classes of ideals modulo square classes; 
thus, it runs over the group where Cl^ is the strict ideal class 

group. Recall that 

PGL2{F^)= □ PGL2{F){ll)T,{^)PGL+{F^), 

cec/+/(c/+)2 

where c runs over a complete representative set for in F^o = 

F 0Q E; FGFJ(Foo) is the identity-connected component of PGL 2 [F^), 
and Fi(ffi) is the image of Fi(fTl) in PGL 2 {F^^). Thus we may regard 
Tcusp*(Ti(^)) as the W-dual of the space of p-adic cusp forms of level Fi(ffi) 
on FGZ/ 2 (Fa). We now repeat the vertical control theorem in the setting of 
PGL{2). 

Theorem 4.11 Let be an integral ideal 'prime to p 'with 91 H Z = (N). Sup- 
pose that p is prime to Nd{F)c and p > 5. Then we have for T = Keso/z^m, 

(1) The dualVZsp"{ri{m)) ofVZ^piFiim)) IS a projective W[[T{Z^)]]-module 
of finite t'ype; 

(2) If k > 31, Vcusp ^w[[T{z )]] /c iT is isomorphic to the direct sum 

where M(c,Fi(91)) is the smooth projective toroidal compactification of the 
moduli scheme OT(c, Fi(91)). 

Proof. Choose a prime I | pN with p f — 1). We consider the mixed 

moduli problem Fl{V^)nFi{'Tl), whose test objects are {A, A, /r with c- 

polarization A, a level Fi(91)-structure i^yi and a level F^^(l’^)-structure (j)[. This 
problem is representable by a moduli scheme DJI = DJl{c, Fl{V^) H Fi(91)) for 
sufficiently large m. Then OT is a faithfully fiat finite covering of the coarse 
modulus OT(c, Fi(91)) of degree prime to p. Since the result for each piece 
Vcusptc is valid for DJI, the result can be proven as in the proof of Theorem 4.10. 
□ 

A subgroup G of an abelian scheme is called etale c'yclic of order 91 if C 
is isomorphic to the constant group {0/Dl)/s etale locally. In place of level 
Fi(91)-structure, we can think of a quadruple 

(A, A, ip : /ipoo 0 0 ^ A[p°^], G) 

for an etale cyclic subgroup G of order 91. The level structure G is called the 
level Fo(91)-structure. Considering this type of level structure, we may con- 
struct Vcusp (To (91)) and Tc'usp(Tb(91)) in the same manner as above, replacing 
level Fi(91)-structures by those of level Fq(91). 
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More generally, identifying (S) O* with 0/{N) (for N prime to p), we 
can let g G GL2{0/{N)) act on level r(A^)-structure (pN : (O / {N)Y = 
by (pN ^ (t>N ^ 9- Thus for a given subgroup F C GL2{0), we can think of the 
orbit (p = p]\f o r and can think of the moduli problem classifying (A,X,p). 
We call this level structure p of type F. We write fOI(c, F) for the coarse 
moduli scheme for this modulus problem of type F with the c-polarization 
requirement. We again define the module F) of p-adic modular forms 

for this modulus problem as before. 

Since the stabilizer of the standard subgroup 0 0) of is 

given by the subgroup Fo{F() of GL 2 { 0 ), the level rb(0^)-structure introduced 
above can be considered to be the level structure of type /o(9d). Any level 
/o(0d)-structure (even if we require isomorphisms to keep polarization) has 
automorphisms ±1; so, it cannot be representable without adding an extra 
structure. Nevertheless, we obtain the following theorem in exactly the same 
manner as in the proof of Theorem 4.11. 

Theorem 4.12 Let the notation he as above. Suppose that 91 is an integral 
ideal prime to p with 91 H Z = (A^) and that p > 5 is prime to Nd{F)c. Then 
we have for T — Keso/z^m, 

(1) The dualVZtiPiFoi^)) ofVZ%{h{%) is a projective W[[T{Zp)]]-module 
of finite type; 

(2) If k > 31, V°.^5^*(/o(91)) <^w[[T{Zp)]],k IT is isomorphic to the direct sum 

®ceCi+/(Ci+)= VF), where M{c,ro{'^)) is 

the smooth toroidal compactification o/ 9H(c, /o(91)). 



4.1.10 Hecke Operators on Geometric Modular Forms 

We call a ring R a p-adic ring A R — ]^mnR/yFR- We now assume that 
the base algebra is a W-algebra when we consider classical modular forms. 
When we consider p-adic modular forms, we further suppose that i? is a p-adic 
ring; so, it is a W-algebra automatically for W = l^m ^W/p^W. 

For a prime ideal q of F, we define Hecke operators F(ci^) and T(l,q’^). 
The operator T(l,q) is often written as T(q), but T(l,q’^) T(q^) if r > 1. 

If [ and q are distinct prime ideals, we see easily from the definition that the 
operators defined for 1 and q commute. The operator we need (to define the 
projectors e and e°) is U{p) = rip|pf^(p) and T{p) = np|p^(p)> respectively. 

We call a subgroup G of an abelian scheme A/s cyclic of order if either 
G = 0/q^ or G = pqr over an etale faithfully fiat extension of S. We call G 
etale cyclic if G = O/q^ etale locally. We think of test objects (A, A,i,cj )/5 
for (A,A,i )/5 giving a point of 9Jl(c, T^^(ffi))(5), where a; is a generator of 
H^{A, over Os 0z O. Assume that S is an i7-scheme for a base ring R. 

When q|p94, we have additional information C of a cyclic subgroup scheme 
C C A of order q given by z(pq) if q t P fhe unique connected subgroup 
G = i(/iq) of A[q] if q|p as long as the base ring is a p-adic ring. Here 
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“connectedness” is defined as a scheme relative to Spec{R); so, a connected 
scheme over Spec{R) has a connected topological space over each connected 
component of Spec{R). Since A/ji is an O-module, we may consider A[a] = 
{x e A\ax = 0} for an 0-ideal a ^ 0. For the integer a with a H Z = (a), 
A[a] C A[a]. The scheme A[a] — Ker(a : A -> M) is a locally free group 
scheme of finite rank, because A is smooth and proper over R (see [GME] 
2.8.1). Choosing a generator a of the ideal ajaO^ the group scheme A[a] is 
given by the kernel of a in A[a]^ and hence A[a] is locally free of finite rank. 

We start with describing the definition of Hecke operators for classical 
modular forms, and later we adjust the definition to p-adic modular forms. 
We define Hecke operators T(l, q”) (if q | ^) and U{q'^) (if q|04) on the space 
of modular forms Gk{c, R) first under the assumption that A^(q) is 

invertible in the base ring R. For an etale cyclic subgroup C of A/s of order 
q”, we can make the quotient abelian scheme A' — A/C with the projection 
TT \ A A' (cf. [ABV] Section 12 and [GME] Proposition 1.8.4). The c- 
polarization A induces a cq”-polarization This can be checked as follows. 
Tensoring the exact sequence q” ^ O O/q^ with ^A = A G c, we have 
another exact sequence A 0 cq”[q”] ^ A 0 cq^ ^ A 0 c. Taking the dual of 
7T : A ^ A' ^ we have one more exact sequence C' ^ ^ A' A for the Cartier 

dual C of C', which gives rise to a short exact sequence C ^ ^A'[q^] ^ ^ 

C 0 c. The kernel of the composite (tt G id) o A o V : ^A' A 0 c is the 
entire q”-torsion subgroup M'[q”|. Since ^A'/^A'[q'^] = ^A' 0 q"”, we have 
constructed an isomorphism (tt (g) id) o A o ^tt : ^A' 0 q”’^ ~ A 0 c. Tensoring 
q” with this isomorphism, we get the desired A' : ^A' = A' 0 cq”. 

Since the projection tt : A A/C' is etale (<=> tt* : — ^a/s)^ fhe 

differential uj gives a differential (7r*)“^o; on A/C'. If q|Tl and the schematic 
intersection C' Pi C = C' C is reduced to the identity {0} (in this case, we 
say that C' and C are disjoint), tt o i gives rise to the level (Dd)-structure 
on A/C' . Then we define for / G G/e(cq”, T/ (04); i?), 

/|!7(q’')(^, A, i, a;) = /(Al/C', 7 t,A, tt o z, (Tr*)-!^;), (4.16) 

where C' runs over all etale cyclic subgroups of order q” disjoint from C . 

Since 7T:+:A = tt o A o V is a cq”-polarization, the modular form / has to 
be defined for abelian varieties with cq”-polarization. When q | 04 and A^(q) 
is invertible in R, we define the action of the Hecke operator T(l,q”) on 
/eG'fc(cq^^ym);i?) by 

/|T(1, q’-)(Al, A, i, w) = ^ f{A/C, 7t*A, tt o z, (V)-!^), (4.17) 

where C' runs over all etale cyclic subgroups of order q”. We can check that 
/|(7(q0 and /|T(l,qO stay in G/c(c, J?) if / e (cq^ r/(in); i?). 
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Now we allow the ring R in which N{q) may not be invertible. First assume 
that R is flat over R. Then by the flat base change theorem ([ALG] 



_7V(q)_ 

Proposition IIL9.3), we have 



Gk{c,r;R 









iV(q) 



= Gk{c,r-,R) (g)_R R 



1 

W). ■ 



The operators are well-deflned over R 



1 

N(q) 



Thus if it preserves the R- 



integral structure, it is well-deflned over R. The operator U{q'^) is always 
integral and T(l,q’^) is integral if the weight k is sufficiently positive. We 
show in Section 8.3.1 the i?-integrality of these operators using the Serre- 
Tate deformation theory when jR is a p-adic W-algebra. The integrality can 
be also checked using the g-expansion principle (which shows that the sum 
in (4.16) is actually divisible by A^(q’^) and T(l,p) = U{p) mod p as long as 
k > 21; see Section 4.2.9). 

If is very ample (which holds true if A: ^ 0), the sheaf is generated by 
global sections; so, R/p'^R, and 



Gk{c,r-,R/p^R) = 

^ ( ot ( c , R/p"R = r- R) ®R R/p'^R 

follows from the long exact sequence from the short one R > R Rjp^R. 
Thus if the operators U{q^) and T(l, q’^) are i?-integral, they are well-defined 
over R/p'^R. Later we give a definition of these operators as an algebraic cor- 
respondence, which works well over a more general ring R (see Section 4.2.5). 

We now deal with p-adic modular forms defined over a p-adic ring R clas- 
sifying test objects {A,X,ip : ppoo A[p°°], 0)//^/ (for i?-algebras R') 

with prime-to-p level structure 0 of type F. When q is prime to p, N{q) is 
invertible in a p-adic ring; so, we define /|L’(q’^) (for q|94) and /|T(l,q^) (for 
q I 94) replacing the differential (7r*)~^o; by the level p^-structure ir o ip in 
the above definitions (4.16) and (4.17). 

To define U{p) (p|p) acting on p-adic modular forms, let be the 

formal completion of OT(c,T)[^] along its modulo p fiber for the lift of the 
Hasse invariant as in (E). Let (X, A, 0)/gj^(c,r) be the universal test object 
(supposing the classification functor of prime-to-p level F is representable). 
We pick an etale cyclic subgroup C' C X[p]/ 5 ^ of order p. As we show in 
Section 8.3.1 (particularly, the argument below (8.25)), C can be defined 
only over a locally free covering S'^/Soo of rank A^(p), and S'^/Soo is radiciel 
(purely inseparable over the generic point of S'oo)- By the universality, we have 
a unique morphism Spec{R) A Soo C 9Jl(c,T) with p*(X, A, </>) = (A,A,</)). 
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Then Spec(R') = and R' is an i?-algebra (locally free of rank N{p)) 

with trace map Tr : R' ^ R (see [K] 3.11), and C = gives an etale cyclic 
subgroup of AiJif of order p. Here the trace Tr(x) is given by the coefficient 
(times —1) of the characteristic polynomial over R of multiplication by x on 
R' . Since A/C is defined over R' ^ the operator A^(p)f/(p) for a prime ideal 
p\p can be defined by 

f\N{p)U{p){A, A, Zp, (I)) = Tr{f{A/C', tt o ip, tt o 0)). (4.18) 

If R[^] is flat over R, the trace Tr(/(H/(7', 7 t>^A, tt o ip, 7 r o 0)) e R is just 
the sum f{AIC\ tt^X^ tt o ip, tt o 0) over all cyclic subgroups C of order 
p generically different from the connected component A[p]°j^ of H[p]//^; so, 
(4.18) is compatible with (4.16). The divisibility of the operator N{p)U{p) 
by A^(p) can be checked by computing either the g'-expansion of f\N{p)U{p) 
(in Section 4.2.9) or its expansion at a Serre-Tate deformation space (as we 
do later in 8.3.1). The representability of the level F modulus problem is not 
essential in defining U{p), because we can define it at any level F if we once 
have the operator well-defined for a representable FnFl{l'^) moduli problem. 

There is a shortcut to get the operator U (p) acting on p-adic modular 
forms if R = W. By the earlier argument for classical modular forms, we have 
a well-defined kb-integral operator U{p) on C in (4.13) (for any 

weight i > 0) given by (4.16). Then by the p-adic density of in 

(Theorems 4.9 and 4.10), the operator U{p) extends to p-adic modular forms, 
which of course coincides with the one given by (4.18). 

We have from the definition U{q^) = U{qy. If n = (^) for a ^ G then 
y ^~^X gives a bijection between c-polarizations and nc-polarizations; so, 
it induces an identification G/c(c, F;^^(94); F) = Gk{vic^ Fl{fJl); R) by the asso- 
ciation (A, A) (H,(f~^A). Thus we may regard U{^) = U{qA^y for the 
prime decomposition n = Hq endomorphism of Ga;(c, (94); F). 

This really depends on the choice of ^ (because the identification is given 
by A though U{^) is well-defined, up to a unit scalar multi- 

ple, independently of the choice of y Similarly, we can define F(l,(f) by 
T(l,^) = riq ^(^5 Thus we have a well-defined U{p) as an endomor- 
phism of G/e(c, Fj^^(94); F). Similarly, we have T(p) acting on Gk{c, R). 

In the above definition, we can replace Flyfl) by Fi(94). Since the polar- 
ization of a level Fi(94) test object is specified only modulo multiplication by 
0+, U{^) and T(l,^) are well-defined independently of the generator of n; 
thus, we may write U{n) and F(l,n) for U(^) and T(l,<^), respectively. 

Note that the space of modular forms G/c(c,94;F) depends only on the 
strict ideal class of c. So we define 

G,(Fi(94);F)= 0 G,(c,94;F), V(Fi(^);F) = 0 V(c,94;F) (4.19) 
ceci+ ceci+ 

for the space of p-adic modular forms V(c,94;F) over R. The Hecke op- 
erators U{q) and F(l,q’^) permute the components Gfc(c,94;F) and give 
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endomorphisms of G/c(A(^);^) (or V(Gi(94); i^)). The diamond operator 
(3) : Gk{c,^]R) -> Gk{cf,^;R) (resp. V(c,9d;i?) ^ V(c3^, 94; i?)) intro- 
duced in the previous section for ideals 3 prime to p94 also acts on the above 
spaces (permuting ideal classes c c^^). This is the easiest way of extending 
the definition of Hecke operators to GL(2) and is based on the first identity 
of (4.7). There is another way of extending the definition of Hecke operators 
to GL(2), using the open compact subgroup (94) in (4.6) in place of S'i(94). 
Then the approximation theorem yields 

□ 9Jl(c,ry91))(C) = G(Q)\G(A)/5i(9^)Z(M)Co. 

cGC/+(at) 

The above naive definition of the Hecke operator acting on G/c(c, (94); i?) 
gives rise to the Hecke operator on 

Gk{rl{^)-R)= 0 G,(c,r/(9T);i?) 

cec/+(^) 

and V{Tl{^)-R)= 0 V{c,rl{^)-R) 

as an endomorphism. Again induces an operator (3) acting on the 

above spaces as long as 3 is prime to p94. 

The natural diagonal embeddings 

Gfc(c,94; R) 0Gfc(c',ryai);i?) and I/(c, gi; ii) ^ 0 i?) 

c'~c c'~c 

are equivariant under the Hecke operator action. Here in the above sum, d 
runs over the classes in C/J(94) equivalent to c in 

Since G/J(94) = (f|^^)^/F^ det(T^^(94)), we may define a quotient Glr 
of G/p(94) by det(T) for the more general subgroup F C GL2(G) containing 
r/(94). Then we define for a p-adic kb-algebra R, 

V{F;R) = 0 V{c,F;R), (4.20) 

ceClr 

on which Hecke operators act as we show later. 



4.2 Hilbert Modular Shimura Varieties 

To translate Hecke operators defined in a geometric manner into group- 
theoretic operators (in a more automorphic way), we introduce here the 
Hilbert modular Shimura varieties. We give an exposition of more general 
Shimura varieties later in Chapters 6 and 7. Let fig • § = Resc/RGm G/^ be 
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the homomorphism of real algebraic groups sending a + G S(M) = 

to the matrix ^). We write X for the conjugacy class of ho under G(M) 
(with origin 0 = ho)- The group G(E) acts on X from the left by conju- 
gation. Since the centralizer of ho is the product of the maximal compact 
subgroup of the identity-connected component G(M)+ of the real Lie group 
G(M) and its center Z'(M), the identity-connected component X'^ containing 
0 = ho is isomorphic by ^(0) ^ ^(i) (i = (\/^, . . . , \GM)) to the product 
3 = Here the action of {ga)a£i ^ G(R) with on 3 is given by 

^ = (^cr) ^ • Thus X is a finite disjoint union of the Hermitian sym- 

metric domain isomorphic to 3, and for an arithmetic subgroup F C G(Q), 
r\X is a finite disjoint union of connected Hilbert modular varieties. 

The pair (G,X) satisfies Deligne’s axioms for admitting Shimura varieties 
in [D 2 ] 2 . 1.1 (see (Dl-4), (SC), and (CT) in 7.2.1 in the text). The Shimura 
variety is a proalgebraic variety (i.e., a projective limit of algebraic varieties) 
defined over a canonical field of definition (called the reflex fleld of (G,X)) 
equipped with a scheme-theoretic action of G(A^°^^) which characterizes the 
variety. The complex (pro-) analytic space of complex points of the Shimura 
variety is given by a projective limit under the inclusion relation of open 
compact subgroups of G(A^^^): 

Sh{C) = Sh{G,X){C) = ]^kG{Q)\ (x x /K 

G(Q)\ (x X G(Q)+\ (x+ X G(A(“))) /Z^, 

(4.21) 

where ( 7 , u) G G(Q) x K acts on (x,g) 6 X x G(A^°°)) by ^{x,g)u = 
(7oo(a;),7^°°b^i)> and X(Q) is the topological closure of the center ^(Q) 
in G(A(°°)) (see [EPE] Chapter II for a detailed discussion of the topology 
on adele groups). We leave for the reader the proof of the above identity 
(*) in (4.21), which is not difficult (see [D2] 2.1.10 or [Mi] page 324 and 
Lemma 10.1). The identity (**) follows from the fact that G(Q) acts tran- 
sitively on the set 7 To(X) of connected components of X (and G(Q)+ is the 
stabilizer of X^). On 5h(G, X)(C), the group acts by right mul- 

tiplication X ^ xg. This proalgebraic variety has a unique canonical model 
Sh{G,X) for G = Res^/QGL( 2 ) defined over the refiex field Q of (G,X), as 
we show later. In this section, assuming the representability of the classifica- 
tion functors introduced in Section 4.1.2, we review the construction of the 
model, emphasizing its automorphism group S{G^X) (fixing a geometrically 
irreducible component). Strictly speaking, the group 8{G,X) we study is a 
subgroup of finite index in the full automorphism group, and the full automor- 
phism group is a semi-direct product of «5(G, X) with the field automorphism 
group Aut(F). As is clear from Shimura’s original construction of canonical 
models [Sh5] (see also [AAF] Chapter II) and the later treatment of Deligne 
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[D2], the full knowledge of S{G^X) is almost equivalent to the existence of 
the canonical model itself. 

4.2.1 Abelian Varieties up to Isogenies 

Let V = be a column vector space, and put = Va(oo) := V 0 q 

We often write F^(oo) for F (g)Q which is the finite part of the 

adele ring Fa = F( 8 )qA. Then is an FA(oo)-free module of rank 2. We 

consider the fibered category over Q-SCH defined by the following data: 

(Object) abelian schemes with real multiplication by O; 

(Morphism) Hom^(A, A') = Homo (A, AQ (8>z Q- 

For an object A/^, we take a geometric point s £ consider the Tate module 
T(A) = Ts{A) = ^ a^A[V](/[:(s)), and define V{A) = 1A(A) = T(A)(g)zA^^^. 
The module V (A) is an FA(oo)-free module of rank 2 and has an 0-stable lattice 
T(A), where 6 = O (g)z Z = prime 

A full level structure on A is an isomorphism rj : V(A^°^^) = Vs{A) of 
Fa(oo) - modules, picking a geometric point s in each connected component of 
S. For a closed subgroup K c G(A^^^), a level F-structure is the F-orbit 
rj = t]K of T] for the right action rj i-o- rj o u {u G F). For many instances, 
we assume F to be open compact. Since A[N]/s is an etale finite group 
scheme, the algebrogeometric fundamental group 7Ti(S', 5 ) with base point s 
(see Section 4.4) acts on A[F](/c(5)) and hence on Vs{A). The level F-structure 
is defined over S li a ofj = rj for each a G 7Ti(5', 5 ). If the compatibility aofj = fj 
is valid at one geometric point s for each connected component of F, it is valid 
for all s G F (see Section 6.4.1 for the proof of this fact given for Siegel modular 
varieties). 

Two polarizations A, A' : A — > ^A are said to be equivalent (written as 
A ^ A') if A = aX' = A' o a for a totally positive a E F. Here a is any 
fraction in F^ (not just an integer in O). Without introducing the category 
A^ up to isogeny, our notion of polarization classes does not make sense. The 
equivalence class of a polarization A defined over F is written as A. As we have 
seen, if the class A is defined over F, we can find a polarization A G A really 
defined over F. We recall the following condition in Section 4.1.1 imposed on 
all triples {A,X,fj)/s which is equivalent to (rm4) there. 

(det) The characteristic polynomial of each a G O on Lie{A) over Os is 
given by the image of Hcr(^ ” ^(^)) ^ i^ ^s[t]^ where a runs over 
all embeddings of F into Q. 

We consider the following functor from SCH/q into SETS, 

^k\S) = [{A,X,fj)/s with (det) | 77 is a level F-structure] . 

Here [ ] = { }/ — indicates the set of isomorphism classes of the objects 
defined over F in the brackets. An F-linear morphism cj) G Hom^(A, A') is an 
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isomorphism between triples {A,X,r])/s and (^^ A ,r]')/s if it is compatible 
with all data; that is, 



(p o T] = 7]' and ^(j) o X = X op. 

Equip V == with an alternating form A :V XpV = F given by (x, y) = 
^xJiy for Ji = ( 1 V ) • define a Q-alternating pairing (•,•): V x V Q by 
Tr/?/Q o A. Suppose the point s G 5 is a complex point s G S(C); so, we have 
the Betti homology group ffi(A,Q) := IIi(A(k(s)), Q). Then the polarization 
X \ A ^A induces a nondegenerate F-Hermitian alternating pairing E\ : 
Hi{ A, Q) -4 Q (the Riemann form; see [ABV] Sections 1 and 20 and 
also the proof of Theorem 8.9 in the text). Here the word: “F-Hermitian” 
means E\{ax, y) =■ E\{x, ay) for all a e F. We write e\ : V Ap V = F for a. 
unique alternating form satisfying Tr/?/QoeA = E\ - The Hodge decomposition: 
H\A,C) = ® induces, by Poincare 

duality, an embedding h = Ha ' = S(M) -4 Auti?(Fi (H, R)) such that 

1. h{z)uj — zuj for all u G Homc(F^°(A(/c(5)), f^A/c)i (and h{z)uJ = FJJ); 

2. Fa(x, h(\/^)^) is a positive definite Hermitian form on = V (8)q R 
under the complex structure given by h. 

In the above definition of a condition usually required is missing: 

(pol) There exists an F-linear isomorphism f : V = Hi{A^Q) such that 
f~^ o hyi o / is a conjugate of ho under G'(R), f = y mod K under 
the canonical isomorphism Vs{A) = Hi{A, = Fi(A, Q)G)q 

and e\{f{x), f{y)) = a ■ A{x A y) for some a G F^ . 

For every nondegenerate F-Hermitian alternating form E on V and an open 
compact subgroup K C we can find a G C(Q) such that E{x^y) = 

{ax, ay) mod K (the strong approximation theorem). Since G(R) is the full 
group of Fj^-linear automorphisms of V^, /“W o / is always conjugate to 
ho- Thus this condition is redundant; so, we ignore it. 

By [Sh3] and [Dl] 4.16-21, the canonical model Fh(G,A)/Q represents 

the functor over Q for the trivial group 1 made of the identity element. 
Through the action of G{A^°^ on 9 e G(A(°°)) acts on the level 

structure by y ^ y o g and hence on the variety Sh{G, X) from the right. If 
K is open and sufficiently small (so that Aut((A, A, 77 )/^) = { 1 } for all test 
objects (A, A, 77 ) 75 ), ShxiG, X) := {Sh{G, X)/ K) /q (whose complex points 

are given by G(Q)\(A x G{A^^^))/ K) represents over Q. 

We now give a brief outline of the proof of the representability, reducing 
it to the representability of the functors similar to ^r(iv) in Section 4.1.2. By 
shrinking K, we may assume that det(F") H C {K H Z(Z))^. This is to 
guarantee that the images of gKg~^ H Gi(Q) and gKg~^ n G{Q)~^ in PG{Q) 
are equal; so, Fh/^(C) can be embedded into (C) for Ki = Gi{A^^^)nK , 
because the moduli problem with respect to Ki is neat without having any 
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nontrivial automorphisms. Let L C V be an O-lattice. We may assume that 
1/ = a* 0 b for a pair (a, b) of two fractional ideals. We define the polarization 
ideal c by F D c* = yl(L A L). For each point hz € X, we have a unique point 
2 : G (C — E)^ fixed by hz{C^) (in this way, we identify 3 with the connected 
component of X containing ho). By changing the identification V = 
we may assume that 2 : G = 3- The action of hz{C^) on V]^ = V 0 q E 
gives a structure of a complex vector space of dimension ^ = [F : Q] on V^; 
that is, 4^ = via (a, b) ^ -a-\- bz = (a, 6) Ji • ^(z, 1) for Ji = ( ° ) • Then 

L C Vr gives rise to the lattice and A induces the c-polarization A^, and 

we recover the data (F^, A^) introduced in Section 4.1.3. Set F = F ^ C 

— V (g)Q and define an abelian variety Az/c by Az{C) = j Lz- 

Then we have T{Az) ~ F, which induces rjz • V^(oo) = V{Az) and gives rise 
to a level Wstructure : N~^L/L = Az[N] for any > 0. 

Let Cl{K) = F^(^)/ det(iL)F^, which is a finite ideal class group. We fix 
a complete representative set for Cl{K) in fractional ideals c of F. We choose 
an O-lattice Fc = a* 0 b C V as above with yl(Fc A Fc) = c* (44> ab“^ = c). 

We pick an element (M, X,fj)/s ^ Let Z(l) = ^ nMat and identify 

it with Z by choosing a primitive Fth root Cw = Q- The duality 

pairing e : T{A) Ag T{^A) Z(l) = Z (as in (Pl-3) of Section 8.2.3) is O- 
Hermitian (because O C End (M/ 5 ) is invariant under the Rosati involution). 
Thus we have a unique O-linear alternating form eo(A) : T(A) A T{^A) = 
O* such that e = Tt^^/q o eo{A). If one makes a choice of a polarization 
A G A, the duality pairing eo composed with A : T{A) T{^A) (and pulled 
back by 77 ) induces an alternating pairing A a : r]~^{T{A)) A rj~^{T{A)) = 
F" C with A A = A mod det(F). This means that A = A a o g for 

g G G(A^°^^) with det(^) G det(F). Under this condition, the fractional ideal 
c is uniquely determined in the complete representative set for Cl{K) we have 
chosen, because A is a F^ -orbit of A and fj is the iL-orbit of 77 . 

Case 1: We first assume that g{Lc) contains T{A). We can naturally iden- 
tify C = g{Lc)/T{A) with a subgroup of A. For each geometric point s £ S 
and a G 7Ti(5, 5 ), we have a o rj = g o p[a) for p{a) G FT, and for x = g(y) 
mod T{A) with v G Fc, we have a{x) — a{g{v)) = g{p{a)v) and p{(j)v G Fc, 
because Fc is stable under K. This implies that the subgroup C is stable un- 
der 7 Ti(5', s) for all geometric points 5 G 5, and hence G is a subgroup scheme 
of A defined over S. We make the quotient A' = A/C which is an abelian 
scheme over S (cf. [ABV] Section 12). For the quotient map tt : A ^ A/ we 
define A^^/ = ^7t~^ o A o 7t~^. By definition, A'^g has 7 Ti( 5', 5)-equivariant exact 
sequence 0 -G T{A) —> T{A') C ^ 0 and hence V{A') = U(M), which 
induces 77 : = V{A) — V{A') with the exact identity g{Lc) = T(A'). 

The polarization of A induces an equivalent polarization A/i' on A/ and we 
have i : F ^ End^(M) = End^(M'). Thus as elements in £^\S), {A,X,fj)/s 
and {A/ XaaV) / s ^^e the same. 
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Case 2: When r]{Lc) C T{A)^ by the canonical identification of the alge- 
braic fundamental group 7Ti(yl, 0) = T{A) (see [ABV] Section 18), we have a 
unique abelian variety with an F-linear etale isogeny \ A! A with 

T{A') — t]{Lc). Then in the same manner as above, we create {A\ Xa' ^fj) /s 
giving rise to the same class of (A, A, ry). In particular, A^/ = V o A o tt. 

Case 3: If r]{Lc) does not have either inclusion relation with T{A)^ we take 
0-lattices L' with L' — ri~^{T{A)) + and L" with L" — r]~^{T{A)) H L^. 
Starting from M, first create (A", A ^fj")/s in the class of {A^X^rf) with 
T{A") = Then from (A", A we create (A' , Xaav)/s with 

T{A') = 77(L,). 

By the above argument, in each class of (A, A, rj) /5, we can find a unique 
{A',XaaV)/s with rj{Lc) = T{A'). By our choice of and c: A(LcALc) = c*, 
actually only Case 3 occurs, because A and Aa' are proportional up to units 
in det(iT). So we may assume that A — Aaa because the level structure is 
defined modulo K. 

In any case, A/^/ still contains a unique c-polarization A^/ made from A. 
Thus once we have chosen a c-polarization in A for each member (A, A, 77), we 
have a unique triple (A', Xaav)/s with c-polarization A^^/. If two such choices 
are isogenous, the isogeny between them has to be an isomorphism keeping the 
polarization. We have proven E^^\S) = := [Jceci{K) where c 

runs over the ideal classes in Cl{K) — /F^ det{K), and 

= |(-4, A,^)/s with (det) I r?(Lc) = T(A) and c(A) = c| / = . 

Here = is the isomorphism (not an isogeny) for a chosen polarization integral 
over the fixed lattice Lc in the class of A (in other words, A induces a fixed 
alternating form on the V integral over Lc up to units in det(AT)). 

We still need to worry that one might not be able to choose A in A functo- 
rially (depending on S). In other words, the above bijection E^^\s) = E'^{S) 
may not be induced from an isomorphism of functors. Under the condition 
det{K) n C {K n Z(Z))^, this ambiguity of the choice of A^/ does not 
matter. Indeed, since Aa' = A mod det(A"), any c-polarization A' in A^/ 
inducing A' = A mod det{K) is given by cXa' for e G det(JT) n O^. By 
det(Ar) n C (A" n Z(Z))^, take e e K D Z{Z) with Writing 

i : O ^ End(My^) for the O-multiplication, we have 

{A', cXa' , fj) = (A', H{e) o Aa' oi{s) = X\fj) = {A', Xa' , erj) = (A', A^' , rj) 

in E'j^{S), since we have erj = rj because e £ K. Thus the choice of A also does 
not matter in the target and the above bijection is indeed induced by an 
isomorphism of functors if det(iV) H C (AT H Z{Z))^ . 

If we take L = 0 O C U, then LaL = O* by (a, b) A (a', b') ^ a'b — ab' . 

For this choice, the polarization ideal is trivial; that is, c = O. If further, we 
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identify /i^v with Z/A^Z by choosing a primitive A^th root C = Cw of unity in 
having fj is equivalent to having 

: (c)~^ (8) /iiv) X (O (g) Z/7VZ) ^ N-^LjL ^ M[A/']. 

Take the open compact subgroup S(N) in (4.6), a conjugate of r{N)^ stabi- 
lizing the lattice L = 0 O. Over Q[/iiv], the component of Shs{N){G^ 

corresponding to ^5(^) 0 (which corresponds in turn to G{Q)S{N)G{R)~^ in 
(4.7)) represents the now familiar functor: 

£r{N) over Q[fiN]-SGH if L = 0 O C V with c = O. (4.22) 

The choice ( gives rise to the identification Q[/i7v] = Q[AT]/(^7v(X)) with Q[(] 
for the cyclotomic polynomial in 2.2.1, and an automorphism a € 

Gal(Q[C]/Q) changes the identification by ^ whose action is induced by 
(j)N ^ <pN^{ 0 1 ) for a unit c G Z^ such that = C^- other words, the action 
of (§?) e G(A(-)) on Sh{G,X)/^ brings 2R(0, r(fV))/Q[^] c 5/is(iV)(G, X) 
to its cr-conjugate 971(0, r(X))^Qj^j in Shs(N){G, X)/q. 

To accommodate all other components G(Q) (g ? ) S{N) c G(A^"^^) is to 
change the lattice L to Lc = (^L ■ (q^) nV. Thus we have 

^S{N) = U ^c,r{N) over Q[/ijv]-*5Gi^7, (4.23) 

ceci+{N) 



which implies 

Shs(N){G,X)/Q[^^] = |_J m{c,r{N)) over Q[/iiv]- (4.24) 

ceci+{N) 

Note that the identity over Q is wrong, because, over Q, the group scheme 
(/iv 0 c)”^) X (O/NO) is not isomorphic to the constant group /Nd~^) x 
(O/NO). In any case, by the Galois action on OT(c, r(7V))/Q[^^j described 
just below (4.22), we can descend the right-hand side to the base field Q 
to obtain the model 5/i5(jv)(G, AT)/q, because Wl{c, r{N)) is quasi-projective 
as we already observed (see [GME] Example 1.11.1 for the descent). Thus if 
F = Q, Shs(N){GL{2), X) is irreducible and is isomorphic to the scheme 
OT(l,r(A^)) (g)Q Q[/iiv] regarded as defined over Q, but not geometrically 
irreducible (whose geometrically irreducible components are isomorphic to 
Y{N) = OT(1,F(A7)) over Q). For F / Q, Shs(N){G^ X) may not even be ir- 
reducible over Q, and the picture is not very straightforward (since it involves 
an explicit description of the action of G(A^°^)) on the set 7 To(5/i(G, X)/q) of 
connected components). 

Take a sufficiently large integer N so that S{N) C K. Then the coarse 
moduli scheme representing is given by the quotient Shs{N){G,X) / K . 
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Here k e K acts through its finite quotient K/S{N) by fj ^ fj o k. As before, 
if K is sufficiently small so that is rigid for all test objects, the 

scheme represents the functor. Although can be representable over the 
integral base Z [^] , the process bringing isomorphically to fully uses 
the fact that the group scheme C has order invertible in Q; so, the functor 

is representable over Q but not on the integral base. We write the scheme 
representing 8^^^ as ShK{G,X) and Sh{G,X) = ^ x5'/ik(G, X), which is 
defined over Q. Then we recover (4.21) from (4.7). 

To construct integral models of Shimura varieties, we use the following 
variant (due to Kottwitz [Ko]) of the functor 8^^\ We fix a proper subset X 
of rational primes. This concerns an open-compact subgroup K maximal at 
X (i.e., K = G{Zs) X X(^)), where - UpeE^P ^nd = O 
As usual, we have written = {x G K\xp — 1 for all p G X}. Recall 

A(^°o) = {x G A|x^ = 0 for all u G X U {oo}}. We identify the multiplicative 
group ^ with {x G A^ \xy = 1 for all u G X U {oc}}. 

We consider the following fibered category Ap ^ over Z(^) -schemes: 

(Object) abelian schemes with real multiplication by O; 

(Morphism) We define Hom^ci:) (A, A') = Hom^^(A, A') 0z where 

= ^^\bZ X pZ = Z for all p G x| . 

This means that to classify test objects, we now allow only isogenies with 
degree prime to all primes in X (called “prime-to-X isogenies”), and the degree 
of the polarization A is supposed to be also prime to X. Two polarizations are 
equivalent if A = aX' = A' o a for a totally positive a prime to X. 

Fix a prime p G X and an 0-lattice L C V = with A{L A L) = c*, and 
assume self Op-duality of Lp = L (g)z Zp under the 0-Hermitian alternating 
pairing A : V AV = F. Consider test objects {A, /s- Here : 

y(A(^oo)) = y ^ V^^\A) = T{A) Oz and A G A are 

supposed to satisfy the following requirement, T^^\A) AT^^\A) 
is proportional to A : F A X = F up to scalars in (F (g) A^^°^^)^. We write 
the F^^^-orbit of as p^^\ Then we consider the following functor from 
Z(^)-schemes into SETS. 



with (det) 



(4.25) 



Since all nondegenerate F 2 ;-linear alternating forms on = F C)q Qz" are 
isomorphic (see Section 7.1.5) and there is only one isomorphism class of 
Oz-lattices in Fz, if 5 is a Z(p)-scheme, we can extend p^^^ : F(A^^°^^) — > 
V^^\A) to p^^^ : F(A^^°°^) ^ V^^\A) (keeping rationality over S) so that 
p^'P^ sends the alternation form A : F A F = F to ca up to scalars in 
and rjs-{p]{Ls-(p]) = Te-{p]{A). Indeed, defining p : 7Ti(5,s) -> 
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G(Q^_{p}) by ~ ^ chosen identification : 

V <S^e-{p}Qu — 'Te-{p} {^)^zQ.e-[p}-> the image of p is in a maximal compact 
subgroup of G^(Qi:-{p}), which is a conjugate of G{Ije-{p})- By conjugating 
back, we may assume that r]E~{p] is defined over S. By the argument simi- 
lar to Steps 1-3, we may further assume r]E-{p}{LE-{p}) = Te-[p}{^)- This 
extension 77 T) is unique modulo G{1je-{p])- In other words, as long as K is 
maximal at V, for each test object (M, for a Z(p)-scheme 5, we have 

a unique test object (T, where jg the KT)_orbit of 77 ^), and we 

have the following expression on Z(p)-5CiV. 



with (det) 



(4.26) 



Let 0(^x’)+ ~ ^ ns U is finite and K is maximal at E, 

we can identify Gl{K) — /F^ det(iV) with 

Thus we may choose the representative set {c} prime to p (and hence we may 
assume the self-duality of L at p). Assuming that is finite, by the same 
process as bringing isomorphically to the functor is equivalent 

to ^ defined over Z(^pySGH; so, it is representable over Z(p), giving 

a canonical model Sh^^\G^ X ) of ShK{G, X) iq over Z(p). The functor 
^K/Z( ) ^ disjoint union of functors £'j^ ^ indexed by c G Gl{K), where 






(A, A,pT))^^ with (det) = r^P^A), c(A) = c . 



By c(A) = c, the proportionality of A and e\ and A(Lp A Lp) = Op, we must 
have A{L A L) = G . 

We now move around p inside E. We have reached the functor ^ 

defined over Z(^pySGH . Indeed, the subgroup G in the argument has order 
prime to p for any given p ^ E because we removed the i7-components from 
V(A); so, the process making the quotient can be performed even over Z(^e) 
(as long as 1^71 < 00 ). Since is well-defined over Z(x’), moving around p, 
we find is isomorphic to over Z(^y and is represented by a 

scheme Sh\^ ^ over Z(^). If A7 is not finite, we take an increasing sequence of 

( E) (U ) 

finite subsets Ei with E = and we have = lin ^ p 

finiteness of E is not necessary to have an integral model over Z(^e) sls long 
as K is maximal at E. 

A subtle point is to relate to 5 A/q. Since the above process of 

identifying functors and ends with the functor independent 

of V (though their domain Z^e)-FGH depends on E) as long as N is prime 
to E, we conclude that Q — (5h/G(Zx’)). Since L' ^ L for 

any 0-lattice L' C V, it is essential to allow all 0-isomorphism classes of 
0-lattices L' to define £s{N)^ because in the definition of only is 
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specified (which does not determine the isomorphism class of L if the class 
group of F is nontrivial). This problem is more acute at p because over 
Tp{A) does not determine Lp. Indeed the p-adic Tate module of an abelian 
scheme of characteristic p has less rank than its characteristic 0 counterpart. 
The self-duality at p of L has to be imposed to overcome this point (see the 
argument just above Remark 7.4). Also we need the density of the derived 
group Gi(Q) in (the strong approximation theorem) in order to 

know that geometrically irreducible components of Sh)^ ^ are indexed by the 
class group Cl{K): 7To(5/i^^^) = Cl{K). For Shimura varieties of a more 
general pair (G, X), these points have to be studied carefully (see Remark 7.4). 

If p G X is unramified in F/Q (and is sufficiently small), is 

smooth over by the infinitesimal criterion of smoothness (e.g., [NMD] 
Proposition 2.2.6); that is, we can show that any characteristic p test object 
lifts to characteristic 0 infinitesimally. To explain this, let R be a Z(p)-algebra 
with a nilpotent ideal I C R containing a power of p. Put Rq = R/I. We 
want to show the existence of a lifting of a test object (Aq, Aq, Pq ) to R. 
The abelian variety Aq lifts to an abelian scheme (with A<S>rRq = Aq) 
by the deformation theory of Grothendieck-Mumford (cf. [CBT] V.1.6, [GIT] 
Section 6.3, [DAV] 1.3, and also Theorem 8.8 in the text and the remark after 
the theorem). Since the degree of polarization is prime to p (here we use the 
fact that we can choose a representative c prime to p in a given class in G/(X)), 
A also lifts because we may assume that Aq : Aq ^Aq is etale (and hence 
^A = A/C for an etale subgroup C C A lifting Ker(Ao); see [ECH] 1.3.12). As 
for the level structure Pq , it is prime to p and hence etale over Rq. Then it 
extends uniquely to a level structure p^^^ : = V^^\A) over R. By the 

deformation theory of Barsotti-Tate groups (see [CBT] V.1.6), using (det), 
we can find a deformation A//^ of Ao//^q with an embedding O ^ End(A//^) 
compatible with O ^ End(Ao//^Q) (see Theorem 8.8 and the remark after the 
theorem). 

When E consists of a single prime p, we write as as Sh^^\ 

and so on. 



4.2.2 Global Reciprocity Law 

Traditionally a reciprocity law in class field theory is an explicit description 
of a field automorphism group (see examples in Chapter 2). The global reci- 
procity law of a Shimura variety is such a description of automorphisms of a 
geometrically connected component of the Shimura variety as a scheme over 
Q. An interesting fact (particular to Shimura varieties) is that all generic auto- 
morphisms (of the function field) extend to global automorphisms (see [Mt]); 
so, in such a case, the description of scheme automorphisms and field auto- 
morphisms of the function field are equivalent. Here we describe Shimura’s 
global reciprocity law for the Hilbert modular variety. 
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Shimura’s proof of the reciprocity law is based on the analysis of the 
topological fundamental group of the variety as a subgroup of the analytic 
automorphism group of the bounded symmetric domain; in our setting here, 
the domain is the product 3 = and the analytic automorphism group is 
given by Aut(3) = 6/ k P5L2(M)^, where G/ is the symmetric group of I 
permuting the components i3 of 3- See [I AT] 6.6 for a typical example of his 
proof of Theorem 2.43 in the elliptic modular case, which can be extended 
to more general Shimura varieties (see [Sh5] II and [MiS]). Here we give a 
(partially) new proof (once suggested by Ching-Li Chai; see [H03b]) based 
on the analysis of the algebraic fundamental group of the variety and the 
following theorem of Faltings and Zarhin. 

Theorem 4.13 (Faltings and Zarhin) Let k be a field finitely generated 
over the prime subfield of n. Fix a separable closure F of k. Let Aj^ and 
be abelian varieties defined over k, and write Ti{A) and Ti{A') for the 
i-adic Tate modules of A and Ay- as Gal{F/ k) - modules, where i is a prime 
invertible in k. Then the natural injection induces the following isomorphism, 

Homaig.gp(A/«;,y^) ®z Ze HomGai(«/«)(7^(^), 

and Ti{A) Gz Q is a semi-simple module over Gal(7?//^). 

When is a finite field, this is a classical result of Tate ([Tl]), and Tate 
conjectured the above statement to be true; indeed, one can formulate the 
conjecture more generally for motives over a field of finite type using Gadic 
etale cohomology in place of the Tate modules (see [T2]). The case where 
the base field has odd characteristic p > 0 is proved by Zarhin ([Z] and [Zl]) 
(and later the odd prime condition for p is removed; see [DAV] V.4.7). The 
characteristic 0 case is due to Faltings (see [RTF] VI. 3). The proof of this 
theorem is not given here, since it is beyond the scope of this book. 

Take an algebraically closed field k of characteristic 0. An irreducible com- 
ponent of Sh{G,X) Xq k is called a geometrically irreducible component of 
Sh{G,X). Fix an embedding Q ^ k. For each open compact subgroup K, 
ShK{G, X) XqQ has finitely many irreducible components, and irreducibility 
is intact after extension of the scalar to k over Q. Thus the notion of a geo- 
metrically irreducible component of Sh{G,X) is independent of the choice of 
k. 

Let us make explicit some geometrically irreducible components of the 
Shimura variety Sh{G,X). The functor : Q-SGH -> SETS given by 

S'r^N)i^) ~ [(^ 5 X OjNO = A[N] and an 
0-polarization A is representable over Q by dJl' {O, T{N)) /q if TV > 3. Let 
OJl' = |im 7v^^(0, T(TV)). The functorial morphism 3 (A,A, 0'^) ^ 

(0)y(1, 0), 0)y(O, 1))tv ^ TN{k) (after taking the limit with respect to TV) in- 
duces a morphism t : OT' ^ Spec{Q^^^) for = IJivQ[M-/v] making the 

following diagram commutative. 
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m' Sh(G,X) 

Spec(Q^^^) > Spec(Q) . 

Giving becomes equivalent to having a level /^(A/^)-structure over Q[Cn] 
under the choice of a primitive root (jv = 0 ), 1 ))tv (which gives 

an identification: pjv G with d~^ /Nd~^). Thus we find that 

m'(o,r(N)) xqQ[/x^] s^[jOT(o,r(7V)) xqQ[^^], ( 4 . 27 ) 

Civ 

and hence OT'(0, r{N)) /q is isomorphic to OT(0, r{N)) XQQ[/i 7 v] regarded as 
defined over Q. Note that DJI'{0, r{N)) ^ Shs(N){G, X) by our construction 
of the Shimura variety. The variety OT(0, T(7 V)) /q is geometrically irreducible, 
because of the connectedness over C: OT(0, T(A^))(C) = T(0,7V)\3. Since 
{S{N)}pj gives a system of open neighborhoods of the identity of 

Tl/Qcyc = ^7V^(0, T(N')) XqQ[(;Aa] 

for a compatible system of N'th roots of unity so that Cm = (if m\n) gives 
one geometrically irreducible component, which is the image of x 1 in the 
expression (4.21) over C. This component DJI is called the neutral component 
of the Shimura variety ([D2] Definition 2.1.5). 

Let c = ( 01 ) for c G Since F{c,N) = (cS{N)c~^) Pi Gi(Q) if 

cO n F = c, we find that 

Tlc/Qcyc = ]^ jsiTl{c, r{N)) xqQ[Cat] (4.28) 

is the image of under the right action of c; so, OTc gives another geomet- 
rically irreducible component of Sh{G^ X) /qcyc. In other words, is the 
field of definition of the component DJlc in the sense that is the algebraic 
closure of Q in the function field of 9Jlc over Q. 

By the description (4.21) of complex points of the Shimura variety, the 
group G(A^°^)) acts transitively on 7 To(S'/i(G, X)^q). Thus, up to conjugation 

by G(A^°°^), the automorphism group of a geometrically irreducible compo- 
nent is independent of the choice of the component. 

We now start writing down explicitly the group that gives an open sub- 
group of Aut(OT/Q) with finite index. As before we let g G G(A^^^) act on 
5/i(G,X)/Qby 

(A, A, 77 ) ^ (A, A, 770 ^), 

which gives a right action of on Sh{G,X). We write t{q) for the 

automorphism of Sh{G^ X) /q induced by ^ G G(A^°°^). For each point x = 
(A, A, 77 ) of the Shimura variety Sh{G^X)^ we can associate a lattice L = 
77 “^(T(A)) C F^^^y and a choice of a base w = {wi^W 2 ) of this lattice 
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gives the identification r] : 0‘^ ^ T{A) by (a, 6 ) ar}{wi) + br}{w 2 )- This 
is actually how we related the two functors and In other words, 
the automorphism x ^ r{g){x) is interpreted into the base change: 

because {g o g)~^(T{A)) = g~^g~^ {T{A)) = g~^L. Over C, test 
object (Hl,A,cj) is classified by lattices C C and its base w. Thus the 
action of r{a) for a G G(Q)+ H G{Z) induces z ^ a~^{z) (see also (4.2)). 
Since in Theorem 2.43 we normalized the action using the action on lattices, 
it is given by r{g)~^ and hence GL2{A) acts on the elliptic modular function 
field A on the right. In the corresponding theorem. Theorem 4.14 in the Hilbert 
modular case, the action is on the left given by the pullback action of r{g). 

Here is the description by Shimura of a group that gives almost all auto- 
morphisms of the neutral component OT/q: 

g{G, X) = {g e G{A) I detO) G , 

and define £ = £{G,X) = g{G, X)/ Z{Q)G{R)+ (see [Sh5] II, [Sh6], and 
[AAF] Section 8 ). Here is the subgroup of totally positive elements in 
Too = F (g)Q R. This group S{G^X) gives a subgroup of finite index in the 
automorphism group in question. 

For a proper subset F of rational primes, we define G{Zij) = YlpeE 
which is a closed subgroup of We have the quotient variety 

Sh^^\G,X) = Sh{G,X)/G{ZE)- {F) 

We write for the image of DU in Sh^^\G, X). We define the localization 

of Z at 17 by Z(x’) = Q H Zxj inside for Zjj — Hp^E ^ convention, 

we write Z( 0 ) = Q and Z^ = A^^\ We define 

g^^HG,x) = {5 G G(A(^))| det( 5 ) G , 

where = {x G A^|xp = 1 if p G X} and 0(^:) = O <S>z '^{E) Z F. We 

put 

=y^)(G,X) = g(^HG,X)/Z(Z(^))G(M)+, 

which gives almost all automorphisms of the component of 

We recall here another definition of £ due to Deligne [D2] (see also 
[MiS]), although in the present Hilbert modular case, the definition given 
here looks (and indeed is) more complicated than the one already given. 
However, this new definition works well for any algebraic group G that ad- 
mits Shimura varieties. So we introduce general notation for reductive group 
G/q, forgetting for the moment about our specific group ReSi?/QGL( 2 ). Re- 
call the identity-connected component G(R)'^ of the Lie group G(R) and 
G(Q)^ = G(Q) n G(R)+. Write G“^ = PG for the adjoint group of G (thus 
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is the algebraic group quotient of G modulo the center Z, but 
may not equal G{k)/Z[k) depending on the field k). For the quotient map 
ad : G ^ G°-'^, we define G(Q)+ = ad“i(G“"'(Q)+). Often G(Q)+ = G(Q)+, 
but there are examples where G(Q)+ 3 G(Q)"*~ (like some unitary groups). 
Here we use the symbol G°‘‘^ in place of PG in order to facilitate an easy 
reference to t he pa pers quoted above ([D2] and [MiS]). 

We write Z{Q) for the topological closure of the ce nter Z {Q) of G(Q) in 
G{A^°°'>). Let the adjoint group G“‘^(Q) act on G(A^°°))/Z(Q) by conjugation 
and consider the semi-direct product 

X = [{g,h)\g e G(A(-))/^, h e G“'^(Q)+} , 



on which the product law is given by {g, h){g', h') = {g ■ ad{h){g'), hh'), where 
ad{h){g') = hg'h We now bring the group G(Q)+ into the semi-direct 
product XI G“‘^(Q)+ by 7 i— > (7^^, 0^(7)). Then the image is a nor- 
mal subgroup of XI G“‘^(Q)+. We define the amalgamated product 

^ *G(Q)+ G“‘'(Q)+ to be the quotient of x: G“"*(Q)+ by the im- 
age of G(Q)+. We write [g,ad{j)] for the class in *g(Q)+ G“‘^(Q) + 

nted by (< 

G(A(~)) 



represented by {g,ad{'y)) G xi G“‘^(Q)+. Since 



^(Q) 



*G(Q)+ G 






9 [g,ad(7)] det(5) G F^/F^F^ 



X 

00 + 



is well-defined, we define a new group £'{G, X) by the 
closed subgroup A^ 
product 

Z{Q) 






of F^/F-F, 



CXD + 



*G(Q)^ 



inverse image of the 
in the amalgamated 



We may axiomatize the above construction as follows (cf. [D2] 2.0.1). Take 
three groups Q, T^and A. We assume to have a homomorphism T 3 7 7 

onto a subgroup T of ^ and to have the following commutative diagram of 
group homomorphisms. 



r — ^ Zl 

(4.29) 

Q >■ Aut(^) . 

ad 

Here Aut(^) is the automorphism group of the group Q and ad{g){x) = gxg~^ 
g e Q. We often write for (^(7) and assume that r{S) (J G A) preserves 
T as a whole. We suppose the following two compatibility conditions, 

(a) — ad{j) for all 7 G T (commutativity of (4.29)); 
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(b) (p{r{S){'j)) = ad{5){(p{j)) for all (5 G and 7 G jT, where ad{x){y) = 
xyx~^ . 

We consider the semi-direct product: Q A whose multiplication law is given 
by (g,5){h,e) = {g ■ {r{S)(h)),Se), and we have (g,S)~^ = <5''^). 

By computation, we have 

= {g-r{5){j~'^)r{6-ip{'j)){r{S~'^){g~'^)),ad{6){ip{-y))). 
Then again by computation, 

g ■ r{5){^~^)r{6 ■ <p{-f)){r{S~^){g^'^)) 

= 9 ■ ’’(<5)(7"5’'W(7(»’('^“5(5“5)7"5 = 9 ' r(^)((r(S~^)(g~~^))j^^) 

= 9 ■ r(5)(r{5~^)(g~^))(r(5)(^-^)) = r(S)(j)~K 

This shows that T = {( 7 ~^, ^( 7))|7 G T} is a normal subgroup of the semi- 
direct product y A. We then define 

A = (ff y A)/r. (4.30) 

We have the following commutative diagram with exact rows. 

Ker((p) — ^ r — - — )► A — Coker{(f) 

II n| n|5H^[i.<5] ||| 

Ker((/p) Q ^ Q A Coker((^). 

C 9^[g,l] onto 

Then by the suitably applied snake lemma, we get a canonical isomorphism 

T\g ^ A\{g A). (4.31) 

By this isomorphism, the amalgamated product Q A acts on T\^, and the 
action of [^,^] G g ^p A on the class [x] in F\g (which is sent to [x, 1] G 
A\{g *r A)) is given by 

N ■ = [x,l][g,5] = = [l,<5][r((5)“^(a;5), 1] = [r(5)“^(a;(/), !]■ 

(4.32) 

Suppose that 5 is a topological group with continuous action r of Z\ on ^ under 
the discrete topology on A and that T is a closed subgroup of g. Giving the 
group g ^p A the quotient topology of the product topology on G y A, g ^p A 
becomes a topological group, and g/Ker{(p) C g ^p A is nn open subgroup. 
Then (4.31) is a homeomorphism, which is left to the reader to verify. 

Let us now return to G = Reso/zGL{2) and Gi = Reso/zSL{2). Since 

n G(Q) = zM n G(Q) = Z{Q), 
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we see that G^^(Q) = G(Q)/Z(Q) is a discrete subgroup of 






. Taking 



(Q,r,A) = { 



ZW) 



G(Q)+,G' 



ad f 



with given by 7 ad{'j) and 7 1— > 7 given by 7 (7 mod Z(Q)), we find 






*G(Q)+ G 



adf 



G(A(°°)) 



^ (^ad ^ 



G' 



ad ( 



A (00) \ 

Prom this it is obvious that the above group is -- =^ ■ , and <?(G, X) coincides 
with 8 (G, X). Thus the two definitions of E are consistent. We record 



g{G, A)/Z(Q)G(M)+ - 8{G, X) c *g(Q)^ G“‘^(Q)+ (4.33) 

by 5 ^ [ 5 . !]• 

Take the geometrically irreducible component dJl/qcyc C Sh{G, X) /qcyc 
containing the image of X+ x 1, and define Aut(fD4/Q) by the scheme auto- 
morphism group. The following fact has been shown in [Sh5] II 6.5 and [Mt] 
Theorem 2 (see also [MiS] 4.6 and 4.13). 

Theorem 4.14 Let X be a proper subset of rational primes (X could be 
empty). The stabilizer in G(A^^^^)/Z(Z(x’)) of each geometrically irreducible 

component of X) /q is given by E^^\g^X). When X = (/), the 

right action of {g,ad{'y)) G E{G,X) (7 G G(Q)+^ on [x,g) is given by 
[x,g'] H-> where {g' = l~^{g'g)l- Moreover for the 

function field of Aut(OTyQ^) = Aut(.fi^^^); and we have a canon- 

ically splitting exact sequence of topological groups: 

X Aut(A^)) ^ Aut(A) 1, 



where Aut(F) is the group of field automorphisms of F. The splitting of the 
above projection Aut(.fi^^^) Aut(F) is induced by the action of a ^ Aut(F) 
on test objects given by (A, X,i ■ O ^ End(X), 77) (A, X,i ^ cr^p o a). 

The neutral component in the theorem is the tower of canonical models 
in the sense of Shimura; so, the above result includes an interpretation in 
Deligne’s language of a result of Shimura in [Sh5] II 6.5. When we regard 
g G E{G,X) as an automorphism of Osh or 5 '/i(G,X)/q, we write it as r{g). 

The topology of the Galois groups is as introduced in Section 2.3; in par- 
ticular, Aut(F) has the discrete topology. Note that, a priori, Aut(OIlyQ^) is 
a subgroup of Aut(A^^^) for the function field of and we know, a 

posteriori, the equality of the two. In any case, the topology of Aut(97I^Q^) is 
induced by that of Aut(A^^^) given in Section 2.3. 
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The homomorphism r in the theorem is normalized with respect to 
and the present r{x) is actually in Theorem 2.43, because 

the action on the level structure rj ^ rj o corresponds to z a~^(z) by 
(4.2). This comes from the fact that we took the column vector space V = 
with left G(Q)-action in order to define the level structures rj. Because of this, 
we embedded G(Q)+ into G(A^°°)) x G^^{Q) by a ^ {a~^,ad{a)). 

Over C, by (4.21), we have [z,g] = [y{z),yg] (^ [ 7 ~^(z),^] = [z, 7 ^]) for 
(z,^) G 3 X and 7 G G(Q) + , taking the expression 

Sh{G,X){C) = G(Q)+\ (x+ X G(A(“))) /Z^ 

and noting = 3- Each [z,g] carries the triple {A^^Xz^Vz o g), where 
^z{^) = C^/(0* + Oz) and = bz — a identifying T{Az) = O* + Oz. 

To see this, we note an easy fact that the map: [z, g] ^ (A^, Xz.rjz^ 9 ) sends 
(3 X G(A*^°®^)) surjectively onto Thus we need to check 

og)^ {A^,x^,rj^ °7''°°b) in Ap'^ for 7 e G(Q) + 

which is equivalent to ['r~'^{z),g] = [z,j^°°'^g]. This is exactly (4.2), because 
o = riz o 7!°°) for the isogeny a-y : given via the 

multiplication by (— cz + a) on (writing 7 = (“ d))- This gives a sketch 

of the verification of Sh{G, X){C) = which actually has to be done 

for each open compact subgroup K C G(A(°°i) (then taking the limit of 
isomorphisms with respect io K). 

Proof of Theorem 4.14. We now give a proof of the theorem, which also 
supplies a proof of the elliptic reciprocity law formulated in Theorem 2.43. 
By the description of the complex points S/i(C) ((4.21)) combined with the 
identity Sh{G, X){C) = d®^(C), G(A) acts transitively on the geometri- 
cally irreducible components T:o{Sh{G, X)). Since £^^\g,X) is normalized 
by G(A^^°°^), we only need to prove the theorem for the neutral component 
The beginning of our proof follows the argument given in [lAT] Chap- 
ter 6, and then we follow a different path (given in [H03b]). 

Our proof of Theorem 4.14 goes through several steps. 

Step 1 : We first remark that the description of the action of T(G, A) (defined 
by Deligne’s amalganmted produc^) on the variety follows from (4.32), if the 
functorial action (A, A, 7 ) ^ {A,X,g o g) oi g e induces x ^ xg 

on the complex points of the Shimura variety. This point has already been 
verified (see (4.2) and the above argument). 

Step 2: T(G, X) gives the stabilizer of the geometrically irreducible component 
(and hence also of for all c) in G(A^^°°))/Z(Z(^)). 

By definition, we have Sh{G^X) = sShs{G^ X) for open compact 
subgroups S of G(A^°^)) and, hence, the action of on Sh{G,X) is 

continuous. Pick a G ^(Q) = . Then the isogeny a : A A sends 
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{A,X,t]) to {A, X = a‘^X,ar] = rj o 

So, the two test objects { A, A, r j) and (M, A, ar] = give rise to the same 

point of Sh{G,X). Thus Z(Q) in G(A^^^) acts trivially by continuity, and we 
obtain a homomorphism G(A^^^)/Z(Q) Aut(5h(G, X)). The injectivity 
of r follows either from the expression (4.21) or from the fact End'^(X) = F 
for the universal abelian scheme (because X specializes to infinitely 

many nonisogenous abelian varieties with complex multiplication by distinct 
quadratic extensions of F). 

For a given lattice L CV and G G(A^°®^), we note L A g^°^^ L = 

det(^^^^)(LAL); so, if g^"^^ preserves det{g^°^^Jc n F is strictly equivalent 

to ? n F. Thus det(^^^^) = for a G F]^ and u G . By choosing 

7 G G(Q)+ so that det( 7 ) = we find has determinant in . 

Let C be the maximal extension unramified at all p e F. Thus 

( s) 

it is a union of the cyclotomic field Q[/iw] for prime to F. Since 9Jlc 
(for c prime to F) is irreducible and also geometrically irreducible over 
writing its function field as any automorphism of 

over extends to (8 )q(i:) C, which is the function field of 

thus we have the following facts. 

1 ^ ^ Aut(.^^^^) Gal(Q^^VQ) ^ 1 is exact; 

Aut(.^^^VQ^^^) = Aut(.^^^V^)- 

Since the minimal compactification M*(c,F(X)) of F{N)) over Q is 
given by Proj(G(c, F{N); Q)) for G(c, F{N); Q) = ©q<^. G,/(c, F{N); Q), we 
have for N prime to X, 

M*(c,r(X)) xqQ^^) =Proj(G(c,r(X);Q) 

Thus we can let Gal(Q^^VQ) ^^t on M*(c,P(X))/q through the 
factor of the tensor product G(c,P(X);Q) Gq By this “Proj” expres- 

sion, the arithmetic action of Gal(Q^^VQ) preserves the open subscheme 
Tl{c,F{N)). Thus we have a canonical section s of the restriction map 

Aut(0Jl/Q) Gal(Q^^VQ)- By the g-expansion principle, the action of 

s(cr) on /(g) = ^ Gj/(c,r(iV);Q(^)) is induced by 

On the other hand, by (4.27), the action of c = ( g ? ) for c G , 
is given by <j)']^{x^y) i-> (j)']^{cx^y) for ^{x^y) G xO/NO, which after 

identifying G c)“^ with by choosing ^ Mn, corresponds to 

the automorphism a G Gal(Q[/ijv]/Q) with (Cw)^ = Cn (note here the ac- 
tion of a scheme automorphism on the structure sheaf is the pullback action). 
Identifying Z^ with Gal(Q^^^/Q) as in (2.2), we find Gal(Q^^VQ) ^ 
since Z^ d IF gives the inertia group at p G F. Thus for a section 
sa : Z^^^^ ^ G(A^^^^)/Z(Z(^)) given by sa(c) = c, we have the follow- 
ing commutative diagram. 
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.*1 

g(^)x 



S 



Gal(Q(^)/Q) 



where i is the Artin reciprocity law map given in Theorem 2.12. 

Since (resp. is a closed subgroup of (resp. 

and A(^)xoy)F^+ is topologically generated by A^^^^ and we 

have 



{E)^ 00+5 



A(^) X F^ 



'(^)^Vo+/ ^(r)^'oo+ — ^ 

This combined with the above commutative diagram shows that 






for AT = |s G G(A*^^^)| det(s) G Taking the finite part, we find 

K/K^ ^ {s e G(A(^°°))1 det(s) e gT+} ’ 

where ^ ^+ • Then the strong approximation theorem (e.g., 

[MFG] Theorem 3.2) shows that G^^\G,X) = G{Z^e))+ • 5 a(Z(^)x). As seen 
in (4.2), for 2 : G 3 , the test object (£^, det(a)A^, o a^^^) is prime-to- 
X isogenous to element a G G{Z(^e))+ ~ 

G(Z(£’)) n G(M)+. Thus {a G G(Z(^))+) sends a point in (C) rep- 
resented by 2 : G 3 to that represented by a~^{z)^ and hence the image of 
G{Z(^e))+ in 8{G^X) preserves in particular G(Z( 2 ;))+ C Q^^\G^X) 

preserves the component We conclude from the continuity that r : 

E^^\g,X) ^ Aut(9JlyQ^). Since G{Qe) = B{Ze)G{Ze) for the upper trian- 
gular Borel subgroup 5 C G, it is easy to see that the normalizer of G{Ze) 
is itself. Thus any element g G G(A*^°°^) preserving Sh{G ^ X) / G{Ze) has its 

V-component qe in G{Ze)^ and (G, X) gives the stabilizer of in 

3 =: = ^.:=^s . Up to this point, the proof follows Shimura’s 

Z(Q)nZ(Zi:xA(^^)) ^ V ^ ^ 

argument (see, e.g., [AAF] Section 8). 

From now on, we argue slightly differently from [Sh5] II, [Mt], and [MiS]. 

Step 3: Let X = (X, A, (p) be the universal test object on If the pullback 

(T*X = X Xgrjt,cr 9Jl for CT G Aut(3!7l^^^) is induced by an isogeny a : X —> (j*X, 
we find a"^p = aocp = pogfoTge G(A^^^) and hence r{g) o a — 1, which 
basically finishes the proof. 

Towards this goal, we introduce preparatory propositions. We start with 

Proposition 4.15 Let a e Aut(+^)). Let U C be an open dense 

subscheme on which a G Aut(.fi^^^) induces an isomorphism U = cr{U). Let 
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K he an open compact subgroup of X), and write Uk for the image of 

U in I K . Let p be the generic point ofllx ond be the generic fiber of 

the universal abelian scheme X^ ot'er OTx- Then the two abelian varieties X^^ 
andX^i^r]) (for the generic point a {p) ofa{UK)) are isogenous over Q{p, a(p)) 
(which is the composite in of the two function fields ofUK cmd (j{Uk))- 

The proof uses many facts from the theory of algebraic fundamental groups 
7 Ti(X, x) of schemes X, which is summarized in Section 4.4. Here we use 
freely without explanation the terminology concerning fundamental groups, 
referring the reader to Section 4.4. 

Proof. Open compact subgroups K of give a fundamental system 

of open neighborhoods of the identity element of Aut(.^^^^) under the Krull 
topology. Let TRk —TKjK whose function field is the fixed field of K in . 
Then K = Gal(9Jl/OTx) for the stabilizer of If we choose K sufficiently 
small depending on cr G Aut(OT/Q[^^]), we have — gKg~^ . This follows 
from the Galois theory in Section 2.3.2. We write Uk (resp. U^k) for the 
image of U (resp. of cr{U)) in TIk (resp. in iM^K). 

By the argument preceding this proposition, the action of the group 
G(A^^^) on the set 7 To(5/z^^^) of connected components factors through the 

determinant map of G, and the image of Gi(A^^^) in Ant{Sh^^^) is con- 
tained in the stabilizer Aut(07l/Q) and hence in the field automorphism 
group Aut(.fi*^^^). Let Gi(A^^^) be the image of Gi(A*^^^) in Aut(.^^^^) (so 
Gi(A^^^) is isomorphic to the quotient of Gi(A*^^^) by the center of Gi(Z(^))). 
We take a sufficiently small open compact subgroup S of Q^^\G^ X). We 
write Si = Gi{A^^^) D S and (resp. S) for the image of Si (resp. S) 
in Gi(A^^^) (resp. in S{G,X)). Shrinking S if necessary, we may assume 
that is etale, that the geometric Galois group Gal(OT/Q/fH^yQ) = 

Gal(OT/Q(i:)/9Jl5/Qu:)) = Ai, that S = Y\^S£ with S^ = 5 n G(Q^) for primes 
^ 0 X, and that ^Si = gSig~^ C Gi(A*^^^). 

The Galois group Gal(Q^^VQ) ^^ts on the underlying topological space 
of Sh^^^/S. Thus we have a finite extension ks of Q inside such that 

Gal(Q/A: 5 ) gives the stabilizer of DJls in Sh^^^/S. Since the action of 
on the set of geometrically irreducible components 7 To( 5 fiW^) factors through 

Gal(Q^^VQ) Tm the determinant map composed with the Artin reciprocity 
map (Step 2), the field ks is given by the fixed field of det(5) in The 

variety iMs is defined over ks- Thus tz = ks{p,(j{p)) is a field of finite type 
over Q; so, we can apply Theorem 4.13 to X^^ and Xcr(^) defined over n. We 
fix an algebraic closure oi n and take a geometric point p G OT5(7^) over p. 
Let Xs be the universal abelian scheme over Us- Write Xjj = X^ ^Q{r}) T for 
the geometric fiber of X^ at p. 

Note that 7 Ti(X^/ 7^, 0^^) for the origin 0^ of the abelian variety X^j is canon- 
ically isomorphic to the Tate module T(X^/t^) (see [ABV] Section 18) and 

f 

that f^Ox = because X -A Oil is geometrically connected (by the 
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construction of OT over C). We have the following exact sequence by The- 

orem 4.43, T{Xfi) — ^ 7ri(Xs/fc,,, Oyj) ’^i{Us/ks^v) ^ 1- This sequence is 
split exact, because of the zero section 0 ; Us X5 (and covariant functo- 
riality of fundamental groups; see Section 4.4.2). The multiplication by N\ 
X X is an irreducible etale covering, and we conclude that in- 

jects into 7ri(X5/fcg, Oj) for any geometric point x G Us- We form the quotient 
= 7ri(X5/j,g,0jj)/f(7i;(Xjj)), and we get a split exact sequence: 

0 — > 7rf'(Xs/fcg , Ojj) — > T^i{Us/ks^v) 1. 

By this exact sequence, TTi{Us/ks^v) acts by conjugation on T^^^X^f). Recall 
that we have chosen S sufficiently small so that OT ^ 971s is etale. We have 
a canonical surjection Tri{Us/ks,v) ^ Gal{U/Us) = S. Since Xrj[N] for all 
integers N outside U gets trivialized over U, the action of tti (Rs/fcs > ??) on 
factors through Tn{Us/ks,v) Gal{U/Us) = S. 

We now have another split exact sequence: 

0 T^^'(X^(^)) -> Trf (Xas/fc^,0^(^)) TTi{Uas/ks,(^{v)) 1. 

The action of Tri{U.s/ks,<^(v)) on (X^^ji)) factors through Gal(R/Vs) = 
^ S. We fix a path in U-^s from (r(r/) to fj (as in Remark 4.41) and lift it to a 
path from (j(Ojj) to Ojj in X^s, which induces isomorphisms ([SGA] V.7): 

U : 7rf (X„s/fes, 0„(jj)) = 7rf {X„s/ks^^rj), U ■ 7Ti(Vs, Oa{rj)) — 7ri(t/<^s,h)- 

We want to have the following commutative diagram. 

T^^'>{Xff) > 7rf (Xs/fcg , Ojj) TTl{Us/ks:V) 

’1 ^ h "■! 

H^a(77)) > TTi {\as/ks^^cj{ri)) > S/ ks ^ ^iv)) 

‘1 ‘"1 !•' 

7rf (XcTS/fcs, Oj^) — — — TTi{Uo s/ks^v)- 

By definition, 7'(^)(X^(^)) -4 T^^'>{Xj^) is an isomorphism of "^5-modules. 

We ask if we can find a linear endomorphism C G End^u:) (T^^^(X^) (g) Q) 
such that C{s • x) = • C{x) for all 5 G 5 and x G where = 

GSG \ and is the image of /^cr(c^*(<5)) in ^ S for any lift s G 'Xi{U s inducing 
s G 5. Since Hom(Gi(Z^), Gi(Z^/)) is a singleton made of the zero-map (taking 
the entire (Ti(Z^) to the identity of Gi{Zi>)) if two primes i and I' are large 
and distinct (see (S3) in Section 4.4.3 for a proof of this fact), s ^5 sends 
5iy into for almost all primes where = Gi(Q^) n S^. By [GAN] 
IV. 3 (see (SI) in Section 4.4.3), if we shrink S further for exceptional finitely 
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many primes we achieve that Si is -^-profinite, that s ^ sends Si^e into 
^ Si ^i, and that the isomorphism: s ^ is induced by the conjugation of an 
element in G{Qi) up to the automorphism of Aut(F^/Q^): ^Si = for 

9i ^ G{Qi) and a ring automorphism r of Fi over Q^. By (S) in Section 4.4.3, 
the isomorphism s is induced by an element C of the automorphism 

group Aut(Gi(A^^°^^)) fitting into the middle term of the exact sequence: 

pg(A(Soo)) ^ Yl’ {Ant{Fe/Qe) x PG{Qe)) ^ Aut(Fy°°y (4.35) 

where PG(^i) — PGL 2 {Fi). Here is the restricted product with respect to 
5, and the semi-direct product Aut{R) k PG{R) (for the ring automorphism 
group Aut(i^)) is taken with respect to the action of Aut(i?) on matrices entry 
by entry. The element C in Aut(Gi(A^^^)) is in turn induced by an endomor- 
phism C G End^(i:) (X^)(8)Q). Put g{a) — l~^oC. Then g{a) is an element 
of Hom; 5 ^ invertible in Hom^^ 0zQ, 

and is 5i-linear in the sense that g{(j){sx) = ^ s • g{a){x) for all s G 5i. As 
shown in Proposition 4.47, an automorphism of Si modulo center is conjuga- 
tion by an element of G(Q^) up to automorphism of F^/Q^. Thus this property 
extends to S\ g{a){sx) = ({^s • g{a){x)) for all s G 5 and ( G fl ^S. 

The isomorphism S3s\-^^seS preserves the determinant map, because 
the action of G(A^^°°^) on 7To{Sh^^^) factors through the determinant map. 
Since s ^3 preserves the determinant, we conclude = det(C) = 1. Choos- 
ing a prime i ^ E and shrinking Si sufficiently (so ^5 also shrinks), we may 
assume that Q — 1 for the ^component Q of Though C may depend on 
the choice of the path (as in Remark 4.41) from fj to cr(^), the isomorphism 
g{a) (modulo the centralizer of Si) is independent of the choice of the path; 
so, we forget about the path hereafter. 

Since g{cr)i is 5-linear, it is compatible with the action of Gal(7^//^), whose 
action on TiXrj factors through S. Then by Theorem 4.13, we have 

g{a)i G HomGai(T?/«:)(7^X^,7£X^(^)) = Hom(X^/^, Xcr(r 7 )/,^) Gz 

and we find that X^^ and ^^re isogenous over ac. By this fact, a is induced 

by an isogeny : X^ ^ smd hence, we conclude C = 1 and that g{a) is 

5-linear. □ 

We have a projection irp : Aut(Gi(A^^°^^)) ^ Autaig(F^^°°^/A^^^^) (as 
in (4.35)) whose kernel is given by PG{A^^^^) (as shown in Section 4.4.3). 
By the above proof, a G Aut(.^^^^) has projection to Autaig(F)[^^^/A^^^^) 
which is written as cr^ = 7ri?((j). 

Corollary 4.16 If a E Aut(.^^^^), we have cjf ^ Aut(F), where Aut(F) is 
diagonally embedded into Aut(F^) = Aut(F^^^^/A^^^^). 

Proof. By the proof of Proposition 4.15, g{a) (modulo S) is induced by an 
isogeny ^ G Homo(X^, Xcr( 7 ^)). Since O-linear isogenies Xrj — > X^r(^) (keeping 
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the polarization) give rise to the identity coset of Aut(F) x in 

Aut(Gi(A^^°^^)) (only depending on z : O ^ End(X^(^)) with ambiguity 
modulo right multiplication by Aut(F)), we conclude ap ^ Aut(F). □ 

Here is the last step. 

Step 4: Replacing a by for a p G Aut(F) C Aut(*^), we may assume 

that ap = id/? for the starting a G Aut(^^^^). Thus we may assume that 
g{(j)S = ar^S for an isogeny — > X^r^^y Writing the level structure 

on X^ as (t)^rf\ we find that an o == o for as G G(A^^)). In 

other words, ag^{a{r])) — r], which implies that as = a on the Zariski open 
dense subset G5 of and, hence, they are equal on the entire Thus a 
comes from a scheme automorphism of 9 Jl, and a is induced by a == lim^ as G 

G(A^^°®^)/Z(Z(^)). Since is the stabilizer in G(A^^°°^)/Z(Z(^)) of 



by Step 2, we conclude that a e £ . □ 

We now study the automorphism group of the mod p fiber of To 

ensure that the special fiber is smooth, we assume that p is unramified in 
F/ Q and that 17 is a proper subset of rational primes containing the prime p. 
Let z|^^^ be the valuation ring of C Q corresponding to the embedding 

Zp : Q ^ Qp- Let 5 /i^^^(G, X) .^{u) = h^ KSh!^^\G^ X) (for K running open 

' (p) 

compact subgroups maximal at X) be the Kottwitz model of the Shimura 
variety representing the functor £[^"^ (classifying triples (A, up to 

prime-to-r isogenies over Let “ '^p\N'^{ 0 ,r{N)) ,^(e). Then 

' (p) (P) 

the generic fiber of gives a geometrically irreducible component of the 

generic fiber Sh^^\G, X) /q(e) of Sh^^'>{G,X) ,^(e). If V ^ F is a projective 

h) 

morphism of Noetherian schemes with f^Oy' — Oy^ then by Zariski’s connect- 
edness theorem (e.g., [ALG] III. 11. 3 ), each special fiber f~^{y) is connected. 
Taking the smooth projective toroidal compactification of 

/^(p) /^(p) 

we find that the generic fiber is geometrically irreducible because 

M^^^(C) is the toroidal compactification of T(G, A ^)\3 (which is connected). 
This shows for tt : ^ Spec{Q^^^). Since z|^^^ is nor- 
mal, we find that = z[J^ for tt : -> 5 pec(z[J^) (see [ALG] 

' (p) 

III. 8. 8). Then by Zariski’s connectedness theorem, ^ 

' '^(p) 

mains irreducible (for the residue field F c Fp of and is the 

toroidal compactification of shows that 501 /^' 

(p) 

{ V'l 

is irreducible. Thus gives a geometrically irreducible component of the 

special fiber Sh^^'^{G,X ) of Sh^^\G,X) . (e). In this sense, we call 

'^(P) /^(p) 
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the geometrically irreducible component of X) ,^{e) , which contains 

' (p) 

the image of the connected component x 1 of X x Define 

X) = {x G G(A(^“))| det(x) e , 





whose image in E (G, X) is given by 

V^^\g,X) :=2?(^)(G,X)/G(R)VX- 

A mod p version of the above proof of Theorem 4.14 gives (see [H03b] for a 
detailed proof): 



Theorem 4.17 Let the notation he as above. Suppose thatp G X and thatp is 
unramified in F/Q. Write for the function field ofdJl^^^ over the residue 
field F of . Then r in Theorem 4.14 induces the following isomorphism, 



Aut(F) K V^^\g,X) ^ Aut(OTjpj) Aut(ey)). 

/ y^\ 

In particular, the decomposition group inside Aut(.^^^^) = E^ (G,X) of the 
generic point of the special fiber is given by V^^\g,X) C E^^\g,X), 

and we may normalize the isomorphism so that each element n e V (G,X) 

with det(7r) = p e acts on F by the pth power map (so that V^^\g, X) 

is) 

acts on from the right). 



4.2.3 Local Reciprocity Law 

Since Sh{G, X){C) = G(Q)\ (X x G(A^°°^)) /X(Q), we write [x,g] G Sh{C) 
for the image of (x,g) G X x G(A^°°^). A point [x,g] is called a CM point if 
hx restricted to Cm x 1 c S/c = x Gm has an image in a maximal torus 
T = Tx C G = Resp/qGL{2) defined over Q. Assume [x, g] to be a CM point. 
Since Ta;(M) fixes the point x G X, {Tx/Z)(R) is in the maximal compact 
subgroup fixing x G X; so, it is an anisotropic torus, and Tx{M) H Gi(R) 
is compact. Therefore Tx = ResM^/Q^m for a totally imaginary quadratic 
extension Mx of F inside Q (a CM field over F). In this way, the morphism 
hx : G/j^ defined over M gives rise to an embedding px : Tx ^ G /q 

defined over Q. Identify X+ with 3 and write x G 3 for the point corresponding 
to X via the embedding io© • Q ^ C (we fixed in the introduction). We choose 
F and Mx in Q. Since px{oi){z) = z, we find 



Px{oE) ( f f ) 



Px{oc) ^{z) Px(o!) ^{z) 
1 1 



cz+d 0 \ _ ( Z z \ ( cz+d 0 ^ 

0 cz+d ) V 1 1 / V 0 c'z+d ) ’ 



where Px{<^Y — (* d) ^ GLJ(Foo) = G(E)_|_. This shows that p{cz + d) — a 
in Mx for p = ZooImx? that px is the regular representation given by 
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p.(«r(f!) = (f!)(SS), 

and that = F[z\. The abelian variety X^; over x has an analytic uni- 
formization Xa;(C) = F^j Cz {Fq = C^) for an 0-lattice £2 = C M^. 

Thus End^(Xa;) D and we may identify V(Kx) with 

For the moment, simply write x for [x, 1 ]. Then the level structure r]x of 
Xx is given by 3 (a, 6) — a + G Mx 0 q In particular, 

^ Vx = Vx ^ Px{(Fj- Since det(pa,(a)) = aa^ G F for a G Mx for com- 
plex conjugation c generating Gal(M2;/F), we find Px{ol) G Q{G,X). Let 
iX^X^T]) ! sh{G,x) the universal triple, and / : Sh{G^X) Sh{G^X) 

be an automorphism defined over Q fixing x. Thus / fixes the geometri- 
cally irreducible component containing x G Sh{G,X). By Theorem 4 . 14 , 
we find g G G{G,X) such that / = r{g). By the universality of X, we 
have a triple (T, A ,rj') /Sh{G,x) and an F-linear isogeny a : T -G /*X giv- 
ing an isomorphism {y,x\g') = (/*X, /*A, Z*//) in the category where 
/*X = X Xsh{G,x)j Sh{G, X) and /*A and are the pullback of A and 77. 
On the other hand, by the definition of the action of r{g), we know that 
(/*X, /*A, /*?7) = (X, A,77 o g). Thus the isogeny a induces an endomor- 
phism ax G End^(X2,), and clx ^ Vx ~ Vx ^ Px{cix) = Vx ^ 9 ’ This shows 
that Mx = End^(X2,) and g = Px{clx)- In other words, the stabilizer of [x, 1] 
in G{G,X) is given by the image Tx{Q) of M^ . 

By the de Rham comparison isomorphism combined with the Hodge de- 
composition (e.g., [ABV] Chapter 1), we have an M^^-linear isomorphism: 

H\X,{<C)X) = /2x./c) © mxGJXPG, 

where H^(Xx, Gx^/c) is the complex conjugation of H^{Xx, Gx^/c)- Since 
H^{Xx{C), -Cx^/c) is F (g)Q C-free of rank 1 (rm 4 ), we find Qx + a^ G F. Since 
ax preserves the polarization A^^ (by the expression of the polarization on 
for 2: G 3 ), we find axa% G F^. This gives a proof of the fact that F[ax] is a 
CM quadratic extension, and X^; has complex multiplication by Mx- 

Conversely, start with a test object (A, A, 77) /c with complex multiplication 
by a CM field M. We find a lattice Cz — 27 ri(c~^ 2 ; + 0 *) in Fc = FCqC = 
such that (A, A)/c is given by {Fc/ Cz.Xz)- The action of a G M on the 
Lie algebra Lze(A(C)) = = Fc is given by multiplication by a diagonal 

matrix diagfa^^^ , • • • , oX^] for field embeddings (fj : M ^ C whose restriction 
gives all elements of /. The set F = {(pj} is called the CM type of A, and 
F U Fc gives all embeddings of M into C for the generator c of Cal(M/F). 
By changing F by Fc if necessary (and permuting ipj), we may assume that 
^00 1 M = F15 which we write simply as (f. We write F((u) for the diagonal matrix 
diag[a"^i , . . . , We extend F to a representation of M Cq E = = C^, 

where the identification MCqE = is given by mCr {(p{m)r)^c^. Since 
Fz Cz Q is a vector space over M under the multiplication by F{a), it has 
to be dimension 1 ; so, we find that Cz C (M C 1 ) C (M Cq M) = C^. Then 
M = F[z^]. 
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We define ^ V{A) = ®o (for x = [z, 1]) 

by (a, b) -a -h hz. Then we find g G so that o g = g. We first 

assume that g = 1 . We have a representation : M ^ M2{F) given by 
= Vx ^ Px{o^)] in other words, px is the regular representation = 

Px{or)' (^1^)- By our construction, an endomorphism a : A A {a ^ 0 ) 
induces (A,X,gx) = {A, {aa^)X,gx o px{a)), and the point x G Sh{G,X){C) 
corresponding to {A,X,gx) is fixed by the action of r{px{a)). Thus we have 
an embedding p^ : Tm — BesM^/QG^n ^ G(A^) uniquely associated with 
the abelian scheme (A, A, 77). When g ^ I, the embedding p : Tm ^ G(A^) 
is given by t Px{F) • g and p is characterized by the fact that 

r(p(M^)) fixes the pmnt of Sh{G,X) associated with (A, A, 77). 

Returning to (X^,, A^, ry^), we thus find that F[ax] = and 
for the point 2: G 3 corresponding to x, since the commutative subalgebra 
of End^(Xa,) of dimension 2dim(X^) is unique (see [ACM] Section 5 and 
[ABV] Section 20). When ^ / 1, (A, A, 77) is sitting over the CM point [x^g] = 
1 ]) because 77 = In this case, we take p = p 9 = g~^px'g in place 

of px, and all the arguments work well for p in place of px- We have proven 

Theorem 4.18 Let [x^g] be a CM point. Then there exist a CM quadratic 
extension Mx/F and hx ■ S> ^ G defined over R which has an image in 
px{Tx{M)) for a unique morphism px : Tx = Rcsm^/qG^ ^ G defined overQ. 
Taking the conjugate pg = • 9 , the action of p^{M^) on Sh{G,X) fixes 

the geometric point [x,p] G Sh{G^ X){C), and the image ofp^(M^) in ^ 

z (Q) 

gives the stabilizer of the geometric point [x,g\. Conversely, starting a triple 
(A, A, 77) /c with complex multiplication by a CM field M c End^(A), we find a 
unique CM point [x,g] G Sh{G, X){C) such that the fiber 77^^ ^j) 

of the universal triple /sh{g,x) cit [x,g] is isomorphic to (A, A, 77). In 

this case, we have M = Mx and the image of Tx{Q) in Aut{Sh{G, X)) is 
isomorphic to Tf = Ker(T2; TflTfi x), where T = Resp/QGrn- 

The last statement comes from the fact that Tx/Z = Tf by a ^ and 

Px{Tx{Q))/Z{Q) ^ Px{Tx{Q))Z{Q)/Z{Q). 

We write_ O m = Ox for the integer ring of M = M^. We start with 
a triple {A,X,g)/c of CM type {M,<L) which is sitting on the CM point 
[x,g] G Sh{G,X){C). We first show that we can descend the abelian vari- 
ety A/c to a number field M" in Q. This fact is first proven by Shimura, 
Taniyama, and Weil via their theory of complex multiplication (see [ACM] 
8.5). We prove this using the representability of E[ by OT'(c, F{N)). Sup- 
pose that Om ^ Endo(A). Then A(C) — > MCqR/ ( aGl) for an ideal a C M. 

The isomorphism class of A only depends on (a,^), and for a G Aut(C), 
A"^ = A C has CM type (M,a^) because we have 

on which M acts_by oT. Define the refiex field M' of (M, ^) by the fixed 
field of {cr G Gal(Q/Q)|a^ = Since the composite of all CM fields 

is characterized by the fact that its complex conjugation c on is in 
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the center of Gal(Q^^/Q) and hence is unique (see [I AT] Proposition 5.11 
and [ACM] 18.2), we see easily that M' is again a CM field. Thus for any 
a £ Aut(C/M'), the isomorphism class of over C only depends on a. If 
A : ^ A = A <S> c, then : ^A^ = A^ (g> c; so, if (A, A, ^tv) ^ r(W)(^)’ 

conjugate is also in r(N)(^^’ Pic/i/K is well-defined over AT if A is 

defined over a subfield AT C C, Aut(C/AT) permutes the component group 
NS(A)(K) of Pic^/x. Since the Neron-Severi group NS{A){C) is in bijec- 
tion with the set of Riemann forms inside Hom 2 (a Az a, Z) (see, e.g., [ABV] 
Section 2), NS{A){C) is a discrete torsion- free group with countably many 
elements. Since A is projective, it is defined over a field K generated over Q by 
finitely many elements (giving the coefficients of the homogeneous equations 
of A). Thus if X G NS{A)(C) is transcendental over K, its conjugates un- 
der Aut(C/AT) are uncountable, contradicting the countability of N S {A) {C). 
Thus a polarization A is always defined over a finite extension of K. Therefore 
the number of isomorphism classes of (A, A,</>Ar) over C is countably many, 
because that of A is bounded by the class number of M times the number of 
CM types. This shows the number of conjugates under Aut(C) of the point 
X G OT'(c, T(A^))(C) carrying (A, A,0iv) is countably many; so, x has coor- 
dinates in a finite extension M^' /M' . Choosing N sufficiently large so that 
r{N) represented by fH'(c, T(A^)), we find that (A, A, (p^) is defined over 
M"; in particular, (A, A) is defined over M". 

We let G(Q) act on the column vector space V = F‘^ through the matrix 
multiplication. The action of via makes Va a free module over the adele 
ring Ma of rank 1. Then the subspace Vx = V Cq C on which hx acts by its 
restriction fix = ^xIg^xi is preserved by multiplication by yielding an 
isomorphism class of representations of M. In this way, we rediscover the 
CM type because Vx gives rise to the Lie algebra of A(C) as we put the 
complex structure on Vr by hx- Since the isomorphism class ^ is determined 
by its diagonal entries Lp^ : Mx ^ C, we may identify ^ with a formal sum 
or the set {(pi, . . . ^ cpg} as before. Thus the field M' is the minimal 
field of definition of [ix • Cm G (the half of hx). We define a morphism 
• ^x ^ Fx by 

r, : G = ResMVQG^ ^ Rbsm'/qA A. 

Since a morphism of the torus Rosm' /Q^ m into another torus of the form 
Res K/qGm for a number field K can always be realized by x i-G det o^'(x) for 
a representation of the algebra M' on a vector space over AT, we can write 
Tx = deto^fi Then is a CM type of M', whose explicit form is given in 
[ACM] Section 8. The pair (M',^') is called the reflex CM type of (M, ^). 

For each s G we have the Artin reciprocity image 

[s,M'] G Cal(M^^/M'), where is the maximal abelian extension of Mb 
Since Tx{M.) is the stabilizer of x, we have [x,y^] = [ 7 “^(x),^] = [x,p] for 
7 e A{Q), and the map: [x,g] ^ [x, Px{rx{s))g] = [x,g ■ pW^x{s))] only 
depends on the Artin symbol [s, M'] G Gal(M'“^/M') by class field theory. 
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We now recall the main theorem of complex multiplication in [ACM] 18.6. 

Theorem 4.19 Let (A, A, v) /q of CM type (M, he the triple corresponding 
to a CM point [x,g] G Sh{G,X){C). Let ^ : M (8 )q M/(a C) 1) = A(C) be a 
complex uniformization. Let a G Aut(C/M') for the reflex field M' of 
Take s G M'^ (with Sqo 1) corresponding to a by the Artin reciprocity law; 
so, [s,M'] = a on Then {A^ = {A,X,go p^^{rx{s~^))) in A^. 

Formulation of the theorem is slightly different from the one given in [ACM] 
18.6, which asserts (A^,A , 77 ^) = {A, X,rx{s~^)g). This is equivalent to our 
formulation by our definition of pg : Tx{M^^^^) ^ There is a mo- 

tivic version of this theorem; see [Mi] 1.5. 

Shimura’s reciprocity law for a CM point (see [ACM] 18.6, 18.8, and [Mi] 
II. 5.1) follows from Theorem 4.19, since Sh{G,X) represents the functor 

Corollary 4.20 (Reciprocity at a CM point) Let [x,g] be a CM point of 

CM type in Sh{G,X){C). Then, we have [x,g] e Sh{G, for 

the maximal abelian extension M'°'^ C C of the reflex field M' of and 

for any s G we have 

[s~^,M']{[x,g\) = [x, g]{p^^{r,,{s))) = \x,gp3{r,,{s))] = [x, p^(r^(s))£?]. 

Proof. We look at the CM test object (A, A, 77 o p) as in Theorem 4.19 sitting 
over the CM geometric point [x,g] G Sh{G, X){C). Then for a G Aut(C/M') 
inducing [s,M'] on we have by Theorem 4.19, 

{A^ ,T fig o gY) ^ {A,X,rx{s~^)g o g) = (A,X,gog^p3^{rx{s~^))). 

The test object at the right-hand side is sitting over [x, gp^{rx{s~^))], and 
the test object at the left-hand side is sitting over a{[x,g]). Thus the two 
geometric points a{[x,g]) and [x, gp^{rx{s~^))] = [x, px{rx{s~^))g] are equal 
in Sh{G,X){C): cr{[x,g]) = [x, ppg(r^(5"^))] = [x, px{rx{s-^))g]. In particu- 
lar, the point [x,g] is fixed by Aut(C/M'^^) by the above expression, and we 
have [x,g] G Sh{G, X){M'^^). Then we may replace a in the above displayed 
formula by [s, M'], which gives the last identity in the corollary. □ 



4.2.4 Hilbert Modular Igusa Towers 

Let W C Q be the strict Henselization of Z(p) associated with the embedding 
ip : Q ^ Qp. We look into the Igusa tower T^ = T^ in (4.11) over 
the toroidal compactification M of the Hilbert-Blumenthal moduli Tl. Write 
T° = To, X M We prove the following theorem. 

Theorem 4.21 (Ribet) Let p be a prime outside N. Then the Igusa variety 
T° over fH(c, T)yp (and hence Ta) is irreducible for all a, where T is any 
one ofT{N), Tlfk), andTifLl). 
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This result was first shown by Ribet [Ri] (and [DR]) using the description (due 
to Deligne [D]) of p-ordinary AVRMs and density of ordinary points. We give 
a proof assuming that p is unramified in F/Q. Our proof is a generalization 
of the proof given for the elliptic Igusa tower (Theorem 3.3), and uses the 
description of the automorphism group of the Hilbert modular automorphic 
function field (Theorem 4.14) and the existence of a smooth projective toroidal 
compactification of Hilbert modular varieties ([Ra] and [C]). Another proof of 
irreducibility has been proposed in [C] along the lines of the proof in the Siegel 
modular case of Chai-Faltings ([DAV] V.7). The point of Chai’s argument is 
that the monodromy group at the cusp of the Igusa tower is isomorphic to 
the p-adic closure of the totally positive unit group , and therefore, if the 
closure is full in the norm- 1-subgroup Ker(A" : ), the irreducibility 

follows. The Leopoldt conjecture predicts that the closure is of finite index in 
the norm- 1-subgroup, but it is easy to create an example (even for a quadratic 
F) such that the index is nontrivial; so, Chai’s proof works only in limited cases 
(see [DT] Section 12 for more details of this point). This type of phenomenon 
always occurs when we deal with G of the form Ros^/qGq with F ^ Q for 
unitary or symplectic groups Gq over F and, hence, the computation of the 
cuspidal monodromy does not yield irreducibility of the Igusa tower in general. 

Proof. Let A" > 0 be an integer prime to p, and write 5^ = DJl{c, r{N))[^]/y^ 
for a lift E of the Hasse invariant; so, F G for the mini- 

mal compactification Mff of Tl{c, F{N)) with E = mod p for the Hasse 
invariant H in Section 4.1.6. Recall that is a geometrically irreducible 
quasi-projective scheme over W (i.e., S% C)w ^ and (g)>v Fp are both geo- 
metrically irreducible). We write 

Let be the Igusa tower over (F = Fp = Wi — W/pW) clas- 
sifying quadruples {A, X, for V • C) 0“^ ^ A. Taking a toroidal 

compactification of OT(c,F(A)) and its ordinary locus Sn = we 

can define the Igusa tower Tat, a over 5^ in exactly the same way as q; ^ 
(4.11). Since T/v,q; is etale over S'w, the local structure around the etale neigh- 
borhood of a cuspidal divisor of T/v^q, is the same as that of Sn] so, we can 
blow down Tj^^a to get the minimal compactification Tfj ^ of Tn,ci over In 
other words, is the normalization of Sff in We used in (4.11) the 

etale dual G\p^]° to construct Tn^ci over the toroidal compactification Sn- We 
could have used the maximal etale quotient X[p^]^^ of the universal abelian 
scheme X over 9Jl(c, F{N)) to get Tfj ^ C Tn^c over 5^ (removing the cuspidal 

divisors), since G\p^Y — over by the polarization. By Koecher’s 

principle, we have H^ifFfi = iL°(T^ Thus we do not really need 

T^a in the sequel, although we use the symbol Tfj ^ in order to have well- 
defined cusps on the variety. We write Tq, = ^ NTN,a and NT^^a 

for ? = * and o, where N runs over all integers prime to p. Similarly we define 
S = ^im nSn and S^ = ^m nSIj. 
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We have a tower of irreducible subvarieties {Ca C T°}a with closure C* 
in containing the infinity cusp. The variety Ca is an irreducible Galois 
covering over 5°. Thus we only need to prove = Coo- By the action on 
the level -structure ip i^oa, Op acts on and T^/Op = 5°. 

Thus we need to show that Gal(Coo/Go) = Op . In any case, we can identify 
Gal(Coo/Go) with a subgroup H of T{Zp) = Op . 

Over Q, we can form a smooth geometrically irreducible toroidal com- 
pactification of OT(c, r{N)) /q for any level including N divisible by p; so, we 
have g-expansion at oo of sections of (which determines the sections over 
OT(c, T(A^))), and the minimal compactification M*(c, T(7V))/q is given by 
Proj{(3r{N)), where 6r(iv) = ®j>oGji{c,r{N);Q^y^). Then any element 
/ in the function field ^ — Q^^^(OJlc) (for the component as in (4.28)) 
can be written as ^ with n^d £ Gji{c, r{N);Q^y^) for j > 2. The minimal 
compactification is projective and can be embedded into a projective space 
using the theta series, which has integral ^'-expansion coefficients (cf. [GSM] 
and [AAF] Section 6). Thus for a given / G we can take n and d such that 
p'^ n and p'^ d (for some r > 0) have W-integral g-expansion coefficients. Indeed 
Gj/(c, T(A^); Q^^^) has a W-integral base for j > 2, which can be proven, 
for example, using the duality over Q of the Hecke algebra and the space of 
modular forms combined with the existence of the Eichler-Shimura isomor- 
phism (e.g., [lAT] Theorem 3.52 and [H88] Sections 5 and 6). Thus, writing 
the g-expansion of n as the valuation 

v{n) = ordp{a^{n)) (4.36) 

is a well-defined element in Q U {oc}. Similarly v{d) € Q is also well-defined. 
Then we define the valuation v : M QU {oo} by v(f) = v(n) — v{d). 

By Theorem 4.14, we have a split exact sequence, 

1 -> E{G,X) A Aut(.^) -> Aut(F) ^ 1, 

where r is an isomorphism of topological groups onto its image. Since the 
restriction of r{x) to is given by the action of 

det(x) G 

in Theorem 2.12, we find another more geometric exact sequence 

1 ^ Gi(A(“))/{±1} a Aut(aJlc/Q‘=vc) Aut(F) ^ 1. 

We write Vp for the decomposition group in r(£’(G, X)) C Aut(*^) for this 
valuation v. As seen in the proof of Theorem 3.3, Vp is a closed subgroup of 
r(^(G, X)), and we need to prove that Vpjlp contains Op = T{Zp) for the 
inertia subgroup Ip. 

Since the quadruples (A, \,(j)NCp • G ^ A) are classified over W 
by Sh{G, X)/(S{N) f1 ^{(p^)), it appears that we only need to look at the 
decomposition group Vp of v in Aut(2Jlt//Qcyc) (OTc/ = ^c/Up/qcyc) for 
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U,= f]{S{N)nSl{p^)) = {a-)\ueOp}. 

p^N,a 



However, we need to study as well as the full decomposition group T>p. 

The quotient acts continuously on 5°^ and and as 

we remarked, 5° and S'* are geometrically irreducible. Since Tlu and both 
classify quadruples = V^P\A),ip ■ /ipoo(g)D“^ ^ 

over and over Fp and since contains the infinity cusp, the function 
field of Coo is the residue field of the valuation v restricted to the function 
field of over The action of a G T{Z>p) on the function field of Coo 

and the function field of dJlu is induced by the action on the level p-structure: 
ip ^ ip o a. Since the action of p G is given by the action of the 

prime-to-p level structure, the action of p G on S° extends to in 

the same way: og. Since the action of T{Zp) = Op for the diagonal 

torus T of Cl commutes with the action of and coincides with the 

action of on T^/S°, we have a commutative diagram with exact rows, 

Gal(Coo/5°) -4 Aut(Coo;5°) ^ Aut(5°) 

H t u t u 

H (Ci(A(P^))/{±l}) X iP Ci(A(^^))/{±l}, 

where Aut(Coo;S°) is the group of automorphisms of Coo that induce au- 
tomorphisms of 5°. This commutative diagram shows that the action of 
g G C(A*^^^^) preserves the irreducible component Coo C T^. 

The stability of Coo under can also be proven as follows. By 

construction, the image of C^ in for an integer N prime to p is a 

subscheme of X[A'p^]^^ (for the universal abelian scheme X/ 5 J, and the action 
of g with Pp = 1 only concerns the prime-to-p part that is canonically a factor 
of X[A^p^]^^; so, the irreducible component containing 00 is kept under r(p). 
Therefore p G G(A^^®°^) sends the cusp 00 to another cusp s on the same 
irreducible component Coo- This shows that r(p) for p G Gi(A^^'^))/{±l} c 
F(G, X) preserves v. 

There is one more way to show the stability of Coo under G(A^^^^). 
Looking at the Tate abelian variety Tateo,c-i(g) = Gm G with 

level structure 0can : (mn G 1 )“^) x (O/NO) = Tateo,c-i (g)[-/V'] sending 
(C G a,m) to (C 0 , we easily see that r (g ^ with (g d) ^ SL 2 {F) 

sends p-expansion a^p^ of a modular form to ^xp( 27 rzTr(^))p^^/'^; 

so, the image of H(Q) fl G(Q)"^ (for the upper triangular Borel subgroup 
B(Q) c G(Q)) in F(G,X) preserves v. For the unipotent radical U of B, we 
find r(C(A^°°^)) c Pp, because Vp is closed and U{Q) is dense in /7(A^®°^). 
Since in Theorem 4.9 for the variety 9Jl(c, r{N)) is p-adically dense in 

ycusp ^ we find that ~ We can extend (using p-expansion of 

elements in valuation v to and / G can be written as 

I for p, h G for a sufficiently large integer N prime to p. Since p and h 
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are defined over 07t(c, r{N)) for N prime to p, their valuations are unchanged 
under the action of so, the valuation v on is preserved by 

As we have already seen, r{U{Zp)) preserves v on Gi(A^^^^) 
preserves v on and hence it preserves Goo- 

By the stability of v under r(Gi(A^^°^^)), the closure of r{Gi{A^^^)B{Q)) 
in Aut(^) is in Dp. Note that the projection of Gi{A^^^)B{Q) into Gi(Qp) 
contains B{Q) C Gi(Qp), which is dense in B{Qp) (p-adic density of F in 
Fp). Thus Vp contains the image under r of 

T(z,) = {(“yo e^r 2 (Op)}-oy 

Since T{Zp) normalizes Up, the decomposition group Vp of v in Aut( 9 Jt/ 7 /Qcyc) 
contains the image of T{Zp) isomorphic to Op . 

As we already remarked, the action of a G T{Zp) on dJlu is induced by 
the action on test objects (A, A, ,ip) ^ (A, A, 77 ^^^ ,ipO a). This shows that 
Gal(Goo/Go) = Op , and hence is irreducible over Fp. □ 

In the above proof, we have shown T(Qp) C Vp which acts by automorphisms 
on OJlc/Q, but a nonunit x G T{Qp) H Op induces only an endomorphism of 
the characteristic p variety (not an automorphism; e.g., p G Op gives the 
relative Probenius pth power map on T^). 

Corollary 4.22 Let Vp C r{E{G, X)) be the decomposition group of the val- 
uation V defined in (4.36). If p is unramified in F/Q_, the morphism r in 
Theorem 4.14 induces an isomorphism onto Vp from the image in £{G,X) of 

{g e g{G,X)\gj, e detO) e . 

Proof We have already shown that r{B{Q)) C Vp and r(Gi(A^^°®^)) C Vp. 
Since t(q 5) with t G A^ acts through the Artin reciprocity on the q- 
expansion coefficients at the infinity cusp, we find that t ( q ^ ) with t G Qp 
is in Vp. These elements topologically generate the subgroup indicated in the 
corollary. Conversely, if r{g) G Vp for g G Q{G,X), since r{g) acts by det(p) 
on via the Artin reciprocity, we find that det(p) G Qp F^ F^^. Thus 
modifying g by an element in B{Qp), we may assume that pp G GL 2 {Op). 
We consider the universal abelian scheme X/ 50 . We then have the projection 
map 7 T : X[p^] -> X[p°°]^b Since the irreducible component Ga is the gen- 
erator of X[p^]^^, looking at the infinity cusp taking the geometric fiber of 
Tateo^c-i (O')b^] over Q, g has to preserve /ipoo (g)c)~^ in Tateo^c-i (^)b ^]5 so, 
pp G B{Qp). This shows the desired identity. □ 

We give a slightly different proof of the fact corresponding to Corollary 4.22 
for Siegel modular functions in Theorem 6.28. We later further relate Corol- 
lary 4.22 to Theorem 6.28 by embedding the general Shimura variety (in- 
cluding Hilbert modular varieties) into the Siegel modular variety (see Theo- 
rem 8.15 and Theorem 8.16). 
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We now state as a corollary to Theorem 4.21 a g-expansion principle. We 
keep using the notation introduced in the theorem. Let (a, b) be a pair of frac- 
tional ideals prime to pfR with ab“^ = c. We have the semi-AVRM Tatea^b(<?) 
with canonical T-level structure ican and canonical level p°^-structure ican.p 
as in Section 4.1.5. Since M(c, T(A^))/M(c, T(l)) for N prime to p is a fi- 
nite Galois covering by the construction of the toroidal compactification, for 
any finite subgroup F C Gal(M(c, T(A^))/M(c, T(l))), we can make a quo- 
tient M(c,r) = M{t,r{N))/r, where T is a symbol indicating a subgroup 
between F{N) and -T(l) giving rise to F. Accordingly, we have the minimal 
compactification M^{c,F) = Proj{(5r) for 0^ = 0 ^>q iL°(M(c, T), By 
the same quotient process, we also have the Igusa tower Tc/M{c^ F) and the 
result of Theorem 4.21 is valid in this slightly more general setting (by our 
construction). 

For a cusp (a, b) of M*(c, T), we write 

/(Tatea,b(g) 1 ^ can Fean 1 ^can^ — ^a,b ( 0 >/)+ T 

ce(ab)+ 

Corollary 4.23 (g-Expansion Principle) Let the notation he as in Theo- 
rem 4-2L Suppose that p is unramified in F/Q, and let R be a Wm-algebra 
(TWi = WIp'^W). Let Ta he the Igusa tower over M(c,T)//^. Let R' be a 
Wm-subalgebra of R over which is well-defined. Let f E — 

with k E Z[/]. We have the following assertions. 

(1) / = 0 aa,b(<^, f) =0 for all ^ G (ab)+ U {0}; 

(2) f ^ 4 == 4 > f) ^ R' for all f E {ah) {0]. 

One may state a similar assertion for p-adic modular forms, which is left for 
the reader to formulate. 

Proof. The first assertion follows from the irreducibility of the scheme T<^. 
The same assertion holds for any R-module M and ^r M) for 

the same reason. To see (2), we look at the exact sequence 

0 ^ ^ ^ ® (R/R')). 

Note that / G H^{T^ir> if and only if the image of / vanishes in 

<S>{R/R')). Applying the module version of (1) for M = R/Rf 

we get (2). □ 

Let R = l^iR mR/p'^R be a p-adically complete W-algebra. We write Ig 
for the Igusa tower Too,oo over 5oo = ^ mSh^^^ [^] 0^ Rjp^R for a lift E E 
of the Hasse invariant E. For a subgroup K with Si (p’^Od) C 
K C Sq{p'^^) for an integral ideal 94 prime to p, the group K/Si{p^^) can be 
identified with a subgroup of TifLIp^If). We write K'^ C T(Zp) for the pullback 
of this subgroup K j Sfip^'TC) C TifLjp^lf). Then by abusing the notation, we 
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write Iqk for the quotient lg/{K'^ x where K!p acts on Ig through 

the identification of T{7jp) with G3l{Ig/ This is consistent because 
IgK gives an open irreducible subscheme of the reduction modulo p of the 
integral model over W of SHk relative to the level iV-structure of Drinfeld 
type (see [AME] Chapter 3, [GME] 2.6.2 and 2.9, and [GCS] II. 2). Thus we 
have Igso{p-<n) = S^o which is independent of r (but Igso(p’-'yi) £ 

4.2.5 Hecke Operators as Algebraic Correspondences 

We write SHk for ShK{G, X). For any g G and open compact sub- 
groups K,K' c we have two projections p\ : ShK9nK' SHk' 

given by ([x, h] mod H K') i-> ([x, h] mod K') and Pg : ShKanK' SHk 

given by ([x, /i] mod H K') i-G {[x^hg~^] mod iC), where = g~~^Kg 
and ^K' — gK'g~^. The image of Pg x pi in SHk xq Shx' is an algebraic 
correspondence (KgK') C Shx xq SHk' which only depends on the double 
coset KgK' as easily verified, using the fact SKk = ShIK. We now assume 

(si) We have a vector bundle C/sh (either an algebrogeometric locally free 
sheaf of finite rank on the algebraic variety 5/i/q or a locally constant 
sheaf on the topological space Sh{C)) which descends to a sheaf AkisKk 
of the same type for sufficiently small K so that 7 t*Ax = G for the 
projection tt : Sh -G ShK\ 

(s2) There exists an open semi-group A C G(A^°®^) such that A acts on 
Gjsh via g^ making the following diagram commutative. 



£ C 




Sh > Sh, 

g-1 



where the bottom arrow is given by the action of^“^ G A~^ on Sh and 
the top arrow is the pullback left action (because the action of 
on is a right action). For an open compact subgroup K C A, we 
require that the quotient G/K under the above action k* of k E K give 
rise to GkisHk^ so, we have ijO(Ahx, A^) = H^{K, H^{Sh, C)); 

(s3) We have the trace map on the cohomology groups 

: H^SHk^Gk) ^ H^SHk'Xk^) 

for K C K' C A satisfying that Tr^// /k' ° Tr^^/ = Tr^" /k for 
K C K' C K" , and Tr k' ik for the restriction map Rcs^'/k 

is the multiplication by the covering degree of Shx — > SKk'- 

Since Sh/Shs is etale and Shs is smooth if S is sufficiently small, choosing 
such an open compact subgroup S and a sheaf Gs on Shs as in (si), the 
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two conditions (si) and (s3) are satisfied by the quotient LjK for C — ir"" Cs 
as long as K C 5. As we show in the following discussion, the invertible 
sheaf locally constant sheaf L{k'^R)k — L{i<i] R) / sHk 

presented in the introduction satisfy these properties. 

Hereafter in this section, we limit ourselves to coherent sheaves Ck (topo- 
logical sheaves are dealt with in Section 4.3.3). Under (sl-2), for subgroups 
K and K' of zA, we define the Hecke operator [KgK'] : {Shx^ Cr) — > 

H*{ShR' , Cr') associated with the correspondence {KgK') by 

[KgK'] — I det(^)|A • ’^r> /{R anK') ° b] o ^^^K/{Kn9K')^ (4.37) 

where [g] : H*{SRn9R' , CRnaR^) ^ H* {ShRgnR' ^KanK') is induced by the 
pullback sheaf morphism g* of the left action g~^ : ShRgnR' — ShRngR', and 
|a|A is the adele norm of a G . 

In this way, for any open compact subgroup K of G(A^°°b inside Z\, the 
double coset ring R{K,A) with respect to AT c Z\ acts on the cohomology 
group H*{ShR, Cr). Here R{K,A) is the free Z-module formally generated 
by double cosets KgK iov g E A with the multiplication law as given in [lAT] 
3.1 (or [MFC] 3.1.6; see also Section 5.1.2 in the text). We call R{K,A) the 
double coset ring for K C A. An important point is that we need to specify 
the action g* of g ^ A, and a given sheaf C may have different actions (which 
could be canonical from different points of view). The module structure of the 
cohomology group over R{K, A) depends on the action of A on Cr. 

For subgroups K with ^^(^d) C K C 5q(^), we define a standard semi- 
group Zio(^) as follows. Let A^’^^ = M2{0) H GL 2 {F^(moo)). At ffi, we define 

^ ~ {(o d) ^ Fl2{0^)\a G O^, d G O^yi} , 

and put Afyi = {So{fft)D • 5o(ffi)) H GL 2 {F^). These semi-groups are char- 
acterized by the fact that S • U{0^)S~~^ D U{0^) for the upper triangular 
unipotent subgroup U C G {so D and A^yx are called expanding semi-groups 
at 94). The involution g ^ det(^)^“^ = g^ brings an expanding semi-group to 
the opposite shrinking one. We define 4\o(94) = A^ x A^^\ 

4.2.6 Modular Line Bundles 

The diagonal torus Tq of G is isomorphic to T^; so, its weight k is a pair 
(/^i,/^ 2 ) of weights of T. We associate with each dominant weight tz and a 
“Neben” character ^ modulo 94, a coherent line bundle and its cuspidal sub- 
bundle equipped with the action of zlo(94) satisfying the three conditions 
(sl-3) and giving rise to the space of modular forms or cusp forms of weight 
K and character e. Since we have well-defined and for each dominant 
weight A: of T on each geometrically connected component of Sh or we 

have well-defined and on Sh. Thus our discussion is focused on how 
to define a good action of /^o(94) on these line bundles. The quotient 
over SHr equipped with thus-defined action of p G zA really depends on 




166 4 Hilbert Modular Varieties 



the weight k. of Tq (not just the weight k of T) and the character This 
involves a fair amount of technicality. However, once we succeed, we will have 
a coherent line bundle with eigensections (of all Hecke operators) associated 
with motives of the Hodge type directly related to the weight whose Galois 
representations have determinant character dependent only on ^ and n. Thus 
the reward for our endeavor is worth going through this technicality. We fix 
a base ring B which is often one of the following rings: the valuation ring W 
of residual characteristic p > 0, its residue field F, Fp, Z(p), Q, or C (in any 
case, B is an algebra over the ones specified above). Thus the line bundle and 
its section are supposed to be defined over a i5-algebra R. 

We now start our work. We have a natural map OT'(c,T(A^)) Shs(N) 
bringing (H,A,(/)/v) to (M,A,p) so that r] mod S{N) gives rise to On 
OT'(c,T(A^)), we have a well-defined invertible sheaf Since Shs(N) is the 
union of its geometrically irreducible components OT^(c, T(7V)), we have well- 
defined for > 3 (and its cuspidal counterpart on Shs(N)^ 

which after taking pullback to Sh, gives rise to a line bundle defined over 
Sh. This sheaf satisfies (si) and (s3), but the resulting sheaf and the Hecke 
operators acting on it would depend on our choice of the action of A; so, we 
need to clarify this to have a clear picture of the modular forms on Sh and 
the Hecke operator action. 

Let us explain this process of defining more carefully. We first choose 
a complete representative set {c} of strict ideal classes of F. We choose c 
prime to p. Once c is chosen, we can always specify a c-polarization A in 
the polarization class A. The endomorphism t{a) G End(M) (a G F) acts on 
A by i{a)*X = a^A for a test object (H,A,? 7 ^^^). Thus even if we take a c- 
polarization A, for a unit e G O^, (H, /.(e)*A, o e) is another test object 
with c-polarization representing the same point of 

The problem in defining the action g* on is that each point of 
corresponds to an isogeny class (not a single abelian variety); so, we have 
inherent ambiguity coming from suppleness of isogeny. In other words, the 
point here is to associate without ambiguity a section of with each 
section lj of Qa/s) foi" given (M, A, ^ E^^\S) only depending on 

the point of Sh representing the test object. 

We can do this job of specifying functorially by (connected) component 
by component; so, we may assume that A determines a strict ideal class of 
c. Then we choose a representative A with the given polarization ideal c. 
Let L — C V and A : L Aq L = c* be induced by the pairing 

((a, T), (6, 6Q) = a'b — ab'. We have a canonical alternating pairing (•, -)a • 
V^p\A) X V^P\^A) -G F^(poc), which via A and the level structure p induces 
a linear map A^(p) = (?^)^^\ We consider a rigidity condition: 






(4.38) 
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If we change rj by rj o u ior u E this condition fails if det(tx) ^ 1. Thus 

under (4.38), we need to assume that C in order to make the 

class f] = compatible with this condition. 

For a finite etale morphism A^s ^ we have a canonical exact se- 
quence (e.g., [GME] Proposition 1.5.4) Qy/s ^a/s ^AjY ^ 0. If a is 
etale, oA is an isomorphism; so, we have an identification a* : Qyjs — ^Ajs- 
If a : M -> F is an etale isogeny, we can factor a = /3 o 7 “^ for finite etale 

morphisms A! ^ A and A' Y . In this case, we define a* : Qy/s) — 

H^{A,n^/s) by a* = ( 7 *)-' 0 / 3 *. 

For (Hl, A, G £^^\s) with c-polarization A, as was done in Sec- 

tion 4.2.1, bringing the functor to isomorphically, we find an etale 
isogeny a : (M, A,^^^^) ^ (F, A', 7 '^^^) over S with = T{Y) (S>z 

and a c-polarization Ah For the point x G representing (M, A, 7 ^^^) 

and LU G H^{A, our idea is to take (a“*cj)®^ as a section (represent- 
ing uj^^) of at X. Here we have written a”* for (a*)“^ for simplic- 

ity. This idea works well under (4.38). Indeed, if we have another isogeny 
(3 : (M, A, 7 *^^^) ^ (F, A', 7 '^^^) over S with rj'^^\L) = T(F) the com- 

posite a~^ o /3 is an automorphism of (F, A', 7 '^^^)/^ G <fi;^(5), which has to 
be induced by a unit e G with e E K and 6* A' = A' by (4.38). It is easy to 
see that if C with p f > 3, the unit e has to be trivial. Thus 

we have a without ambiguity, and hence (a“*ci;)'^^ without ambiguity. 

Without assuming (4.38), just to prove the representability of bring- 
ing it isomorphically to by an isogeny normalized with respect to the lattice 
L works perfectly well, but this process lacks rigidity to determine the section 
of uniquely. Since the central element G Z{Q) acts through the en- 
domorphism i{^) E End^(M) on cj G H^{A/£^ ^a/c) by ~ ^ 00 ^^ we en- 

large our group G{ZpxA^P^^) to G(Zp x A^p))+ := G(Zp) x G{A^p^^) x G(E) + 
and let G(ZpXA^^^)+ act on through its quotient G(Zp x A^^^)+/G(R)“^. 
We write for for a closed subgroup K in G(A)+ with 

Koo — G(M)‘^ and Kp = G(Zp). Thus we have eased the condition K C 
G{Zp) X Gi{A^^^^) to a milder one: K C G(Zp x A*^^^)+. Each element in 
K n F(Q) is a root of unity up to units in O; so, if k — ml for an inte- 
ger m (and K is sufficiently small), (a~*u;)‘^'^^ is uniquely determined, since 
e^mi = 1 for all e G O^. Our argument now gives a well-defined for a 
sufficiently small open compact subgroup K C G(Zp x A^^^)+ (maximal at 
p) and a well-defined for general k with a sufficiently small open compact 
subgroup K c G(Zp) x Gi(A(^°^)) x G(R)+. 

We write Ki = (iF n G i(A(^^))) x G(R)+ for a given AT in G(Zp x A^p))+. 
We have a well-defined over for a sufficiently small 

K; so, we have over just by pullback. If we can define a good action 

of G(Zp X A*^^^)+ on over we can descend to so that the 
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global sections over are made up of global sections over fixed 

by K. Similarly, if we can define a good action of Tg{^p) x on 

over the Igusa tower we can descend to for K with 

Si{v^)p cKpC G(Zp). 

For the moment, we assume that the base ring S is W. To define the desired 
W-integral action of Z\, starting with a iVi-test object (A, A, 77 ^^^ o g~^), we 
define {Yg, Xg,fjg^^^) G £gj^^ for ^Ki = gKig~~^ equivalent to (A, A, 77 ^^^ ^ 9~'^) 
uniquely in the same manner as above, replacing 77 ^^^ by 77 ^^^ o since we 
have the left (inverted) action of ^ in (s2). We need to assume that g~^ 
for ^ G Z\ has an associated etale isogeny ag : (A, A, 77 *^^^ ^9~^) iXg^ 
for all p-ordinary test objects A = (A, A, 77 ^^^). Here we say A p-ordinary if 
A is ordinary at p. Also we mean by an “etale isogeny” : A — > an 

isogeny given by (3 o a~^ for etale finite morphisms A' A and A' Yg. 
Let Z\o(p^^) = rir^o(p’^^)- If ^ ^ Z\o(p °°^)5 then ag is an etale isogeny. 
Thus we assume that is contained in 

G G(A)^|a^ is etale for all p-ordinary (A, A, ip, , (4.39) 

where ip : //p ^ A[p] is a p-ordinary level structure, and S runs over all 

W-schemes. Strictly speaking, the isogeny ag can be defined over a faithfully 
fiat covering S' /S, which could be inseparable (see Section 4.4.2 for separa- 
bility of a morphism of schemes). 

If S = W, we require zAp = Ao{p^)p. (4.40) 

If H = W, we may extend ip to a level p°°-structure : /ip 00 ( 8 )D W A /S' 
for the base change A/ 5 / of A /5 to an etale covering S' /S. Normalize the first 
coordinate a of ( 5 ) G a* 0 b = L (a G a* and be b) so that it is associated 
with Then the above choice (4.40) of A satisfies the requirement (4.39) 
for A, because pp G Ap by definition preserves the a coordinate and hence the 
connected subgroup ip(pp 0 ^)~^) inside A[p]. The normalization of coordinates 
is equivalent to choosing a point carrying (A, p°”^, p^^^) on the component of 
the Hilbert modular Igusa tower containing the cusp (a, b) (see the proof of 
Theorem 4.21). Hereafter we write p for p^”^ x p^^^ in order to treat the case 
of Sh^^^ and Ig uniformly. When we are dealing with Sh^^\ we just ignore 
Pp”^ and the ordinarity of A. 

We may further impose (4.38). If we do impose (4.38), the isogeny 

ag : {A,\,r]og-^) ^ (Yg,Xg,gg) with ag ofj o g~^ = fjg 

uniquely determines g~^to = for lj G H^{A^ £^a/s) (which is a section of 

u/gK over Shgx)- Since is a section of over SHk at (A, A,p), we have 
a natural left action g~^ • := {g~^uj)^^ = (a“*o;)‘^^ of p G A 

making the following diagram commutative: 
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UJ 



^9Ki 



1 1 

IQKi ^ IgaKi 5 

9 ~^ 



where the bottom arrow is given by [x, h] ^ [x, hg~^]. 

If S is a Q-algebra, we can ignore the condition related to x = p (in 
particular ip) in (4.39), because ordinarity and etaleness in (4.39) are always 
satisfied in this case. Taking now S = Q and A = G(A)+, by the same process 
as above, we can define the action of G(A)+ on over the Shimura variety 
Sh/Q. If B is a W- algebra, similarly, we have a well-defined left action of 
g(A(poo)) differentials over 5/iy^ (and Ig/y^). 

The problem we now encounter is that the action of A we have so far 
defined may not factor through G(A) + /Z(Q). In other words, the descent to 
SHk we desired to have is for an open compact subgroup K of G(Zp x A^^^)+, 
but so far, we described it for K inside G{Zp) x Gi(A^^°°^) x G(M)+. To make 
this wider descent allowing all in G(A^^^)+, we want to have the action 
factoring through Kj(K H ^(Q)) in order to make the quotient of the sheaf 
over Sh by K. We have an isogeny e : (A, e~^A, p, ecj) ^ {A,X,g o e,uj) for 
e G O^; so, e ■ u = euj. Thus the problem is to somehow modify the unit 
action on differentials ^ for e G K H ^(Q) C O^. This problem 

can be solved if the base ring is complete; so, we assume that S = C or 
W = We write v for the place p or oo (of Q), and use the 

symbol B to indicate the base ring depending on our choice of v; so^ B = C if 
V = oo and B = W if x = p. 

To state the solution (found first in [H91] Section 3 and later developed and 
brought into the present form in Fuji war a [FI]), recall the diagonal torus Tq 
of G; so, Tq = T^- We choose a character w G Z[/] = ^{T) and a continuous 
character e : Tg{'A) ^ such that e+(e)“^e^~^'^ = 1 for all units e, where 

: Z(Z) ^ (for the center Z of G) is given by £+( 2 :) = Si{z)s 2 {z) writing 
e(diag[a,dj) = €i{a)£ 2 {d). Define : T(Z) by £~{z) = £ 2 ^(z)£i(z). 

We assume that extends to a Hecke character : Z(A)/Z(Q) with 

e+(a;oo) = Here W is equipped with the discrete topology; so, £j is 

of finite order, although extended to Z{A) could be of infinite order. In 
particular, e~ factors through (G/ffl)^ for an ideal fft. 

We fix a prime element for each prime ideal q. We suppose that zup = p 
for p Ip (because p is unramified in F/Q). Sending x G to (fotI7^) G O^xzu^ 
if X = UTUq, we have the identification F^ = x tuj. Hence T{A^°^^) — 

T(Z) X Recall that X = p or 00 is the fixed place of Q. We now 

extend our Neben character e = (£ 1 ,^ 2 ,^+) to T(A^°°^) as follows. 

(exO) For each w G Z[/], we extend the character Xp Xp ofT{Zp) to T{Qp) 
trivially on 0p|pti7p . Thus p“^^ = 1. 
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(exl) We extend 62 to trivially on e, zu^ and then extend Si to 

T(A(“)) by eie2{x) = We put eZ{a) = e:^\a)si{a) for 

a G T{A^°°'>). Thus identifying = Tq by {a,d) H> (gd)’ 

an extension of e to Tg(A). 

(ex 2 ) We extend the character s of Tg{'^) H 5 o((t;) H 04 ) to a character of the 
semi-group Aq{{v) H 04 ) by 

£^((5) = det(<5)“^£2(det((5))£-(a(„)nm) 

forS= (Gd) ^ Zio((t')nOl)UZio(WnDa)‘. Here {v)nm= {p)nm if 
V = p and {v) r\^ — ^ if V = 00. 

(ex 3 ) Since the character Z{A.^^'>)/Z{Q) 3 z ^ \z^°°'>\~‘^zGU+(z) and 

on So((v) n 9 T) coincide on So{{v) n 0^) n Z(A^°°)), we may extend 
^A\so{{v)nm) to es = el : Z{A)So{{v)nm) = Z{A)Sii{v)nm) ^ by 
elizs) = Iz^^^'fll^zGU+iV^Ais) for z e Z{A) and s G 5i((?;) n0d). 

If we need to emphasize the dependence on t’, we add the superscript u, as in 
e'g for 6s • Note here that £s depends on v but the central character 5+ and 
0 == 1 ^ 2 ) do not. Also £i{zuq) could be nontrivial, but £ 2 (vjq) = 1 . 

By computation, we have 

el(z) = e+(2)|2:(°°)|-22-2^ for 2: g Z{A), 

and £^ ^£i(a(„)n?n)£2(d(„)n?n)- ( 4 - 41 ) 

We define new actions n> of 5 G Z(A) 5 o( 04 ) and w®'' i-s> 5*0;®^ 

in (s 2 ) of 5 G Zio(^) (or g G Z\o(d)'-) by 

gn,,e,vio^'^ = eligy^ det{g)f'^{g ■ oj^^) 

and = el(g) det{g)l(g-^ ■ 0;®'=). ( 4 . 42 ) 

The first action is a left action, and the second is considered to be a right 
pullback action associated with Sh 3 x ^ xg~^ e Sh for g € /io( 04 ). These 
two actions coincide on 5 o( 01 ) H .^(Q) = Z{Z) and commute each other, and 
hence the action of [KgK'\ with respect to the second action is well-defined 
on the cohomology group of the coherent sheaf on ShK obtained from 
by the descent via the first action. For the second action to be valid, one 
has to assume that ag is an etale isogeny (which always holds if n = 00). 
Then, writing for V°°'> or accordingly as n = 00 or p, we have 

Ve+(e'°°’)“' V'C"ca®'= = w®'= (for ^ G by 

the product formula = 1 , and we are done. Here 0 ^+ = 0 {p)+ if 

V — p and Oy = Ff if n = 00. The action of K^r) jg well-defined over W, 
because det(p)“ = 1 if = 1. We have K^ryKi ^.K/{Ki x Kp), and the 
action of K^r'> fKi is independent of v. Using the action 9 w,e,vOJ^*', as 
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long as is well-defined for K C Z(A)5'o(fft), we can make a descent 

from yyy to ^ K/w^ have for any W-algebra i3, 

where the is with respect to the action ^ 9w,£,v^^^- We 

write this new sheaf as e k Shx- 

There are some other cases where the above definition yields ^ ^ over 
SHk- If n = oo and B = C, the only requirement is to have smooth Shx^ If 
V = p and B is of characteristic p, /b IdKixKp is well-defined, if 

Ig / I qk^xK is etale and Kp D U{7jp). Here we recall the unipotent radical U 
of the upper triangular Borel subgroup of G\. Thus li K Z) U{Zp) and IgjlgK 
is etale (<b^ Iqk is smooth), ^ is defined over Iqk- 

Abusing the language slightly, we call this Hecke character 6+ the central 
character of because, as we show later in (4.55), modular forms / 

on Sh^iG) giving rise to global sections of ^ satisfy f\{z) = 6-\-{z)f 
for the normalized diamond operator (z) = | 2 :|^^[Ar 2 :Ar] with z G 
(the actual central character of / is | • |^^£+). We define the u-type of the 
central character of the sheaf ^ ^ to be the character of Z{Q) given by 

^ ^ u-type to be 2w — k. We now introduce the 

“new” double-digit weight k = {^ 1 ,^ 2 ) ^ — Hom(TG',G^) of 

by K 2 ~ ni + I = k and ki + ^2 ~ k — 2w -b I. Hereafter we denote this 
sheaf y X k cuspidal subsheaf by W we have seen, 

these sheaves and ^ satisfy the three axioms (sl-3). This change of our 
formulation of weights comes from a change of identification = Tg- {k, w) 
(resp. (/^i,/^ 2 )) corresponds to 3 (a, d) (^ ) (resp. 3 (a, d) ^ 

(g^)), identifying T with Reso/^Gm (see (4.70) for the description of the 
automorphic factor of G giving rise to the sheaf ud^). 

Summarizing all these, we get 

Theorem 4.24 Let the notation he as above. We have 

(1) If the base ring B is C and Shx is smooth, then off and its cuspidal 
subsheaf ui^ ^ ^ are well-defined over C; 

(2) If K is maximal at p and Sh^^^ is smooth, then ^ cuspidal 

sub sheaf are well-defined overW; 

(3) If K contains U{Zp) and IpKjB '^s smooth for the base ring B of charac- 
teristic p or B = W, then ^ cuspidal sub sheaf ^ are well- 

defined over Igi<^i^, where IgK/w 'is the formal scheme ^m mlfiK/w^ • 

The results of (1) and (2) in Theorem 4.24 give us a natural integral 
structure over W of the p-adic sheaf and the Archimedean sheaf 

over (as long as they are well-defined). In other words, we have 
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^s/W ^VV ^ ^eiyV ^ ~ ^e/C (4.43) 

at the same time. When e restricted to T(Z) is the identity character 1 and 
£+ is a power of the modulus character | • |a, we drop e from the notation, 
because then k determines 6. As we observed already, when k = ml (m G Z), 
we had a well-defined and we can easily verify that = ^e/w 

K, = (0, (m — 1)/) and £2 = 1 and £+(x) = In some of the earlier 

works of the author (e.g., [SGL] and [MFG]), A{^Y and e{xY are used in 
place of and also the roles of Ki and k ,2 are interchanged (particularly 

in the Hodge type of the motive associated to cusp forms of weight k below). 
In other words, our formulation is cohomological (and hence Hecke operators 
act from the right, because cohomology functors are contravariant), while the 
formulation in [SGL] is homological; so, the Hecke operators act from the left. 
The two formulations are related by [KgK'\ VG [{KgK'Y]^ and the role of 
and k .2 is interchanged in the homological formulation (thus (m, n) = {ti 2 ’> i^i) 
under the notation in [SGL]). 

This double-digit weight k. has a geometric meaning that the motive Mj 
associated with a Hilbert modular Hecke eigenform / G iL^(5hK, ^ k,£,k/c) 
constructed by Blasius and Rogawski ([BIR] for /c > 2, [H81] and [Bl] for 
k = 2 ) has Hodge weight (/^2,ct 5 /^i,cj) and (/^i,(j5 /^2,cr) at the Archimedean 
place a of F, and by writing for the Fadic Galois character associated 
with the Hecke character £+ , with the Fadic cyclotomic character Mi 

gives the determinant of the Galois representation of / (see [BIR], [Ta], and 
[MFG] 5.6.1 for a description of Galois representations and Section 4.2.7 in 
the text for 

Our definition of in (ex3) looks technical; in particular, the extra factor 
in (4.41) appears to be strange, but it is placed in order to kill 
the factor |det(2^)|A in (4.37) (and (4.44)) for the central element z G Z{K). 
This is why the central character is given by £+. 

When u = p, by our definition of w : T(Qp) ^ p* is well-defined 

for all g in the semi-group in (4.39). Still the multiplication by |det(p)|A in 
the definition of [KgK'] may not be well-defined in characteristic p (because 
|p^®°^|a is not p-integral). We justify this later by means of the g-expansion 
principle. 

We now relate the new automorphic definition of Hecke operators to the 
geometric one already given in Section 4.1.10. Let = K D (Gi(Q^) x 
Decompose K^g • K'^ = [J^ Mh for g G Aq{{v) Pi 91), which yields 
KgK' — U^K • h. Then in the definition (4.37) of the operator [KgK']^ 
the factor ^ [ 9 ] in down-to-earth terms is to average the image 

over the coset representative h. Strictly speaking, this statement is 
only valid when the degree of the isogeny ag is invertible over the base scheme 
S of the test object; otherwise, we need to stick to /{KanK') because 
SJiKgnK' /SH k' (or IgKanK' / I qkY could be inseparable. If iG • h = AT • F, we 
have {poh~^)oK = {poh'~^)oK as iG-orbits. Thus we have a well-defined value 
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/(A, A, ?7 o /i-i, cj) for modular forms / of level because (Hl, A, 77 o cj) 
is a level K test object if so is X,fj,uj). We suppose that g G 4lo(l)- 
We recall our construction briefly: for a test object (Hl, A,?/)/^, the subgroup 
C = T]{h~^LlL) for L = r]~^{T{A)) is a subgroup of A defined over S. Let 
Yh = AjC, and write ah : A ^ for the projection. We thus have (Yh, Xh^Vh) 
with Tjh = o 77 o and Xh induced by ah from A. Write x G Sh{S) for 
the point represented by (A^X^rj). Then is represented by {Yh^ Xh^rjh)- 

Pick iUx G H^{A^ ^A/s)- Then uJxh-'^ = ‘ for the corresponding section 

over xh~^ is given by aj^^ujx^ For a global section 5 G given by 

s{x) = f{A, X^fj,ujx)ujf^ of with a modular form /, we have 

= \det{g)\A'^h* {f{A,X,V ° 
h 

= det(p„)“'| det(g) |a ^ £^(/i)/(Ya, V, (4-44) 

h 

In the above formula, the summation symbol ^h^^AWf(X-h) actually rep- 
resents Ttx' /{K 9nK')i^Ai9)f(X.g)) if inseparability is involved (when ag has 
noninvertible degree over the base of the test object) as we already remarked. 
The operator [KgK']y really depends on det(^^) (because of the involvement 
of (det(g„))’"e^(/i)). 

For an element 2: in the center with Zqo = 1, we define the diamond operator 
{zh = \z\^^[KzK'] by 

f\{z)v{A,X,V,^^x)<x^f^ = \ det{z)\Aes{z){f{A,X,rioz~'^,uj^^-i)wf'^) 

^ 4 {z)z-^‘f{Y,,\,fj,, ^ (4.45) 

We have {z)p = {z)oo A Zp = 1. It is customary to write (3) for {z)y if 
zO n F = 3 and Zp^ = 1 (in this case, the operator is independent of v). 

If we take the shrinking semi-group Aq{^Y in place of our choice /Ao(ffi) 
here, the Hecke operator is induced by the right action of g^ : SHk Shxg ‘- , 
and we need to replace the covering (M, A, 77, ujxh-^) — ^ (F/i, A/^, 77/1, {aD~^uJx) 

by another one (V^,, A^^, , 77^, , {A^ X^g^ujx) for fho operator 

[{KgK')‘^] in (4.44) (or simply to make the following variable change, g ^ g~Y 
as was done in [H88], page 307). We have made our choice of the cohomolog- 
ical action, because it is directly related to the classical Hecke operator T(q) 
already defined in Section 4.1.10. 

We assume that 5i(04) C K c Sq^XI). If we consider a test object 
(A, A, 77) sitting over a point of 5^ we have the connected com- 

ponent Co(p) of A[p]^ and all finite subgroups C of A with (7 H Co(p) = 
C Co(p) = { 0 } (scheme-theoretically) are etale. Thus if the test object 
is p-ordinary and sitting over TK,m,a for a > 0, we may normalize L to 
be given by O* 0 C V with g(L) = T{A), and we may assume (by 
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the irreducibility of Tx^m^a proven in Theorem 4.21) that ?7(p*/(9*) = Co(p) 
at the characteristic 0 fiber of A. For any prime factor p, taking the uni- 
formizer zup = p of Op, we find /sTo(p)^ (o ) -K'o(p)^ for -ffo(p'’) = -ffnfo(p’’) 
is decomposed into [J„ mod p for = (owp)- Thus all etale 

cyclic subgroups of order p in A are given by L/ L), and the def- 

inition of the Hecke operator U{p) in (4.16) is identical to the operator 
['ffo(p) (o ) -fiTo(p)]oo = [ii:o(p) (o rop ) ^o(p)]p given by (4.44) (because 
= 1 by (exO)). We write Ty{l,y) for [K [q y) K]y, which really depends 
on y e (as we already remarked). We have Tp{l,y) = ^”^iToo(l, y)- 

When 5j((p) n ffi) C K c So{{p) H 94) and y^P^^ = 1^ we write Uy{y) for 
Ty{l,y). If yp = 1, these operators do not depend on v; so, we drop v from 
our symbols if the choice v is clear from the context. Then we have 

Uy{wp)^ = Uy{w^) ifn>0. (4.46) 

Note here that G by the definition of in (exO) for any other 

generator tu' of pOp, and hence 

e = ]T Cp with Cp = lim Upiw'Y' = lim UpivoA'^' = lim 7/(p)’^'. 

n-^oo ^ n^oo n— >oo 

P\P 

When a prime q|94, we have a specific subgroup Co(q) = ? 7 ((cq)*/c*), and 
recalling the uniformizer of Oq, we find 

= [K {o °^) K]^ = [K K]y foru=pandoo. (4.47) 

If q is outside pTl, we have 

T{l,w'^) = [K(^l^^^K]y for u = p and (X). (4.48) 

The operator T^(l,y) with pp = 1 does not involve y~^'^ and |pp|A = 

I det(diag[l, p])|a; so, it is integral over VP. We record what we have proven. 

Corollary 4.25 Let the notation and the assumption he as in Theorem 4.24 
(2). Suppose that e~ — factors through (0/94)^. Then we have W- 

integral line bundles C satisfying the three axioms (sl-3) with an 
action of Ao{{p) H 94) in (s2) specified in (4.42) for the coefficient rings W 
and C. These line bundles descend to Sh^^jy^ for K C 2lo(94) maximal at p 

as long as Sh^P^ / is etale. The Hecke operators Tp(l,y) = Too{l^y) with 
Pp = I are W -integral. 

In Theorem 4.28, we describe when W-integrality for Tp{l,y) and Up{y) with 
nontrivial pp holds. 
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4.2.7 Sheaves over the Shimura Variety of PGL(2) 

We have constructed ^ ^ closed subgroup K of A = Ao{{p) H ^). If 

contains the center the center acts on the sheaf by the 

character and we may regard as a line bundle defined over the Shimura 
variety Sh{PG^ X) of the group PG = Reso/z-^GL(2), because the central 
action is specified. In this subsection, we construct a slightly larger family of 
sheaves on Sh{PG, X) containing all so far constructed. 

We interpret the sheaf as a sheaf over Sh{PG, X). For a G 

writing a for F H aO, we find T(A (g) a) = T{A) (S>z and r]~^(T{A (g) a)) = 

arj~^{T{A)) for a test object (A, A, 77). Tensoring A with a C F D O, two 

maps Ag)a^A(g)F ^ A induce an isogeny a G Hom^(yl g) a, A). We 

get {A,X,rj o a) = (A g a, o 77 ). This central action brings the 
c-polarization to ca^-polarization a*X as seen in Section 4.1.9. 

Since the Shimura variety Sh{PG, X) is given by 5/i(G, V)/g'(A^^^), we 
identify (A, A, 77 o a, cj) = (A g) a, o*A, o 77, a*cj) with (A, A, 77). If de- 
scends to Sh{PG, X), the center has to act trivially on so, we 

find that A: — 27n = 0 (hence k G 2Z[/]) and that 6 + is trivial. This means 
Hi = {I — w,w). We write the sheaf as for w G Z[/]. We regard 

as defined over Sh{PG,X) - Shz^Ki^)){G, X). 

Fix the Neben character e with trivial and consider as specified 
above. We can generalize the above construction slightly allowing nontrivial 
central characters y. As before, we write B for the base ring (either W or C). 
The classification functor of A = (A, X^fj^^\uj)^ 

v[^\s) = [A/s\iA,X,rj^^^) e H\A,Qa/s) = (0®Os)lo , 

is represented by a T-torsor over Sh{G,X)^'^\ Composing 

^ Sh^^\G,X) 5VAxa(p=<=))(GW), 

we may regard as a ^-torsor over the variety (G, A) for 

g = (Z(Zp X A(P^))/Z(Z(p))) X F. Here F(Z^ x A(^^))/Z(Z^ is a 
constant group. Take the vector bundle C associated with this torsor over 
A). For each character (x, 2tc) : Q sending (z,x) to 

X{z)x^^ (x G T and ^ G (Z(Zp x A^p^))/Z(Z^)), we can cut out a 
line bundle ^f[x]/B given by the sheaf of eigensections under character 
g 3 {z,x) \-3 x~^{z)x~‘^'^ . In other words, we let the center act 

on iA^/ship)iG,x) descend the sheaf sh(p){G,x) ^“M/b over 

Sh^'P\PG,X) by this new action. 

Since d Z{Q) n Z(Zp x = Z(Z(p)) c Z(Zp x we 

have 
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Z(Zp X A(p°°)) ^ Z(Zp X A(P°°))Z(Q) _ Z(A(°°)) _ Z{A) 

Z(Z(p)) iM ~ ZW) ~ Z{Q)Z{R)' 

Thus the characters of are in bijection with continuous even char- 

Z(Z(p)) 

acters of the Galois group Gal(F"^/F) = by the Artin reciprocity 

law of class field theory. A continuous Hecke character y : Z{A)/Z{Q) — 
F^/F^ is called arithmetic (in [MFG] 1.2.2) if we have w' € X{Z) — 

Z[J] such that xi^oo) = whenever Xoo is totally positive. Suppose that 
X is arithmetic and that the base algebra W is so large that w' G X{Z) is 
defined over W (i.e., x'^ G if x G Z(W)). We have ^ Z Qp 

for G Z{A^^^). Then we define a p-adically continuous character 

X : Z(A(°°))/Z(Q)+ = ^ by x{x) = (see 

[MFG] Theorem 1.1). By the Artin reciprocity map, we can regard x SbS a 
Galois character x^^^ Thus if x is even, we have well-defined ^^[x] ^^[x] 

as an invertible sheaf over Sh{PG^ X). The central character of ^^[x] is given 
by z ^ • Since the weight of ^ is determined by its character 

and n, we may define the weight of ^^[x] to be /^ = (^ + J — ic, ^ F w). 
Choosing : Tg{Zj) -> with = x^ we descend ^^[x] to F.£s^,k 
Sh^ if w' G 2Z[/] for K with S'J(Ol) c AT C 5o(Tl), where K = Z{hS°°^)K 
(so, K /Z{A^°°^) is an open compact subgroup of PG{A^°°'>) maximal at p). 

When X = we can interpret the central twist ^[x] of as an external 
twist (8) '0. We now introduce a twist of the sheaf over Sh{PG^ X) by the 
square root 0 of x- The pullback of to Sh{G,X) has the natural action 
9w,e of g E A in (s2) as we already specified. Using determinant character 
det : G ^ T, we can twist the action gyj^^ on by gw,e,x^^^ *~ 

'ip~^{det{g)^^^)gw^eLj^^ . We denote this sheaf as Z> 'ip. This sheaf (8> 
0 has the central character x^+^ locally, u = G 5q(^) for the 

conductor ffl of e~ acts on the sheaf by {a^)e 2 'ip{ad — he). Defining e G 0 
by (£i 0 (^\e 20 ^^^), we find {e (8) 0)+ = ^+X 

Fp (Z'lp = particularly, ^ Z> 'ip = [x] T is trivial. 

(4.49) 



Here is a criterion for the existence of 0 = y/x- 

Lemma 4.26 If a finite-order continuous character x • F^ /F^ — > fac- 

tors through F^ / F^ F^ — F^^^^/F^ , then there exists a continuous character 
^-.F^/F^ with^^ = X- 

Proof Suppose that — g E F^ for ^ G F\(oo). Then, all primes of F 
split in F[y/ri]] so, F = F[y/g] by class field theory. Thus F^^^JF^F^ is 
2-torsion-free; so, we can find a continuous character y/x as above. □ 
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A character of G3l{F^^ / F) is called totally even if it is trivial on any complex 
conjugation (i.e., o coi for any embedding i : F^^ ^ C). If a Galois char- 
acter X : Gal(F^^/F) is totally even, the corresponding idele character 

factors through and we find a character 'ip : Gal(F^^/F) B^ 

with X = '0^. 

4.2.8 Hecke Algebra of Finite Level 

Let F be a W-algebra. Fix a Neben character e = {si,e 2 ,S-^) with values in 
as in Theorem 4.24 and a dominant regular weight = (/^i, /^ 2 ) in X(Tg). 
The weight is dominant regular if K 2 > and is just dominant if K 2 > 

We define, for 04 prime to p, 

R) = if « = (Z • I)\ 

and 5.(01, = (4.50) 

where K = Z{A^°°'>)K (so, 5o(fn) = Z(A(°°))5o(OI)). The group K/Z{hS°°'>) 
is an open compact subgroup of We then define the Hecke alge- 

bra with central character and Neben character e to be the 

F-subalgebra of Endi^(5^(04, e; F)) generated by Too(l,ti7q) for all primes q 
outside 04 and Uoo{y) (with all y E F^ D O^) for all primes q|04. 

For more general K maximal at p, we define 

G.(if,e; R) = if k e (Z • if, 

and S^{K,e-R) = H\ShT^/^,^,^,,if. (4.51) 

Since K contains all the information of the center, the operator {z) {z G 
^(A^^o))) acts on G^{K^e\R) through the scalar multiplication by S-\-{z) 
(see (4.55)). 

For K with (04) C K C 5q( 04), we define the Hecke algebra h^{K^ S] R) 
with coefficients in R by the F-subalgebra of End/^(5;^(iV, e; R)) in the same 
manner as above. 

In the following subsection, we show that the operators Too(l,ti7q) and 
t^oo(^q) are W-integral for almost all cases, at least if + /^2 ^ ^ and ac is 
dominant; see (hl-6) for more details. 

More generally, for a subgroup K with {Si{p^) H 5^(04)) C K c 5o(p’^04) 
with r > 0, we define for a profinite W-algebra i7, 

G^{K,e-R) = if k = (Z • if 

and 5.(i^,e;5) = ff°(/5K/R,^.,s/fl)- (4-52) 

Here is regarded as the quotient of the Igusa tower Iqkir by fhe action 

of Z(Zp X A^^^). Since Iqk is an open formal scheme over W, these spaces 
may not be of finite type over R. However, its ordinary part is an i7-module 
of finite type (Theorem 4.11). 
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Proposition 4.27 Suppose that k is a dominant weight ofTc- If K is max- 
imal atp, S^{K,£] R) and G^{K,e\R) are R-modules of finite type. 

Proof Since k is dominant, C = ^e/R G (Z • 7)^ or £ = for 

general r extends canonically to a line bundle over the smooth projective 
toroidal compactification Shf^ of Sh^^\ By the Koecher principle (see (4.10)), 
we have for C as above if G (Z-7)^. Taking 

r' = (0, (m — 1)7) for a sufficiently large m, for ^' = (| • 1, | • |^ ~^) 

has a global section s over Shf^ such that the multiplication by s gives an 
injection of S^{K^ e; R) into Sf^>{K,e£' \ R), because is very ample for m 
large. This shows that these spaces are 77-modules of finite type (e.g., [ALG] 

m.8.8). □ 

We define R) and h,^{p^^^£] R) by the i7-profinite subalgebra of 

End/^(5'/^(7G, 77)) topologically generated by Too(l,tx7q) for all primes q out- 

side 04 and Uoo{ujq) for all primes q|04. 



4.2.9 Effect on g-Expansion 

If p is unramified in F/Q, by Theorem 4.21, 0Jl(c,F)/y\; and the Igusa tower 
Too/Wm geometrically irreducible; so, the g-expansion /(g) = 

/(Tatea,b(g)) determines the section / of for any W-algebra R (see 

Corollary 4.23). This fact we refer to the g-expansion principle over W. Here, 
for a given open compact subgroup 7G D Fj- (04) (giving rise to the level struc- 
ture of type F), W is assumed to be a sufficiently large discrete valuation 
ring inside Q giving the p-adic place induced by ip over which the generically 
irreducible component of is fiber-by- fiber geometrically irreducible. 

We recall W = ^my^W/p^bV. 

We compute the g-expansion of // for Hecke operators t in order to show 
that the Hecke operators preserve W-integrality. When we do this computa- 
tion in the classical setting of over T)4(c,F), we assume / G S/c(c,F;F). 
When we deal with adelic Hecke operators Ty(l,y) and Uy{y)^ we assume that 
/ G 5^(F, ^;F) for K D F|(f)4); so, in particular, / has the central character 
We prove 

Theorem 4.28 Let the notation he as above, and assume thatp is unramified 
in F/Q. Let 94 be an O -ideal prime to p and R be a W -algebra. 

First let K he a subgroup with 5^ (p^^04) C 77 c 5o(p^94) for r > 0. Then 
the operators [KgK]p for g G /lo(^) 9p = {^)p for z G Z(AF^))^ 

Tp{l,y) and Up{y) (y G H O) are well-defined on e; R) and 

5^(F, e; R) if one of the following conditions is satisfied. 

(hi) R = Bjp'^B for a W -algebra B, and the Hecke operators are well-defined 
forG^{K,£;B) (if r e{Z - 1)^), and S^{K,s’B) (for all r); 

(h2) R = W or Wm = W/p^W and (Si(p^ H Sf (94)) C 77 c Fo(p^94); 
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(h3) R is p-torsion-free. 

Suppose that C K C 5 o(^). Then the operators (2)00 for z G 

[KgK]oo for g G Zio(^) with g^ = 1 , and roo(l,p) are R-integral 
under one of the following conditions. 

(h4) We have R = B/p'^B for a W -algebra B, the Heeke operators are well- 
defined for G^{K, 6] B) and S^{K,e;B), and uf is very ample on the 
minimal compactification of Shx/si 

(h5) R^W orWm = Wjp^W, KiAn 2 > 0, and Sl(m) cK c 5o(94); 

(h 6 ) R is a Q-algebra. 

Under (h5); if we further assume + /^2 > I, we have Too{l,vup) = Up{wp) 
mod p in h^{K H So{{p)),e; W), where Up{wp) is defined on the bigger space 
G^{K n So{p),6] W) than G^{K^ e; W) on which Too(l, vup) is defined. 

Proof. We first treat the case where (h4) is valid. Since (wf is very ample, it 
is generated by global sections, and G^{K,e]B) Zb R = G^{K,e; R). Since 
G^{K, 6] B) is stable under the Heeke operators, G^{K, e; R) is also kept by the 
Heeke operators. Once we know that G,^ is stable under the Heeke operators, 
is also stable, because the cusps are permuted by the action of jg^G A. 

To see the assertion under (hi), we consider the normalization Igj^ of the 
minimal compactification of ^ in IgK- Let be the formal 

completion of [Lj along the modulo p special fiber for a lift E of the 
Hasse invariant. Then we put Ig]^ = Ig^^ XM* 5 ;,. Then 5^ and Ig]^ are 
affine schemes, and Ig'f^ is etale over 5^. This is because the Igusa tower 
Ig^j^ over the smooth toroidal compactification ^ is etale and the 

infinitesimal structure of the projection Igf^ I g]^ around each cusp of Ig^j^ 

is isomorphic (infinitesimally) to that of the projection ^ 

Note that for G (Z • 7)^ and extend to Ig]^ and H^{Ig]^,C) = 
by the Koecher principle for C = uf and Since Ig"^ is 

affine, we find T^[K,e\B) Zb R = Rk,{E,£',R) foiE — G and S. Then we 
conclude the assertion in the same way as in the case of (h4). 

The operators may not be well-defined, because of the factor | det(^)|A in 
(4.37), (4.44), and (4.45) (see also (4.16) and (4.17)). If is a Q-algebra, this 
does not cause any problem; so, the assertion under (h6) follows. 

To show the assertion under (h2), (h3), or (h5), we apply the g-expansion 
principle as described at the beginning of this subsection and Corollary 4.23 
to verify that f\[KgK] and f\{z) are 77-integral as long as / is 77-integral. We 
first compute the g-expansion of /K 3 ) for / G 5/c(c, T/(^); R) and a fractional 
0-ideal 3 prime to p. Since we see from (ex3) applied to 2 : G Z(A^^^^), the 
factor I det(z)|A = \z\1^ in front of the summation symbol is canceled out 
by the factor |^|a^ in (4.41), we only need to write explicitly TatCa,b( 7 ) 
for 3 = zOnF in order to compute the g-expansion at the cusp (a, b) of /K 3 ). 
Since Yz in (4.45) is given by A ( 8 ) 3 “^ = A/A[^]^ for an integral idele 2 : with 
3 = F n 2 : 0 , we find 
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Tate., 

Vg^ X /i3 /i3 

Tensoring Gm with the exact sequence: 0 ^ a* ^ (3a)* ^ O/3 0 , we get 

0 (^3 — ) Tori(0/3, Gm) ^ Gm G a* ^ Gm G (3a)* ^ 0. 

This shows 



TatCd^f) (g) G 3 
which implies 



G g*/g^ 
M3 



Gm G (30-) 



g 3 



-lb 



= Tate 



“30,3-15 



^3 la, 3 b (^? /I ( 3 )) ^a,b(<??/)- ( 4 . 53 ) 

For an ideal 3 prime to p generated by a totally positive element a with 
a = 1 mod N, we can identify TatC3-ia,3b(g) with TatCa,b(g) by for the 

variable t G Gm G ci* composed with variable change g 1— >■ g^ . The variable 
change q ^ is introduced to neutralize the effect of the endomorphism 
t on the period g of TatCa^b(^)- When (a, b) = (O, c“^), this induces an 
equivalence up to isogenies, 






Icarf) ^~) ^ (TatCQ (.-1 (g), Acari5 



-1 

oa y), 



(Tate^- 1 3(.-i (g), \can-) 
where Xcan is the canonical polarization on Tateo c-i(<?) induced by 
(D“^©c“^) A(D“^0c“^) ^c* 

sending (x,y) A {x\y') to x'y — xy\ and Pcan is the projective limit of the 
level T( A/") -structure 



(0 ^ <8)Z/A/'Z) © 9 a, 5 ) H- (exp (-^) (g)^, mod ')) 



and Pcan ~ Vcan ^ *Fo(ffI). Here we choose N so that fft Pi Z = (N). We write 
{z)y (z G ^(A)) for the center action as in ( 4 . 45 ) which is independent of v 
if Zp = 1. By the above computation applied to 3 = (a), writing for 

q(poo) qj, ^(00) accordingly as u = p or 00, we have, if for an integer 

m, ttc-i (^5 = a^A^(a)~^ac-i (<f, /) for a G outside v. Here the 
factor in the right-hand side is the result of 



/(Tate(o;)-y(Q,)c-i(g) 5 ^can 5 'qcan ? ^ ) 

. -2 ^ 



/(Tateo,c-i(g),a ^ Xcan, V can ° Ce ^y) 

, -2 1 






= aV(Tateo,c-. (q), a-^Xcan, lean, j), 
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and the factor N{a) ^ comes from the shift by | det(a*^^°®^)|A in (4.45) of the 
action of For general the action of ol^^e.v is trivial, 



and hence We have from this (replacing a in 

the above formula by a~^) 

- £+(a(’'~))a,-i (C, /) = (^, /)• (4.54) 



For the sheaf with general k and e, since we have the central character 
for more general 2 : G with 2 :-^ = 1, we find from (4.45), 

ac-^{^J\{z)v) = £+{z)a,-i{^J). (4.55) 

This is the reason why we call the central character. Also the two identities 
(4.54) and (4.55) for 2 : = coincide. 

Although we do not need this, we now insert the computation of the 
effect of U{p) for on the g-expansion, using (4.17), because ex- 
tends naively to giving rise to for k. = (0, (m — 1)/), 62 = 1, and 

e+(x) = In this special case, (4.16) yields the correct result. By def- 
inition, Tateo,c-i (^)[p] is isomorphic to fip x \ The nonconnected 

subgroups over W are given by C(^ = E O/p} for C G /ip and 

a generator Q of . Thus we see TdXeo,c-^{Q) /w[np][[q^]^^^-i / Cq = 

Tate(pe)-i,o(C<7)/u/[Ap][[gq]^^p_i^_i- Writing for the g-expansion 

coefficient of / G Gmi (cp,^)] R) at the cusp (p~"^c“^,0), we find the 
g-expansion coefficient of f\U{p) at the cusp (c~^,0) is given by 



ac-^{^J\U{p)) = N{p) M ap-ic-i(^,/) forget? ^ 

\CG/ip / 

By the orthogonality relation of characters C ^ of /ip , we find that only the 
coefficient of g^ for (J G (not for ^ G — c~^) survives and is equal 

to Up-ic-i (^, /). Thus, the division by A^(p) is canceled if R is p-torsion- 
free, and the operator U{p) is well-defined on Gmi{Ri{cp,^);R) even for 
R with nontrivial p-torsion if Gmi{Rii^P^^)'^ — Gm/(T/(cp, Tl); W) (g)vt/ 
R. In particular, if m 0 so that is very ample, U{p) is well-defined 
over R. Since the ordinary locus of the minimal compactification = 
M*(c, F^^(ffi)) is affine, by Koecher’s principle, we have 

= ®wR = 0H/ R. 

Thus the Hecke operator U{p) is well-defined on the space of p-adic modular 
forms with coefficients in any p-adically complete W-algebras R. 
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Suppose that q is a prime factor of (p) H 94. Let tu be a generator of q 
with w G We compute U{q) for using (4.16). Since we identify 

each c-polarization with a ruc-polarization by A we are identifying 

the g'-expansion at the cusp (0,c“^) with that at {0,zu~^c~^) by inclusion 
R[[q%ec~. C R[[q-- Since the identification A ti7 ^A is only 

canonical up to 0-units, the operator U{q) thus defined as an endomorphism 
of Gmi{c, F; R) (for F = /q ( 94), A (94), and 0^^(94)) depends on the choice 
of w; so, we wrote it as U{vo). Then by the same computations as above, 
we have, if rcj is a global generator of q, f\U {vo)) = f). A 

slightly more generally, if a totally positive, w ^ F generates for an integer 
h > 0, the operator U{w) = 4/(p)^ is intrinsically defined on for general k 
(not necessarily equal to ml). The above computation can be performed for 
general A: if p^ = {w) and yields the same result 

«c-i (^, /l^(^)) = Cic-^ /)• (4-56) 

In general, we have 

<^c-i(^,/l^(q)) = S-'c-i(C,/) if is a prime. (4.57) 

Now we generalize the above formula to using (4.44). Recall the prime 
element zuq we have chosen in (exO) so that ^2(^q) = = L Then by 

(4.41), we find that (o ) = 1. If tu = zuq, then by (4.44), the definition 
of Uy (zuq) is identical to (4.16). Then the same computation for the sheaf 
yields 

For a general local generator tu' of qOq, we have 

ac-i(C/|V(V)) = if is a prime, (4.58) 

where zu'~^^S 2 ('^q) is always a p-adic unit by our way of extending ^2 to 
7^(^(oo)) (^g00 (0x1) in 4.2.6) and the definition of in (exO). 

The formulas (4.56) and (4.57) are the special case of (4.58) for e = 1 and 
= 0. This finishes the proof for the assertion under (h2), because we have 
now established the FF-integrality of fjUp(zup) for all prime factors p|p by 
Corollary 4.23 if / is IT-integral. Hence the assertion under (h2) for R = Wm 
follows from (hi). Since is dense in the space of p-adic modular forms 
(Theorems 4.9 and 4.10), a global HA^-integral section / of is a reduction 
modulo of a FF-integral section in for ^ sufficiently large 1. By the 

stability of G^{K,e; W 0z Q) under the Hecke operators, is stable under 
[KgK]p for g G zAo(p’^94), and we have proven that the space of p-adic modular 
forms V{F\ IT) in (4.20) is also stable under the Hecke operators. 

Under (h3), R is IT-flat, and G^{K,e;R) = G^{K,e; W) Ow R (flat base 
change). Thus the assertion under (h3) follows from the assertion under (h2) 
already proved. 




4.2 Hilbert Modular Shimura Varieties 



183 



Although we do not need this, we again insert the computation of the 
effect of T{vd) := T{l,w) for on the ^-expansion, using (4.17). For a 
prime ideal q outside we have one more (order q) etale cyclic subgroup /iq 
of Tateo,c-i(^) besides Cq = G Tateo,c-i (^)l^ ^ O} for a generator 

Q of \ Consider the q-power map TdXeo^c~^{q) Tateo q^-i (g) 

with kernel /iq. If q = wO {w G F+), this map is realized by t ^ . 

Then (jOcanio) = y Tate^^c-i (^) is sent to (TTq ) ^can{, 0 ) — ^can{Q )• 

Since we identify c-polarization with tu^^c-polarization by A tuA, we are 
identifying the g-expansion at the cusp (O, c~^) with that of (O, zuc~^) by the 
inclusion ^ so, we find, if q is a prime ideal outside 

04 generated by a totally positive tu G F, 

flc-i (C, /|r(ro)) = a,-i{zu^, f) + ( — , /), ( 4 . 59 ) 

W 

where, as a convention, we have = 0 if ^ ^ c”^. Here the in 

front of the second term comes from 

/(Tateo,qc-i (g), f {T'&tBo ,qc-^ (?), wA, Wean)?®))- 

For a prime ideal q outside (u) n04, we now perform a similar computation 
for the sheaf on which Z\o(04) acts. In this setting, Too(l, 'cuq) — Tp(l, tUq); 
so, we may assume that u = oo. We implicitly suppose all order q subgroups 
of test objects are etale (though after computing g-expansion, we will know in 
many cases that the formula is valid even if it is not the case). The central el- 
ement 2 : G Z{A) acts by the character 2 : ^ (see (4.41)). 

By the decomposition Kq{^°jKq = Xq (“G) LJ (U„ mod q (o ® j)> 
the latter half has the same effect as (0 tuq ) U{zu^) for (0 ^q ) = 
62 {zuq) = 1; SO, we need to compute the effect of the first coset Fq (^"^ ^). 
Write h for ( ^ ) . Then h = Wqh' for h' = q • By (4.41), £^{h') — 1. 

The central action of zuq gives rise to the multiplication by A^(q)^^_^(ti7q), 
because quotient of by the action ■ Thus 

\det{h)\AN{q)‘^eq-{wc^)e^{h') is integral if /^i + ^2 > 0. The effect of h' can 
be computed by the etale isogeny, 

(U : Tateo,qc-i {q) = {^m ^ {Gm ^ ' = Tateo,c-i (q) 

sending t mod ^ to t mod q'^ -By the equivalence up to isogenies: 



,TateQ q^-i (g), Xcaru 



(TateQ^j--! (g), Acan? ^can ^ y 



we get, if q I 04 is a prime, 

a,-i{^J\Ty{l,Wc^)) = aq-ic-i(^,/) + F(q)e+(ti7q)aqc-i(C,/), (4.60) 
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because = 1 if q is prime to (u) H 94. The sheaves and have the 
same pullback map for g G 4^o(^) only when k = ml and = 

(I • 1^"^, 1 , 1 • In this special case, it is easy to see that the formulas (4.60) 

and (4.59) match. 

We assume (h5). Since we have [KgK]oo = [KgK]p if = 1, the assertion 
for [KgK] with gp = I follows from the argument for (h2). Thus we only need 
to take care of Too(l,'^p) for p\p. We see that N{p)e-^{wp) is p-integral as 
long as + /i :2 > 0 and that N{p)£^{wp) = 0 mod p as long as k .1 K 2 > 
/, because £:+ is the finite part of an arithmetic Hecke character of infinity 
type -K,i - /^2 T The operator Too(l, 'O^p) is originally defined only over Q. 
However by the above formula, if k,i+K 2 > 0, it sends the W-integral subspace 
Gi^{K,£]W) into itself for K with 5i(94) C K C 5q( 94). Since N{p)e^{zup) = 
0 mod p if /^i -h /^2 > G ^oo(fo'^p) = Up{wp) mod p by the g-expansion 
principle (Corollary 4.23 (1)). Thus for K with 51(94) C K C 5q( 94), if 
G^{K, e; W) (g)vi/ R = G^{K, e; R) and /^i + /^2 > 0 (under unramifiedness of p 
in F/Q), the operator Too(l,ti7p) is actually well-defined on G^{K,e; R), and 
Too(l,'rc7p) is equal to Up{vjp) li 1 ^ 2 ^ I and pR = 0. □ 

We record what we have seen for p-adic modular forms in the above proof. 

Corollary 4.29 Let F be a group with (94) C F C Fq(94). For each p-adic 
W -algebra R, the space V{F;R) of p-adic modular forms defined in (4.20) 
is stable under the Hecke operators Tp(l,p) with pp = {y)p for y e O H 
(p(poo)^x y G n Op. 

By the universality of V'(c,F;W) (which classifies / r for p-adic 

W-algebras F), we find V(c, F; R) = V(c, F; W)%wR] so, the assertion for R 
follows from the same assertion for W. 

4.2.10 Adelic g- Expansion 

In this subsection, we introduce adelic g'-expansion coefficients ap(p, /) for 
a modular form / on SLk, whose Archimedean counterpart is the Fourier 
coefficients of a modular form on G(A) with respect to the canonical Whittaker 
function (whose Mellin transform is the F-factor of the standard F-function 
of GF(2)). Let F be the base p-adic W-algebra. The coefficients ap(p, /) for 
ideles y are useful in the following section to describe the duality between the 
Hecke algebra /i«:(94, e; F) and the space of modular forms 5,^ (94, e; F). 

Choose a complete representative set {c} C for the class group 

Gl^ = /O^F^F^^ as in Section 4.1.3, and write c = cO Pi F. Recall that 

Shsoim) = Ucecif ^o(^)) with 

OT(c,Fo(94))(C) - G(Q)+\G(Q)+h5o(94)G(E)+/5o(94)Go, 

where c = (§ ?)• R modular form / G 5,^ (5q (94), e; F) can be considered as 
a tuple (/c)cGCZ+ with /^(A, A, p, G F°(9Jl(c, Fq(94)), for k = 
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/^2 — A j 9 -adic modular form / is a tuple (/c)c indexed by c G Clp of 

sections /c G Kusp(c, Ab(04); B) of the structure sheaf of the formal completion 
of 5 = OT(c, A’o(fTl))[^] (for a lift E of the Hasse invariant) along its modulo p 
fiber 5i. For a given modular form / = (/c), it has a g-expansion at the cusp 
(O, c“^): fc = /c)^A We want to compute the action of the 

matrix g = [ o ) for a totally positive unit e G O on the g-expansion of /. 
More generally, we define f\g for / G Gf^{S{N),e; B) and g e A by 

if\g){A, A, , Lo)u;^’^ = g* (/(A, A, o (4.61) 

where i-G g^'uo®^ is as in (4.42). This is a right action. Taking v — p and 
A — A{p^)p X G(A^^^), / I det(g)|^^(/|g) gives rise to a right automorphic 
representation of the group A{p^)p x G(A^^^) on lin^ ( 5 ^ ^ / p ) ■ 

Even if misses its p-component, gp acts nontrivially on the differential uo 
(so nontrivial gp does make difference). Here N runs over all positive integers 
prime to p. If S is a Q-algebra, taking v = oo and A = G(A^°°^), we can extend 
the action / | det(g)|A(/|g) to G(A^^^) in exactly the same way, replacing 

by (5h,p) and taking the limit over all positive integers N. Note 
that the choice of u = p and v = oo makes the resulting representations 
different at their p-component. Over C, for the choice u = oo, this is the 
right regular automorphic representation of G(A^°°^) (with central character 
64 -) on the space of holomorphic Hilbert modular forms and is known to be 
a discrete direct sum of irreducible admissible (automorphic) representations 
with multiplicity at most 1 ([AAG]). The twist 0 | det(p)|A has to be there to 
undo the reverse twist appearing in the definition (ex3) of Sg{z). We 

have done such a twist in order to formulate the effect of Hecke operators in 
(4.58) and (4.60) in a traditional form. Without the twist, the right-hand side 
of (4.58) and (4.60) for u = 00 will be divided by A^(q). In any case, we also 
obtained a rational structure over Q[e+] on the (right regular) automorphic 
representation acting on holomorphic modular forms. 

We compute the g-expansion of f\g for g = ^ ^ • Take 

/ G G«:(5(ffl), £; 13). We consider the effect oi t ^ E on the Tate AVRM 
Tateo c-i { q )- This map is induced by multiplication by e on Gm which 

induces multiplication by e on /i^ (corresponding to the action i i o e on 
level Ti(fft)-structure i). Since the level Ti(Tt)-structure i gives the identifi- 
cation of (ffl* 0 c~^) /L with /igt C Grn (for L = 0 c“^), the action 

t E on level Ti(ffl)-structures corresponds to the action of g~^ for the ma- 
trix g = ^). Indeed, the isogeny ag : A ^ Yg for g E Aq{N) is just the 

quotient map A ^ Yg — A/Kei{ag) (Ker(a^) = p{g~^L/L))] so, it does not 
have any effect on L. The action t \-E E has an effect on T(Tateo ,--1 (q)) which 
is canceled out by the action of g~^ on T(Tateo^c-i (^))- Since ag and g act 
trivially on g^ ^/g^^ \ to describe the action of g on Tateo^c-i we need 
to make variable change g g^ \ to compensate the effect on g^ ^ /g*^ . 

The action of g is reflected by the g-expansion of f E e; /3) as follows. 
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«c-i (e f\g) = flc -1 (ee /)■ Then we have 

{fMA X, V, = glMdA Xfjog-\ co)lo^'^) 

= £i(epm)e^'^'/c(A,A,77og“\u;)w®'‘, 

where the last identity follows from = I — w. Note that ei{epiyi) = ^i(e) by 
(exl) and that £:+(e) = 1 for a unit e G O^. This shows 

ac-^(e^J) = M(e)6-"^a,-i(e,/) for / G S,{m,e;B). (4.62) 

In Section 4.1.9, we only considered p-adic modular forms on PG with 
a trivial central character. Since we have created the line bundle over 
Sh{PG^ X), moving around k fixing the central character £ 4 - : — > 

and 6j : T(Z) ^ we have a similar theory for p-adic modular forms 
with a fixed central character. We now describe the theory. Write P (resp. P) 
for (resp. r^(94)) for j = 0, 1. Define Vcusp{X,e;B) to be the space of 

p-adic modular forms (with coefficients in a p-adic W-algebra B) with central 
character and Neben character Sj. Here we assume that the conductor of 
is a factor of 94 so that is well-defined over zlo(^)- Then VcuspiT, s] W) 
is the space of global formal sections of the sheaf = ^in over the 

Igusa tower Too,oo/Soo, where Sm = Sh^P\PG, X)/Sq{N) for a lift 

E of the Hasse invariant. Here Sh^^^PG^ X)/ So{N) = Ucecd^] /Wm 

for a complete representative set {c} for the two-torsion group = 

C/J/(C/J)^, and physically as the T(Zp)-module (forgetting the Hecke oper- 
ators), we have 

Vcusp{r,e-,B)= 0 Veusp{c,r;B). 

cGCd 2 ] 

In other words, if we identify Vcusp{^^ T) with Vcuspi^^X) by / gg f\{^) for 
the operator ( 3 ) introduced in Section 4.1.9, we get Vcusp{B^ 1]B) — Vcusp{X) 
of Section 4.1.9. Instead we identify Vcuspi^^"^ ^ P] B) with Vcusp{^->P\B) by 
^+( 3 )“^ ( 3 )- We still have Vcuspi^X'^P) = ®cecH^] Vcusp{c,P;B) (under the 
different identification). Thus, forgetting about the action of T{Z^P), as a 
module over T{Zp), we have Vcusp(Px\P) = PcuspiP] B) physically. So, The- 
orems 4.11 and 4.12 remain valid for Vcusp{PX'->W) with P — To(94) and 
ri(94). In particular, the W-dual of VcuspiPX'i^) is W[[T(Zp)]]-projective 
(of finite rank) at least if p > 5. 

Replacing by the equivalent cyclic subgroup C of order 94 to indicate 
that this is a level /o(94)-structure and denoting by ip : ppoo 0 ^ ^[p^] 

for level ri(p°°)-structures, we may think of / G Wusp(A(94), e; B) as a func- 
torial rule {A, X,G,ip)/R ^ /(^, A,C, ip) G R satisfying the following three 
properties for (variable) p-adic H- algebras R and R' . 
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(Gpl) (^, A, C, ip)/n = (A', A', C', ^ f{A, A, G, ip) = f(A\ X', C , i^); 

(Gp2) If p : i7 —> i7Ms a continuous W-algebra homomorphism, then 

/((M, A, C, zp) R') = p{f{A, A, C, Zp)); 

(Z) /I (3) = £^+(3)/ for all fractional ideals 3 prime to p9I ( 44 > /jz = 
for all z G 

By Koecher’s principle, we do not need to have the condition correspond- 
ing to (Gp3) in Section 3.2.9 if F / Q; so, we have omitted it. We can let 
a G T{Zp) act on / G Wusp(i 1 )(^), B) by /(M, A, C, ip) e-> /(M, A, C, ipoa). 
In the above definition, replacing the level Fo(93)-structure (7 by a level 
Fi(94)-structure ^ 7l[Vt], we get the definition of the space of 

p-adic modular forms Vcusp{Bi[^)^e\B) on Fi(Vl). Since Shs^(m) is a dis- 
joint union UcccG ^(^5 A(^)), we have an embedding Vcusp(A(^), B) into 

^cusp 

We return to the level Fo(9I). We write Wusp(7o(9d), s:; F)[zci, 61] for the 
subspace on which T(Z) acts by the character wsi : 2: z~'^^£i(z) (note that 

Ki = I — w). We have a natural map e; B) ^ Vcusp{Bq{^) , c] F)[/^i, ^i] 

by defining f{A,X,C,ip) •= /(-^, A, Y G I)) for the level 5o(9I)- 

structure induced by C and for the differential y on Gm G c)“7 By 
the g-expansion principle Gorollary 4.23, this map is injective. We verify that 
(4.62) still holds for / G Vcusp{Bo{'^) ^ e; B)[ni^ £1] by a similar computation. 

Ghoose a finite idele c so that cO = c and Cp = 1. For finite integral 
ideles y and / G Vcusp(ri{^),£] B)[i<ii,£i], we introduce a continuous function 
y i-G ap(p; /) G F as follows: Choose ideal representatives c (prime to Np) so 
that yO = for G and write y = u^c for ideles u, c with Cp = C[ ~ 1 
for all prime factors [ dividing the conductor of £ and cO H F = c. Define 

apO;/) = £i(wpm)Wp''' -ac-»(C;/c) =ac-i (C/d(o ?))• (4-63) 

The definition (4.63) does not depend on the choice of c. Indeed, taking an- 
other c! and c' = F n dO with y = u'^'c', by Tateo^c-i(^) ~ Tate^^c/-! (g^) 
given via t ^ for m = (which pulls back y on TatCQ^^z-i (g) to 

wf on Tateo,c-i(?)), we have a,-i (C;/d (o i)) = «c'-i (C;/cd (o' ?))’ 
cause uu'~^ = which compensates the action of t ^ on the level 

structure. By definition, if / G Vcusp{Bi{^)^ £; B)[ki, £i]^ then ap{uy; f) — 
£i{u)a.p{y] f) for u G F(Z). Thus ap is well-defined independently of the 
choice of c, and for an integral ideal n prime to p and the conductor €i of ^i, 
choosing a finite idele n so that nO = n, ap(n^^^^^p; /) is well-defined inde- 
pendently of the choice of n. We write ap(pn; /) = ap(n^^^^^p; /). We extend 
the function ap outside integral ideles by defining the value to be 0. 

The above definition of ap(p, /) extends without modification to p-adic 
modular forms / in Tcusp(Fi(94), B) regarding Wusp(A(Tt); B) as a subspace 
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of the direct sum 0cgci+ ^cusp{<^, r'i(fn); i3), because we have a naturally de- 
fined action of ( 5 ) for u G T(Z) on such p-adic modular forms / given by 
/I 5) (A,A,zg^,Zp) = Si(u)/(A,A,z<nou~\zpOUpi). By Corollary 4.23, the 
p-adic modular form is determined by the function Up on integral ideles. We 
have now proved 

Vcusp{ro{^),e;B)\Ki,ei] = 

{/ G Vcusp{rom,e-,B)\ap{uyJ)=ei{u)u-^^eLp{y,f) Vu gT(Z)}. 

We compute the effect of Tp{'ccj^) := Tp{l^Wq) for a prime q | fff on the 
coefficients using (4.60). We have, if q f 

ap(p,/|rp(wq)) =ac-i (C/c|rp(tx7(,)|(“?)) 

=aq-i(.-i (C /qc| ( 0 1 )) (4.64) 

+ iV(q)e+(TOq)aqc-i (C /q-^d ( o l )) • 

Note that y = implies vo^y — u^cw^ and w^^y = Then replacing 

c (resp. c) by ctUq (resp. cvd~^) in the first (resp. the second) term of the 
last equation of (4.64) and applying the definition (4.63) of ap(n7qy, /) and 
3Lp{vj~^y^ /), we find, for all primes q outside pfff, 

^p{yJ\Tp{w^)) = ap(c7qp,/) -He+(G7q)A^(q)ap( — ,/). (4.65) 

Wq 

The same formula is valid for Tooi'^q) •= ^ 00 ( 1 , '^q) including q|p for our cho- 
sen prime element Wq (because ei{wq) = 1); otherwise, the formula depends 
on u = p, oc. Similarly, we have 

ap(p, /|Cp(u7p)) = ap(wpy, /). (4.66) 

We write T„(y) {v = p, oo) for the Hecke operator acting on G,^(04, e;B) 
corresponding to the double coset decomposition of 

T{y) = G Zlo(^)| det(x)6 = 

for p G O n F^(oo)- Note that, if yO = yO H F is square-free (as an ideal), we 
have Ty{y) = Ty{l,y), but otherwise, they are different. 

Since we have a relation = T{'nj'^) 4- iV(q)(G7q) and t/(iJ7q)" = 

f/(i37^) (cf. [MFC] (3.27)), by iteration, we get from (4.66) and (4.65), 



ap(l, /|Tp(y)) = ap(y, /) for all integral ideles y. 



(4.67) 
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4.2.11 Nearly Ordinary Hecke Algebra with Central Character 

We now introduce the nearly ordinary Hecke algebra and prove the duality 
between the algebra and the space of cusp forms. 

We take limits e = lim^_^oo Up{p)'^' and eg = lim^^oo ^oo(p)’^' in the alge- 
bra hf^{K^ e; R) defined in Section 4.2.8 for a profinite W-algebra R, whenever 
the Hecke operator Up{p) = Uoo{p) or ^oo(p) is in h^{K,s]R). We define for 
K with C a c 5o(^), 



K°^^{K,£;R) = 



e{S,{K,£-,R)) 
eo {S,{K,e;R)) 

'e{K{K,e-R)) 
eo {h^{K,e\R)) 



if p|91, 

if 91 prime to p, 
if 

if 91 prime to p. 



(4.68) 



The algebra R) is called the nearly ordinary Hecke algebra 

on G of level K with Neben (or weight) character and with coeffi- 

cients in R. We split T{Zp) = F x for the maximal p-profinite sub- 
group r and the maximal prime-to-p torsion (finite) group A^^\ Since p 
is unramified in F/Q, F is torsion- free. For each p-profinite FF-algebra F, 
any projective F[[F(Zp)]]-module of finite type is F[[F]]-free of finite rank. 
We then define h’^-^'^^(91, W'[[F(Zp)]]) for the FF[[T(Zp)]]-subalgebra of 

End(Vc-j^fp(Fo(91), 6:; F)) generated over W[[T{Zp)]] by the operators Tp{y) 
and {y)p for all integral ideles y. 

Theorem 4.30 Let K he a subgroup of with 5i(p’^) 0 5^ (91) C K C 

5o(p’^91) for 91 prime to p. By the pairing {t, f) = a.p{l, f\t) for modular forms 
f and Hecke operators t, we have the following perfect duality. 

(1) Suppose that K is maximal at p and that k is a dominant weight of Tg 

k ,2 ^ If one of the conditions (h4-6) in Theorem 4.28 is met 
depending on the level, we have h^{K,e] R) = Hom/^(5'/^(F, F), F) and 

S^{K, e; F) = E.omji{h^{K, s] F), F) for an algebra R finite over W; 

(2) If r > 0 and one of the conditions (hl-3) is met, 

hy^^{K, e; R) ^ e; F), F) 

and e; R) ^ Hom/?(/i;j-^’^^(F, e; F), F) 

for a p-profinite algebra R finite over W; 

(3) W[[T{Zp)]]) = 

and ^ e; f^[[T(Zp)]]), W"); 

(4) h— VF[[r(Zp)]]) - Homfl(V,-y (fo(9T), £; W^), i?) 

and VF) ^ e; W\\T{Zp)]]), R) 

forR = W[\r]]. 

Proof. We give a sketch of a proof. The Hecke algebras and the spaces of 
modular forms involved in (1) and (2) are F-modules of finite rank. This 
follows from Proposition 4.27 for (1) and Theorem 4.9 for (2). 
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Since the proof of the assertions (1) and (2) is the same and (4) follows 
from (3), we prove only (1) and (3). By the long exact sequence of 

^K.elWrn^ S^{K^£]W) ^ Wm {= ^'k / W> ,£ / w) hhm) 

injects into S^{K,£;Wm) {= so, the g-expansion 

principle is valid for the finite module S^{K, £]W) 0 Wm- For the pair- 
ing (,) : {h^{K,£]W) (g) Wm) X {S^{K,£]W) (g)M/ Wm) ^ Wm, we have 
{U (yg^)T(l, /) = 3ip{y; f) by (4.67), and hence, by the g-expansion prin- 

ciple, / = 0 if {h^{K, 8] W) <S>w Wm, f) = 0. By the perfectness of the duality 
of finite modules, we thus have a surjective morphism 

h,{K,e; fV) Hom^^ fV) 

of Hecke modules. Taking the projective limit relative to m, we get a surjective 
homomorphism h^{K,£;W) Homyi/(S'^(iF, 6; Fh), Fh). Since h^{K,£;W) 
acts faithfully on Sk,{K^£; FF), we conclude the injectivity. This implies 

h^{K, 8; R) ^ Hom/^(5^(iF, 5 ; R), R) for R = W. 

Since FF is faithfully fiat over FV and W is a valuation ring, we get at the 
same time S^{K,8;W) = Homw(hK(iV, VF), VF). If R is flat over FF, we 
find Sf^{K^ 8] R) = S^{K, 8; VF) (g)>v R by flat base change (e.g., [ALG] III. 9. 3). 
This implies h^{K^ 8; R) = h^{K^ VF) (g)>v R by the above two identities. 

Replacing h^{K,8] FF) Gw Wm and S^{K,8; FF) Gw Wm by h^{K,8; Wm) 
and S^{K,8] Wm) in the above argument, we get the desired identity for R = 
Wm- Since any FF-module of finite type is a finite direct sum of FF^-flat 
modules for some m (including m = 00 ), the above argument using fiat base 
change works well to get the desired result for a FF-module R of finite type. 
This shows the assertion (1). 

To prove the assertion (3), we simply write h for e; FF[[T(Zp)]]). 

We consider the pairing ( , ) : Vcisp(/o(DT)) x h -> K/W given by 
if,h) = ap(l,/|/i). Then again we have {U{y<yi)T{l,y^'^'^), f) = ap{y, f) by 
(4.67) applied to p-adic modular forms and, hence, by the g-expansion prin- 
ciple, (/, h) = 0 implies / = 0. By the perfectness of the Pontryagin duality, 
we thus have a surjective morphism: h F°^ 5 ^*(/o(^)) of Hecke modules. 
Since h acts faithfully on V^^ 5 ^*(/o( 94 )), we conclude the injectivity. Since 

we have VZsh"{Ro{^)) = Homw(Ku%(^o(^), FF), FF) (e.g.. Section 3.3.1 
particularly (3.4)), assertion (3) follows. Assertion (4) is a formal consequence 
of (3) and the R- freeness of □ 

The above theorem combined with Theorem 4.12 implies 

Corollary 4.31 Let 91 be an O -ideal with 91 Pi Z = {N). Suppose that p > 5 
is prime to Nd{F). Fix a k E X{Tg) and a Neben character 8 = ( 61 , 62 ,^+) 
with 8~ factoring through (0/91)^. Then we have for T = Reso/z^m; 

(1) h^-^^^(91,5;FF[[r(Zp)]]) is a W[[T{Zp)]]-projective module of finite type; 
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(2) ///^2 ~ ^ 2 / for k ' G Z[/]^ with k [ + /^2 ~ + ^2; have a canonical 

isomorphism of W -algebras 

e; TV[[T(Zp)]]) ®iy[[T(z,)]],.' W - e; T^) 

sending Tp{y) and Up{y) in VH[[T(Zp)]]) to Tp{y) and Up{y) 

in 5 ; W). If we replace 94 by p94 in the right-hand side of the above 

identity, it is valid under the milder condition /^2 ~ ^ 

This corollary gives us a finite fiat fibration Spec{\i) D = S'pec(lT[[T(Zp)]]) 
(h = h^-°’^^(5o(94), lV[[T(Zp)]])) whose fiber at an algebraic regular weight 

K is the (spectrum of the) nearly ordinary Hecke algebra of weight k with a 
fixed central character £+. Here the p-adic rigid analytic space of D is just 
a disjoint union of p-dimensional p-adic open unit ball (p = [F : Q]); so, we 
have found a nice family of algebras from modular forms. 

4.2.12 p-Adic Universal Hecke Algebra 

We generalize Corollary 4.31 allowing the deformation of the central character. 
This means that we can expand the base D of the fibration 5pec(h) ^ D 
so that we can deform (or continuously vary) central characters of Hecke 
algebras appearing as its fiber. Let Z = C/^(p°°) be the ray class group 
modulo p°®oo, that is, |im ^C/^(p’^). We decompose Z = x so that Fz 
is p-profinite and has order prime to p. Note that any character x of F^ 
can be regarded as a character of Z, because Z/Az is canonically isomorphic 
to F^. If p > 2, any character y : F^- ^ has a unique square root 
Thus we have a canonical identity (Z s/x ~ '^vc[[rz]],Vx ^ ~ 

for 6(g) X = (^iVx,^ 2 v^,e+x) (see (4.49)). We define 

h^-°^\m,e;W[[T{Zp) x Pz]]) = h^-°^^im,e;W[[T{Zp)]])§wW[\rz]], 

(4.69) 

which is called the universal nearly p- ordinary Hecke algebra. In the class 
of characters j^+xlx have the Teichmuller lift 6 q+ of mod raw- By 
construction, the above algebra only depends on the Teichmuller lift £o 
of 5 mod mi 4 / of weight kq = (0,/); so, we write the above algebra as 
h'^-°^^{%eo-,W[[T{Zp)xrz]]). 

For an idele y, we have a well-defined ideal class y G Clp{p^) = 

{O^F^x F^_^. We write [y] for the image of y under Z ^ Fz- We 
have the following consequence of Corollary 4.31 and the discussion in Sec- 
tion 4.2.7. 

Corollary 4.32 Suppose that p \ 2Nd{F) and that p > 5. Then we have 

(1) The Hecke algebra h^-^^^{%eo-W[[T{Zp) x Fz]]) is a W[[T(Zp) x Fz]]- 
projective module of finite type; 
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(2) When k .2 — ^ 2/ for k G X{Tq) and ~ ^oItg(Z) ^ ^o+ 

mod xxiw on for every arithmetic Hecke character x of Fz with 

oo-type 2v, we have a canonical isomorphism 

h^-°^\m,eo;W[\T{Z,) x Fz]]) ®w[[T(z,)xr.]]..®vx 

which sends Tp{y)Z>[y] and Up{y)<Z[y] m e; W[[T(Zp) x T^]]) to 

Tp{y) and Up{y) in ^ X5^)- U replace 94 by p2fl in the 

right-hand side of the above identity, it is valid under the milder condition 
1^2 — F 



4.3 Rank of p-Ordinary Cohomology Groups 

We give a sketch of a proof of the constancy of the rank of nearly ordinary 
cohomology groups when we vary the central character and the weight. The 
idea is the same as in the proof of Theorem 4.9 after moving everything to 
quaternionic automorphic forms by the Jacquet-Langlands and Shimizu cor- 
respondence. It is a well-known result of Jacquet-Langlands and Shimizu that 
if we choose the level appropriately, the space of holomorphic quaternionic au- 
tomorphic forms can be embedded into the space of Hilbert modular forms 
preserving the Hecke operator action. If the ramification of the quaternion 
algebra is limited to Archimedean places, the embedding is surjective. Fur- 
thermore, if the Archimedean ramification is maximal, the Shimura variety 
has small dimension < 1 so that we can make the argument more precise. 

We first redefine the space of modular forms in 4.3.1 in order to state 
the correspondence in Section 4.3.2. In Section 4.3.3, we interpret the corre- 
spondence in terms of topological cohomology and make it canonical. Then 
we shall give in Section 4.3.4 an exposition of the Eichler-Shimura isomor- 
phism which connects the topological cohomology groups and the space of 
cusp forms defined in Sections 4.3.1 and 4.3.2. At the end of this section, we 
give a proof of the boundedness in Section 4.3.5. Contrary to (exO), in this 
section y'^ = Ilaei V ^ ^ ^ 

4.3.1 Archimedean Automorphic Forms 

Let us recall the definition of the adelic Hilbert modular forms and their Hecke 
ring of level 94 for an integral ideal 94 of F (cf. [SGL] Sections 2.2-4). Let 
To = be the diagonal torus of GL(2)/o; so, Tq — Reso/z^o* Recall the 

characters £ = (^i, £ 2 , ^+) as in Section 4.2.5. In particular, : Z{K)/Z{Q) — > 
is an arithmetic Hecke character such that e+(x) = Ci{z)s 2 {z) and 
e_i_(xoo) = ^ Suppose that the conductor of Sj {j = 1,2) is a 

factor of an integral ideal 94' and that the conductor of e~ — is a factor 
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of Recall the “central” character : Z(A)5o(94) as in (ex3) 

given by e^(zu) = S-^{z)\z\^‘^e^{u) for u E 6'o(94) and z G Z{A). To simplify 
the notation, we write e for the restriction of to 5o(^). We have extended 
e to Z\o(^) by ~ e 2 {det {u)) e~ {atyi) ^or u = ( ^ E zlo(^)- This Neben 

type has been used in [FI]. 

For Archimedean automorphic forms / : G(Q)\G(A)/iC -> C of level iC, 
it is standard to define Hecke operators by the sum f\[KgK]{x) — f{gh) 
if KgK = without the determinant factor |det(p)|A (in (4.44)) in 

front of the sum To adjust our notation to this convention, we take the 
twist (I • |a G) /)(p) = I det{g)\^f{g) as the object corresponding to a section 
iJ°(5/iA:(C),^^^^) if / restricted to 5 /ia:(C) gives rise to the global section 
Indeed, we have (| • \a^ f)\[KgK]{x) = | • |a G) (| det(p)|A Eh /(^^))- 
This adjustment removes the factor | • |a^ from the central character | • |a^^+ 
of the sections of Incorporating this adjustment, the automorphic factor 
J^{g,z) of the weight k. in the sense of Section 1.1 satisfies (( q ) ,z) = 
for ( ) E Tg? and is given by 

J^{g,z) = det{gY ^~^ for g E G(R) and z E . (4.70) 

Then we redefine e;C) to be the space of functions / : G(A) C 

satisfying the following conditions (e.g., [SGL] Section 2.2). 

(SAl) We have the following automorphy 

f{axuz) = e+{z)e'^{u)f{x)J^{uoo,i)~^ 

for all a E G(Q), z E Z{A)^ and u E 5o(04)Gi for the stabilizer C{ in 
G(R)“^ of i = (\/^, . . . , E 3 = ^ where G(R)^ is the identity- 

connected component of G(R); 

(SA2) Choosing u E G(R) with ?/(i) = z for each z e , define a function 
A : 3 ^ C by fg{z) = /(£?Woo) A(«oo, i) for each g G G(A(°°)). Then 
fg is a holomorphic function on 3 for all g; 

(SA3) fg{z) is exponentially decreasing as Im( 2 :) oo. 

As we now show, the right translations of the functions / satisfying (SAl- 
3) generate the (left) automorphic representation / | det(p)|A(/|^~^) for 

g E G(A^°®^) whose central character is (we studied in (4.61) its in- 
verted right automorphic representation). If we replace the words “exponen- 
tially decreasing” in (S3) by “slowly increasing” at most polynomial growth 
as Im( 2 :) ^ oo, we rediscover the definition of the space of modular forms 
Gjm,5;C). 

The function fg in (SA2) satisfies the classical automorphy condition 

fgbiz)) = £~^{g~~'^J9)fg{z)Ail,z) for all 7 G To, g (01), (4.71) 

where /b,^(94) = g • SoYd)g~^G{M.Y ^ G"(Q), and G(R)+ is the subgroup of 
G(R) made up of matrices with a totally positive determinant. Indeed, we 
have under the notation in (SA2), 
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fgiliz)) = /(ff(7w)oo) J'k((7«)oo, i) = b • u^)JM'ru)co,i) 

= £~4p“b5)/(5Woo) J/^(7> Uoo(i)) J"k(Woo, i) = z). 

The same argument applied to a G G(Q)"^ yields 

fg{a{z))J^{a,z)-^ = /a(=o)-*g(2)- (4-72) 

By (SA3) combined with (4.72), fg is exponentially decreasing towards all 
cusps of /o,p(9d). It is easy to see that = 0 unless + /^2 = + 1 ^ 2 ]^ for 

[/i:i + /^ 2 ] ^ We simply write [k] for [tzi + ^^ 2 ] ^ ^ if ^ 0. 

Let us now show that this new definition of 5^(94, e;C) is compatible 
with the earlier one, recalling the theory expounded in Section 4.1.3. We 
take G H^{Shg^ The category of test objects 

(Hl,A,C, cj) with polarization ideal c is equivalent over C to the category of 
triples (T, A : C A C = c*,C) for 0-lattices £ of Fc = and a subgroup 
C of Fc/jC cyclic of order 94. The abelian variety A has a uniformization 
M(C) = FcjC of complex manifolds. The differential to corresponds to du = 
dU(j for the variable u — {ua)aei- Since £ is projective of rank 2 over O, 
we find two fractional ideals (O, c“^) of F and a base (wi^W 2 ) of £ so that 
£ = 0*ici T c~^u ;2 with ^ ^ ^ 3 and 0*94“Y0* = C. The alternating 

form A is given by A((— a • ici + 6 • u; 2 ), {—F ■ wi A b' ■ V 02 )) = a'b — ab'; so, 
the positivity Im( 2 :) ^ 0 implies the positivity of the induced polarization 
X : A ^ ^ A ([ABV] Chapter I). Multiplication by a = (27 tz)u;^^ sends Fc/£ 
to F<cl for C\ = Cz in Section 4.1.3. We have (a*)du = au. Thus putting 
f (£,A,C) = f (A,A,C,cu), we find f'{C,X,C) = a~^ f {CzAz.Cz) for C, = 
aC = (0*94~^ ^ c~^ z) / Cz- In other words, the restriction of the untwisted 
I • 1^^ (g) / for an automorphic form / satisfying (SAl-3) to 9Jt(c, Fo(94))(C) 
is determined by the function f'{z) — f\Cz^Xz^Cz) satisfying (4.71) because 
of (4.2) and (4.9) (combined with the action of 5 q( 94) given by e). Taking 
c = ( 01 ) ^ G(A*^®°^) with cO n F = c, we have Fo,c(94) = Fq(c, 94), and 
we find the tuple {/c(^)}c giving {|c|^^/c(2:)}c for the corresponding Hilbert 
modular form / : G(A) -> C as in (SAl-3). 

By the cuspidality condition, /' is exponentially decreasing towards each 
cusp, since the (^-expansion matches with the Fourier expansion substituting 
exp(Tr(^ 2 :)) for gC Thus we find a canonical embedding of 

= 05,(c,ro(7t);C) 

C 

(as c runs over G/^^^ = Cl\ / (CVpj^) into F^^(94, e\ C) as in (SAl-3). A function 
/ satisfying (SAl-3) gives a holomorphic section of the analytic line bundle 
induced by Then by GAGA (see [Se] and [ALG] Appendix B), 

we have (from the quasi-projectivity of Ffi(G,X)(C)) 

5«(7T,e;C) = 



(4.73) 
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Thus the two definitions are compatible over C. 

For each y G Zlo (^)5 we can decompose 

5o(^)y‘5o(^) = □ui5’o(9a) (4.74) 

U,t 

for finitely many u G U{Z) and t G with det(t) = det(p) (see [lAT] 

Chapter 3 or [MFC] 3.1.6). Since is well-defined over Z\o(^) and coincides 
with z ^ e^{z^)e 2 {dei{z^‘^^)) on Z{hS"^^) H Z\o(^), we may extend it to the 
subgroup of G{hS°^^) generated by Z(A^°®^)zlo(^) (which contains Zlo(^)0 
so that e{z5) = e+(2:^)£2(det(2:^^^))£^((5) for 6 G 4\o(94) and z G Z(A^^^). 
We then have 

f\[Soi^)y‘'So{^)]{g) = ^e^{{uty)f{gut) = e(det(y)) '^e{ut)~^ f{gut). 

u,t h 

(4.75) 

The second identity (*) follows from det(t) = det(p), (ut)^ = det{t){ut)~^ and 
multiplicativity of e, and by this, the sum is independent of the choice of u and 
t as long as det(t) = det(p). It is easy to verify that the operator defined by 
(4.75) preserves the space G/^(94, ^;C) and A^(94, e;C) by confirming (SAl-3) 
for f\[So{m)y^So{^)]. 

The above description (4.75) of the Hecke operator [So(^)^^Ao(Tl)] looks 
different from the earlier definition in Sections 4.2.5 and 4.2.6 (especially 
(4.44)), because in the earlier definition, we used x ^ x ■ h~^ (x G 5/i(G, X)) 
instead of g ^ g • ut {g E G(A)). By applying the involution l, we can take 
h — (ut)C We claim that the two definitions are the same (for the choice 
u = oo in (4.44)). Since the central characters are equal, the two actions coin- 
cide for each central element z G Z(A*^^^). Thus in order to show that the two 
operators coincide for all [Ao(^)p^ • Aq(^)] with y G Z\q (^)7 we may assume 
that y = (o ). For such p, we have t — y^ or t — y in (4.74). li t — y\ u 
runs over a complete representative set for U{0/c\) in t/(Oq), and if t = p, we 
may take u = 1. We take the decomposition 

Shs,(^){C) = □G(Q)+\(3 X (G(Q)W5o(^)))/5o( 54) (d = (g?)). 

C 

As before, we write [z,g] for a point of Sh{£) represented by {z,g) G 
3 X G(A^"^^). We have [x,7p] = Yl~^{z),g] for 7 G G(Q) + . Thus taking 
Lc = O* and putting Cz = O* for z G 3, we have X^(C) = j Cz^ 
By computation, if cruq = for d in the representative set for C/J, we find 

[zXuyy = [^,7«7y'Cs„] = Su] 

for Su G S'o(fn) and a finite idele c' with c'O C\ F = c', where 7 y. = (o i) 
and 7^i = (J 1 ) with u G c running through the congruence classes in c/qc. 
Similarly we have 
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[z,cy] = [ 7 y 4^)>c's] 
with s € 5o(9T) and 7y e G(Q) + . Since 

ro{c,^)y;^ro{c\m) = u yro(c,^)7y;S-\ 

u 

Vv‘(z) ^ give all the quotients of by cyclic 

subgroups of order q. Indeed for 7 = (“ ^) G ro(c, m)7y DI), we have a 

natural inclusion Cz C (cz + d)C^(^z) — -^7 ( i ) and an exact sequence 

0 ^ {cz + d)C^(^z,)l ^ ^ 0 

for {cz + d)C^(^z)l^z — O/q. Thus the two sets of abelian varieties, 

iV-'W’ iu^U{0/q))} and {U.|5o(0I)y5o(0I) = U^^o(in)h} 

coincide, where Yh is as in (4.44) made from A = X^. One can also check that 
this bijection extends to include the level structures, the polarizations and 
the differentials in (4.44) for KgK' = So{m)ySo{m). Thus the new action of 
[So{^)y'So{^)] for y e Zlo(ff^) coincides with the one [5o(Tl)^6'o(9d)] defined 
in (4.44). By linearity, this action of double cosets extends to the ring action 
of the double coset ring i?(5o(ffI), zAo(ffi))- 

Each member / of 5/^(0d, e;C) has a Fourier expansion of the following 
form ([MEG] Theorem 3.10 and [SGL] Sections 2.3-4), 

f io i) = IvIa ^ ^oo{^y, f){^yoo) ^^ei?(i^yoo)eA(<fx). (4.76) 
o<eeF 

Here 2/ ^ aoo(y, /) is a function defined on y e only depending on its 
finite part y^°^\ and ( ° ^ V^''^^f{Woo) is the restriction of the canonical 
Whittaker function of GL J (M) to matrices of the form ( q 5 ) (whose Mellin 
transform gives the optimal T-factor of the standard L- function of /). The 
function aoo(^,/) is supported by the set (O x Fqo) H of integral ideles. 
The determinant factor |y|A = |det ( ^ ? )Ia in front of the summation Eo«eeF 
comes from the twist we mentioned earlier. 

In view of the decomposition 

Som{^^^°)So(m) = {h°JSomu □ (“q)5o(0I) 

uGOq /q 

for a prime q { 91, we can directly verify by computation (see [MFG] Corol- 
lary 3.11) the following Archimedean counterpart of (4.65), 



^oo{y,f\T{zUc^)) 



aooiy^q, f) + Af(q)e+(ti7c,)aoo(^, /) if q f 91, 
aoo(ywq,/) ifq|91. 

(4.77) 
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We call an idele y e integral if € O. For each Q- algebra R C C 
containing the values of characters Sj and k on Tg'(Q), we have 

S^{% e; R) = {fe e; C) |aoo(y, f) e R for all y} . 

By definition, writing fy for fg in (S2) for 5 = ( ^7* ? ) ’ easily that 

a(eVy) = a«,(^2/,/)r"^- (4-78) 

Then by the g-expansion principle, we find e; R) = 

and hence the definition is compatible with the earlier one. We restate (4.43) 
slightly more generally for a W-algebra R C Q with Zqo • Q ^ C: 

G,{m,£;R)^R^^^C = G,{%e;C) and 5,(94, i7) C = 5,(9^, 5 ; C). 

We recall the embedding ip : Q ^ Qp- Then for any Q^-algebra i7, we find, 
consistently with (4.43), 

G,(94,e;i7) = G,(94,e;Q) R and 5,(94, e; 5) - 5,(94, e;Q) 0^^,^ R. 

By linearity, (p, /) ^ aoo(y, /) extends to functions on x G,(94, R) with 
values in R. Then we rediscover from (4.78) the p-adic g-expansion coefficients 
^p{y^ /) of / C G,(94, e; R) by the following formula, 

ap(j/, /) = 2/p '"'aoo(j/, /). (4.79) 

The formal g-expansion of / has values in the space of functions on 
7 ^(^(oo)) with values in the formal monoid algebra of the mul- 

tiplicative semi-group , which is given by 

f{y) = 

|»0 

This is the p-adic analogue of the Archimedean Fourier expansion (4.76). In 
particular, if ap(p, /) = 0 for all integral ideles p, the modular form / vanishes. 
In other words, the g-expansion: y ^ f{y) determines / uniquely (for any 
algebra R for which the space of 5-integral modular forms is well-defined). 

By the g-expansion principle, for any p-adically complete VF-algebra R in 
Qp (the p-adic completion of Qp), we conclude 

Si^{%e;R) = {/ G 5'^(^,e;Qp)|ap(2/,/) G R for all integral 2 /} • 

As we have already seen in Section 4.2.5, these spaces have geometric mean- 
ing as the space of 5-integral global sections of a line bundle of the Hilbert 
modular variety of level 94, that is, 5,(94, e; 5) = ^ r) whose 
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right-hand side has meaning even for H^-algebras not in so, we define 
R) for any p-adically complete W-algebra by the right-hand side. 

We hereafter assume 



either or [k] > 0, (4-81) 

in order to ensure the stability of the spaces of i?-integral modular forms under 
Hecke operators (see Theorem 4.28). 

Proposition 4.33 Let R be an algebra for whieh n : Tg{R) R^ ond 
e : Tg(Z) R^ are well-defined. Suppose that the space of cusp forms 
Sf^(fyi,e;R) is well-defined. Write H = R) and S = R). Let 

V be an H -module and V be an R-module of finite type with an R-bilinear 
product ( , ) : V X V' R. Then we have 

(1) The following formal q- expansion for v ^ V and w , 

f{v(^w){y) = '^{v\Tp{iy),w)q^ 

C»o 

gives a unique element o/ i^). 

(2) The map v(S>w ^ f{v^w) gives an R-linear map ofV ^rV' into S with 

f{{v\Tp{y)) ^ w) = f{v(S>w)\Tp{y). If furthermore, W is an H -module 
and {v\h,w) = {v,w\h) for all v E V , w ^ V , and h E H, then the map 
f induces an H -linear map V (8)// V e;i?). 

(3) Suppose that T is an R-algebra direct summand of H , and put F(T) = TV 
and 5"(T) = TS. If V(T) is T-free of finite rank and Hom/^(V(T), i?) is 
embedded into V by the pairing ( , ), then the map f : V(T)(8)//W ^ S{T) 
is surjective. 

The formulation of this proposition was suggested by the expression of the 
theta correspondence given in [Sh8] II, Theorem 3.1. 

Proof. We have an isomorphism l : Y[omR{H, R) = S given by 3.p{y , i{(j))) = 
(j){Tp{y)), which is an iT-linear map (i.e., i{(j) o h) = b{(j))\h’, see the proof of 
Theorem 4.30). Since V is an iT-module, h ^ (vjh,w} gives an element of 
HomR(II, R) and hence an element in S. The element has the expression as 
in (1) by the above explicit form of i. The assertion (2) is then clear from 
(1). As for (3), by the isomorphism HoniR(V(T), R) ^ Vj each element 
of Hom(T, i?) = S{T) is a finite /^-linear combination of h {v\h,w) for 
v E V(T) and w E V'; so, the surjectivity follows. □ 

4.3.2 Jacquet—Langlands— Shimizu Correspondence 

In order to create an example of the module V in Proposition 4.33, we study 
cohomology groups on quaternionic Shimura varieties. See [62a], [63c], and 
[68c] in [CPS] and also [H94] and [H88] for more details of such cohomology. 
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Let D be a quaternion algebra over F, that is, a central simple algebra of 
dimension 4 over F (see [BNT] for generality of simple algebras and [AAQ] 
for the theory of quaternion algebras). We write Gd for the algebraic group 
defined over Q such that Gd{R) — {D (g)Q R)^ for each Q- algebra R. Thus if 
D = M2(F), we have G = Gm 2 {f)- Let d{D)‘^ be the discriminant of D; so, 
d{D) is the product of primes q such that is a division algebra. 

We assume that p f d{D) and define subsets Ip and of I by 



D^F,a^ = 



M2(M) 

HI 



if a e Id 

ifaeI-lD = I^. 



(4.82) 



where HI is the Hamilton quaternion algebra over M. Finite places dividing 
d{D) and Archimedean places in are called the ramified places for D/p. We 
can create such a quaternion algebra as follows: Choose a quadratic extension 
AT of F so that Kq = K <S>p is a, field for each prime q\d{D) and that 

= K Of, a M = C for a G /^. Find 6 e F such that d G Npjp^ (K^) if 
and only if the place q is outside d{D) and . We find such a d if and only if 
the number of ramified places of D is even (see [BNT] IX. 3 and XIII. 6), and 
D = a p ) C M 2 (F) I a, 6 G F}, where p is the generator of Gal(F/F). 

By our choice of S, we find 0 x — ( ) G Fq with N(x) = aa^-j-Sbb'^ = 0 

if and only if the place q is outside and d(B). Thus Dq is a division algebra 
if and only if q divides d{D) or in . The map N : D F and the trace 
of the matrix ( ) are called the reduced norm and the reduced trace 
Tr : F ^ F of F, respectively. By our construction, F ^ M 2 (F) induces an 
isomorphism D 0p K = M 2 (F) which sends 6 O A: to kb. 

We fix once and for all an extension of o' : F ^ Q to cr : F = Q for an 
algebraic closure F/F. We take a quadratic extension F/F inside F so that 
F (8 )f,cj K — K X R as F-algebras for cr G 7^, F Gf Fp = Fp x Fp for primes 
p\p and D <^p K = M 2 (F). We can always choose such a quadratic extension 
F as long as p | d{D). These conditions imply F Gf — C for cr G 7^. 

We identify D ^p K with M 2 (F) by the above isomorphism. We fix max- 
imal 0-orders Op and Op of F and F, respectively, and we suppose that 
Op Go Op C M 2 (Of)* Here an 0-order Op C F in a finite-dimensional 
semi-simple F-algebra H is an 0-subalgebra of H such that for every x G Op, 
the commutative subalgebra 0[x] C H is an 0-module of finite type and 
Op Gz Q = F. If Op is an 0-order, its conjugate aOpa~^ for a G F is 
another 0-order. There are finitely many nonisomorphic maximal 0-orders 
inside F up to conjugation. 

For each prime ideal 1 prime to d(F), we fix an isomorphism Of,i — M2(0[) 
so that for the p-adic place p|p induced by ip o cr, this isomorphism coincides 

with the one. Op ^ M 2 (Of) M 2 (Op). By means of this isomorphism, 

we identify F[ with M 2 (F[). For an integral ideal of F prime to 7(F), 
putting Tt = 97o7(F), we define 

= = with ceOIoOmo}, (4-83) 
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where Od = 0£>(8)zZ, and — ri[|aio ^ 

5 = 0^ with a finite idele d such that dO H F — D. Similarly we define 

a^(9i)cD®Q so that it is the product of local components A[ which 
coincide with the local components of /^o(^) as long as I f d{D) and A[ = Od,i 
if l\d{D). Again we can think of the double coset ring jR(5^(04), Z\^(04)) = 
i?(5^(0d), Z\^(04)^) {x^ = N(x)x~^ for the reduced norm map N \ D 
F). We have T{1) = 5^(04) (^‘ l)S^{m) and Til, i) = S^{m)wiS^{m) in 
for [ | d{D), because the local component Z\^(0d)[ at [ 
of Aq{^) is identical to zlo(f^)i- For i\d{D), we take ai G Od.i so that its 
reduced norm generates 10[. Then we define T(l) = — 5^(0d)a[5^(f)d) for 
[|d(D), and we have 

R{S^{m),A^{m)) ^ R{Som,Ao{^)). (4.84) 

The above isomorphism brings T{1) and T(l, Q to the corresponding elements 
in the right-hand side. As an operator on the space of automorphic forms, 
T(l, Q induces the central action (1) of W[. 

For a given ring i?, we consider the following module L{tz*] R) of the mul- 
tiplicative semi-group M 2 {R). Let iF = (/^i -h/, K 2 ) and put n = /^2 — —L G 
Z[/], which is the restriction of tF G X{Tg) to T C Gi, and we con- 
firm (/^|t)* — k — 21 = n. The correspondence k ^ iF is the one for 
G ~ Res^/QGL(2) we discussed in Section 1.1 (see Section 5.3.2 for more 
details of this fact). We suppose that n > 0 (i.e., > 0 for all a G /), and 

we consider polynomials with coefficients in R of (A^j, Y(j)cjei homogeneous of 
degree n^r for each pair (A^j, 1^)- The collection of all such polynomials forms 
an i?-free module L{tF\ R) of rank no-(^cr T !)• 

As before, we write v for the fixed place p or 00 ; so, the base ring B is 
W li V — p and C if u = 00 . Suppose that R is a ;B-algebra. Then iv(cr(5^)) 
(which we write simply a{5y)) for 5 G Gd(A) can be regarded as an element in 
M 2 {R). Take a Neben character 5 as in (exl-4) of Section 4.2.6 with 
factoring through {0/2flo)^. We define £j {j = 1,2) as in (exl) and extend 
£ to A(^(m) by e^{5) = E 2 {N {5))e~ {a) if 5^^ = (“^). Since s s%{s) 
and 2 ; ^ coincide on Z(A*^°^^) fl 5^(91), we may extend e to a character 

• 5'^(^)^(A^'^^) ^ R^ by e^{zu) = e%{u)sj^{z) for 2 : G and u G 

S^{m). We let A^{% and Z(A)5^(91 )Gd(M)+ act on L{k*;R) as follows. 

Here z G Z{A), u G 5^(94)Gd(K), and 5^ = N{5)5~^ and = s5s~^ for s 
given just below (4.83). We write L{iFe\ R) for the module R) with this 
(A^(Ol), Z(A)5^(01)GD(M))-action. 

By computation, 2 : G Z{A) acts on L{iFe\ R) through scalar multiplication 
by in particular, e G C Z{A) acts trivially on L{k*6] R). 



= e%{3)~^N{5yr^{a{{^5yy){^:)), 

= N{ZyUy)''^^^ {a{%ZyUyY) (yI)) ■ 
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If 5 is a sufficiently small open compact subgroup so that S Pi Z(Q) C in 
central elements in = xSx~^ P Gd{Q) act trivially on L{k*s; R). 
Assume that v = oo. We let g e Gd(^) with N{g) > 0 act on 3 d = 
by the linear fractional transformation of g^ — ^{ 9 ) ^ GL2{K IR) — 
GI/ 2 (M) component- wise. We put Ga+ for the stabilizer of ^/^ in the Lie 
group {D <S>F,a and define a maximal compact subgroup GP C Gp)(E) 
modulo center by flaeio ^ Ylaei^ which is the stabilizer in Gd{^) 
of i = (a/^, . . . , a/^) € . Thus we have 3 d = — Gd(^)'^ /GP by 

p(i) g for the identity-connected component Gjo(M)+ of Gd{^)- Since G 
and Gd have the common center Z — Resp/QGm, we use the same symbol 
Z to indicate the center of Gi:>. For any open compact subgroup S C 5^(04), 
we think of the complex manifold associated with the Shimura variety: 

Y(S) = Y^{S) := GDm\GD{A)/Z{A)S ■ GP. 

We write simply lo^(^) for 

Since we have already defined the space of Hilbert modular forms over C 
in (SAl-3), assuming that D is a division algebra, we state a definition of 
automorphic forms on Gp»(A). For each tz, we define G Z[/]^ by = 
{(^ 1 , 1 ^ 2 ) fo^ = Y^aei^ Thus is the projection of hz to 

Similarly, we define acd by the projection of to Z[/p>]^ C Z[/]^. 

With each k g Z[/]^ = X{Tg)^ we associate an automorphic factor, 

J^{g,z) = (4.86) 

for g G Gp)(E) and z G 3d- We write for the projection of to Z[/^]. 
Then, if Ijj / 0, we define (Tt, e; C) to be the space of functions / on 

Gd{PP) with values in L(^p C) satisfying the following conditions. 

(SBl) We have the following automorphy 

f{axuz) = e+(2:)e^(u(°°))u^^ • f{x)J^{uoo,i)~^ 

for all a G Gd{Q)j z G ^(A), and u G 5^(94)Gi, where Gi)(E)'^ is the 
identity-connected component of Gd(E). Here f{x) f-> Uoo • f{x) is the 
action of the /^-component of Uoo on C); 

(SB2) Choosing u G Gd(E) with — 1 and u{i) = z for each z e 

define a function /^ : 3 d C by fg{z) = /(^Uoo)e//^('Uoo, i) for each 
g G G(A^°^)). Then fg is a holomorphic function on 3 d for all g. 

When = I /p, =: 0), the variety Y^{S) is a finite set of points; so, 
the condition (SB2) is empty. However, writing e;C) for the space of 

functions satisfying (SBl) in this definite case, we need to take 5^(94, e;C) 
to be the following quotient: S^{m,s;C) = (ffi, e; C)//u(fR, e; C), where 
/u(04, e;C) is the subspace made up of functions in 6; C) factoring 

through the reduced norm map N : G/:>(A) ^ T(A). If /^2 - ^ I or e 

is nontrivial for some x G Gd(A) with N{x) = 1, Iv{%e;C) = 0; so, no 
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modification is necessary. Decomposing for y G Aq{^) into 

we shall define the action of zl^(Od)) on 5^(04, 5 ; C) 

by 



f\[S^im)y^S^{m)]{g) = J2h- f(gh) = ■ f{gh-^). (4.87) 

h h 

We state the theorem of Jacquet-Langlands and Shimizu in the following way. 



Theorem 4.34 Suppose 04 = 04oh(D) for an integral ideal 04q prime to d{D). 
Identify Aq{^)) and R{Sq , Aq {^)) as in (4.84). Then we have 

an i?(5o(04), A^ifyi)) -linear embedding e\ C) ^ 5^(04, e; C) for all dom- 
inant regular n with ~ ^ ■ The image of this embedding only depends 

ond{D) and is made up of cusp forms m5/^(04, e;C) new at all primes q\d{D) . 
In particular, if d{D) ~ 1, the above morphism is a surjective isomorphism. 

Since known proofs of this theorem require harmonic analysis and a good 
knowledge of representation theory of adele groups (especially the theta cor- 
respondence), the proof is beyond the scope of this rather algebraic book; so, 
we quote some references where one can find a proof. The above formulation 
of the theorem was given in [H81] Section 2 and [H88] Theorem 2.1, where 
one can find an exposition of how to deduce this result from the original result 
of Jacquet-Langlands (whose exposition can be found in [AAG] Section 10). 
We hope to give an exposition of this result in a forthcoming book (through 
a line closer to Shimizu’s treatment). 

4.3.3 Integral Correspondence 

Since the isomorphism of Theorem 4.34 is noncanonical, we rigidify it using 
some ideas of Shimizu and Shimura. Although we can treat the general case 
in a uniform manner, introducing the cuspidal cohomology group, in order 
to avoid technicality, we assume at the end of this section that \Id\ < 1, 
which is the case we need later. For the moment, we do not impose any con- 
dition on D; also, v can be any of the places p and oo. Suppose that S is 
sufficiently small so that the image T s^x of Ts^x = x5x“^G^(R) D Gd{Q) in 
PGjj{M.) acts freely on for all x G Gjj{A^^">) and that the action of Ts^x 
on L{k'^£;R) := Lo^(/^*^;i?) factors through Ts^x- As already remarked, 
the central action of e G Z{Q) D S • Gd{^) on L{k.'^£]R) is the multiplica- 
tion by which has to be trivial. Then we can define an 

etale space over Y{S): C{k,£\ R) = Gd(Q)\ {Gd{A) x L(/^*6; R)) /Z{h)S -GP , 
where ^{x,dl)zu = {'^xzu,{zu)~'^ • <T)) for u G 5 • CP , z G ^(A), and 
7 ^ G/:>(Q). This etale space gives rise to a sheaf L{iPe-, R) iy{S) of locally 
constant sections. We write H^(Y (5), L{k*£] R)) for the cohomology group of 
Y{S) with coefficients in the locally constant sheaf L{k"'£;R). 

Since Y{S) = Uxrx\S)^^ for finitely many x with Xy = 1, we have a 
canonical isomorphism (cf. [LFE] Appendix and [H94] page 470), 
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H^{Y{S), L(K*e; R)) ^ 0 H‘^{rs,x, L{K*e; i?)), (4.88) 

X 

where the right-hand side is the direct sum of the group cohomology of the 
module R). Even if F s^x does not act freely on the module R), 

we still have Y{S) = finitely many x with Xp = 1, and we 

define the left-hand side of (4.88) by the right-hand side of (4.88). 

If 5 C S', we have the trace map Tts'/s (be., the transfer map in group 
cohomology; see [MEG] 4.3.1) and the restriction map Ress'/s- 

lYs'/s : L{k*s- R)) ^ H‘>{Y^{S'), L(Ve; R)), 

Res 5 ,/s : H‘>iY^{S'),L{K*e;R)) -> H^{Y^{S),L{k*s-,R)). 

We choose S' sufficiently small so that [S^(D4) : S] is prime to p (this is a 
condition on p). Again we have Tr and Res: 

Tr : ET^(y^(S), L(/^*e; R)) -> L(/^*e; R)), 

Res : F^(yo^(04), L{k^s; R)) H^Y^{S), L(/^*e; R)). 

Since TroRes is the scalar multiplication by [So(04) : S] (cf. [MEG] 4.21), we 
have 

H^{YQ^{m),L{K^e;R)) = F^(E^(S), L(/^:*e; i^))/ Ker(Tr) = Im(Res). 

We can always choose a multiple W = 94q (by a prime q) of 04 so that F 0 , 2 : (04') 
acts freely on . 

We have a natural action of the ring R(S^(04), Z\^(04)) on the cohomology 
group F[^{Y^ L{iF R)). The definition of the action is quite similar to 
the one (4.37) given for the coherent cohomology groups iS‘^(S/ip:, o;^), and 
the operator induced by the double coset SgS for S = S^(04) is given by 

[S5S], = (Tr5/(.5H5) o [(5] o Res5/(5n5c)- (4-89) 

Here [6] : L{iFe’, R) — > L{iFe’, R) is induced from the action of 5 on L{iFe’, R). 
If p = 0, decomposing S^(04) (g ?) '^'^(94) = \_\^ we have 

f\Tv{l, y) = ^ wf{xzv). (4.90) 

VO 

Suppose Id = 0- Then Y^{S) is a finite set, and C{ = (Tp)(M). Eor a VE- 
algebra R, we may identify {Y^ {S), L{tFe\ R)) with the space of functions 
f : G(A) T(/^*; R) satisfying 

(SB) We have the automorphy f{axuz) = • f{x) for all 

a G Gd{Q): z e Z{A), and u G 5o^(04)CA. 

Since / satisfying (SB) is left invariant under Gd(^)i we may regard it as a 
function on G{A^^^) = G{A)/G{R). Recall Iv{hi,e;R) which is made up of 
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functions as in (SB) factoring through the reduced norm N : G(A) — > T(A). 
We have, if Id = 0, 

S^{m,e;R) = H°{Yo^{‘^),L{K*e-,R))/Iv{m,e-R). (4.91) 

If R is p-torsion (so, B = W and u = p), /u(04, e; R) could be nontrivial even 
if k .2 — f<'i R because k ,2 — — I could be trivial as a character of T{R) 

(even if it is nontrivial as a character of the algebraic group T). 

We assume that R = W and v = p. We have p^ right cosets (p = [F : Q]) 
in (5^(p94) Sq{p^)) /5^(p04), and each coset acts on / G /u(04, R) 

by f{x) ^ /(xpp), regarding / as a function of T(A^°°^). Since / actually 
factors through a finite quotient of T(A^°^^), for a high power U (p)^ ~ U {p'^) 
of Up{p)^ we have f\U{p'^) = p^^ f\ so, /u(fTt, R) is killed by the p-ordinary 
projector e. Thus we have 

Sy^<^{pm,e-R) = Hl,M^ip^),L{K*6-,R)), (4.92) 

where the superscript or the subscript n.ord indicates the image of the projec- 
tor e = limn^oo U {p)^\ Since T{p) = U (p) mod p if /^2 — R. I and [k] > I, 
the same assertion holds for 94 prime to p: 

R) = , L{k* e- R)) if /C 2 - /ci > / and [«;] > 1. 

Hereafter we assume that \Id\ < 1 and F ^ Q. Write q = \Id\- In this case, 
F is a division algebra, and Y{S) is a compact manifold (cf. [Bo] 1.5). Let 
V be the image of (m), L{k.^6;W)) in HRYq^ ( m), L{t^^e;W Q))- 

By the Eichler-Shimura isomorphism (described in the following subsection) 
between the space of cusp forms on Gd{^) and the cohomology group (e.g., 
[H94] Proposition 3.1 and (10.4)) combined with Theorem 4.34, the above 
cohomology group V is a module over the Hecke algebra fi«^(94, W). 

We consider the duality pairing [ , ] on L{k,*s; R) (for Q-algebra R) intro- 
duced in [H94] Section 5, 



ajX^-^Y^ 

where n = «2 - «i - (p = Haei (p)> and, for example, X^ = ■ 

As *So(94)Z(A)-modules, this pairing satisfies: 

[uz$,uz$'] =. e^(u(°°ye+(2)2Af(up)(M-i)p#,<?'], (4.94) 

where N : Dp ^ Fp is the reduced norm map and e+{z) = s+{z)z~'^'-~'^^'^^ 
(the p-adic avatar of e+). 

Define k — (I — K 2 ^ I — f^i)- Then the pairing [ , ] induces 5o(94)Z(A)- 
equivariant pairing [ , ] : L{n"'e\R) x L{He~^\R) R. Recall q = \Id\ = 






bYi—jdj G R, (4.93) 
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dimci3^^. Then by the compactness of the cup product pairing in- 

duces ([H94] (5.3)), a nondegenerate pairing 

( , ) : H^{Yo^{m),L{K*e;W^zQ))xH’^{Yo^{m),LiKS-^-,W®zQ)) ^ W"®zQ- 

Thus we obtain from Proposition 4.33 and Theorem 4.36 the following result. 

Proposition 4.35 Let V C H^{YQ^{m),L{K*e;W C>z Q)) be as above for 
Q = \^d\ Y: 1- Suppose F ^ Q. Let P* be the dual W -lattice of V in the 
cohomology group iJ‘^(To^(04), VP Q)) under the Poincare duality 

pairing { , ) as above. Then we have an S]W) -linear map f : V<^wV* 

5^(04, e;fT) defined by the q-expansion: f{v^w) = 

where we regard the space V C)vp cls an e; W) -module through the left 

factor V. 

A similar fact for the matrix coefficients of T{y) in place of {v\T{y)^w) has 
been proven in [Sh8] II, Theorem 3.1 by analytic means without using the 
Jacquet-Langlands correspondence. 

4.3.4 Eichler— Shimura Isomorphisms 

In this subsection, we assume B = C and v = oo. We relate 5^(94, e;C) 
and JY^(yQ^(f)4), L(/^*e; C)). The isomorphism is called the Eichler-Shimura 
isomorphism. When \Io\ =0, (4.91) gives a direct relation; so, there is nothing 
left to do. Thus we assume \Id\ = 1 and F Q. Then Tq^( 94) is a Riemann 
surface, which is a disjoint union of Tb,a:(^)\'^ for a suitable finite set of 
X e Gd(A^°^^). Thus Shimura’s theory expounded in [lAT] Chapter 8 applies, 
which yields the following canonical isomorphism, 

S.{ro,A^), e; C) 0 5,(ro,,(Da), e; C) ^ F°(ro,,(0T), L(«*e; C)) 

^J/°(ro,,(^n)\iD,L(K*e;C)), (4.95) 

where 5/^(Fo,2;(^)5 C) is made up of complex conjugates of functions in 
the space S'^(Fo,x(^)5 C C), and is the collection of holo- 

morphic functions f : S) Lc(/^*’^,C) satisfying the following automor- 
phy condition: fi'jiz)) = e~^{x~^jx)j • f {z) J , z) for all 7 E Fo,x(^)- 
The fact S^{m,£-,C) ^ 0^ 5«(ro,^(9t), e; C) if Yff{m) = Uro,^(9T)\f^ fol- 
lows by the computation similar to the one done just below (4.71) using 
(SBl-2) in place of (SAl-3). The last isomorphism in (4.95) is a general 
non-sense (see [LFE] Appendix). The first isomorphism in (4.95) sends / G 
5'/^(To,x(^),^;C) to a 1-cocycle c/(7) = f{z){X^+zY^Y^dz E L{k.^s;C) 

and / E 5^(ro,x(^), C C) to a 1-cocycle Cf{j) = f{z){Xa FzY^)^-dz E 
L{k*s;C), where Id = {cr}- A detailed proof of this fact is given in [lAT] 
Chapter 8 (see also [CPS] I, [62a] and [63c] and [LFE] Chapter 6); so, we omit 
details of the proof of the following theorem. 
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Theorem 4.36 (Shimura) Suppose |/d| = 1 and F ^ Q. Then we have a 
canonical isomorphism of R{Sq{^), Aq{'TI)) -modules, 

C) © F Q ^ H°(Yo^(m),L(K*e; C)), 

where e\ C) is made up of complex conjugates of elements in S^{^, e; C) 

with complex conjugate character e. 

4.3.5 Constant Dimensionality 

Recall the Neben character ^ = (£i,S 2 ,s^) with values in as in (exl). 
Here for 2 ; G We define ?= (?i, A 25 G+) 

with values in by the Teichmuller lift of the reduction modulo p of the 
characters 6. We prove the following theorem. 

Theorem 4.37 // /^2 ~ ^ I , then dim e; C) depends only on 

e and d{D) and ffi. Moreover if 1^2 — ^ 2/^ we have 

for 04 prime to p. 

If the assertion of the theorem holds for 04 containing a sufficiently large 
integer N, the assertion holds for all 04, because by the theory of primitive 
forms [MFM] 4.6 and [H88] Section 3 (or the strong multiplicity one theorem 
[AAG] Sections 4 and 10), one can recover the dimension of each space with 
lower level. Here we give a proof under the assumptions either that p > 5 
and p is unramified in F/Q or that Yq^( 04) is smooth and the sheaf L{M£] R) 
is well-defined over The latter assumptions are valid for 04 having a 

sufficiently large integer N. 

Proof We choose an open compact subgroup K C 5o(04) so that Y^{K) is 
a smooth manifold and that the sheaf L{Me;R) is well-defined over Y^{K). 
We write T = Y^{K) and y = Y^{KP Sq{p)). When ^0^(04) is a smooth 
manifold and L(/^*e; R) is well-defined over Y^{^), we take K = 5^(04). By 
the same argument as in the proof of Theorem 4.9, the evaluation at (1,0) 
of polynomials in L{Me]¥) gives rise to a morphism L{Me\¥) L{lTe,¥) 
of sheaves on y' , where H = (0,/) and e is as above. Composing with the 
restriction map, again by the same argument as in the proof of Theorem 4.9, 
we get the following isomorphism, if SI 2 ~ A 2/, 

If «2 - «i > I, we only have , L(«*£; F)) ^ , L(«£; F)). If 

^2 — ^1 = /, L{Me; F) = L{k€] F) (although L{M£] W) might be different from 
W)), and we have L{M£; F)) ^ F)). Thus we 

need to choose K so that the dimension dim e; C) only depends 

on dimf L{M £;¥)). We specify K later. 
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By Theorem 4.34, dime 5^(04, 6 ; C) is independent of D as long as the 
quadruple (d(D), e, 04) is fixed; so, we may assume that q = \Io\ < 1, 
because, for a given finite set of primes 5, we can always find a quaternion 
algebra D with d{D) = IlqG^ ^ 9 — \Id\ = \I^\ = \S\ mod 2 by a Basse 

principle (see [lAT] (9. 2.4-6) and [BNT]). Since the projectors e and Cq are 
defined taking the p-adic limit, they give idempotents of /i«;(04, c]W). However, 
every idempotent of /i/^(04, e; W) comes from an idempotent of /i^(04, e; W) if 
>V is sufficiently large, since h^(04, e; IT) = /i^(04, e; W) ( 8 >w W. Thus these 
idempotents are well-defined over W and over C; so, = e-H^ makes 

sense for any coefficient ring. 

By definition, R) is a quotient of H^{Y^ R)) when 

g = 0, and as we have seen in (4.92), 

^ i7°^^^(To^(04),L(/^*6:;i?)) for all and e if ^ = 0 . 

Similarly, by Theorem 4.36, we have 

(04, e; Cf ^ i7°(yo^(04), L{k^s; C)) for all and £ if g = 1 . 

Since by the universal coefficient theorem (e.g., [SFT] Theorem II. 18.3), we 
have from the flatness of C and W over W that 

C)) = ^(Ve; W)) ®w C, 

Kordiy(Fi^)^Lin*e;W)) = W. 

Thus we need to prove the constancy of rankvp ^^,JVo^(yi),L(K*s;W)) 
and that ord(^o^i^)^ L(k*6; IT)) is IR-free. Take a prime ( |p04 such that 
p I (N(l)‘^ — 1 ). As we have already remarked in the proof of Theorem 4.10, 
there exist infinitely many such primes [ if p > 5 and p is unramified in F/Q. 
We take K = 5q( 04) n S}(1). Then m C] R)) is canonically a 
direct summand (as Hecke modules) of {y ^ L{hY s] R)) by the restriction 

map for all W-algebras R, because the restriction followed by the transfer 
is a multiplication by an integer factor of [5 q( 94), iC] | (Af([)^ — 1 ) (cf. [MFG] 
Proposition 4.21), which is invertible in R. Thus we only need to prove these 
facts for 

We may further choose [ so that the image FxOiFx = x • Kx ^ Cl Gd{Q) in 
G^{Q) = Gjj{Q)/Z{Q) is torsion- free for all x G Gd{A^^^). Indeed, if 7 G iA 
is torsion in F^, ^[ 7 ] is a quadratic extension of F with 7 ^ = e G for the 
order N of the image of 7 in Fx- Write M for the extension of F obtained 
by adding y/u for all u e . Since [O^ : (O^)^] = 2^, [M : F] < 2^. In 
C — 7 \A ^ has finite order N] so, C is a root of unity in M['y]. Since 
e = 1 mod [, we may assume that ( = I mod £ for a prime factor £ of [ 
in M[j]. This shows either C = 1 or for the residual characteristic i of 1. 
This never happens if i is sufficiently large, because N is bounded. If C = 1, 
then 7 has two eigenvalues ±y/e; so, ^/e = — \/e = 1 mod [, which happens 
only if ^ = 2. Thus we have plenty of choice of [ as above. Under the above 
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choice, Ta, C Z(7L) if = 0 and y is smooth if g = 1. Since Z{Z) = 0^ acts 
on L{k" s] R) trivially, L{k*s] R) is a well-defined sheaf over y. 

For simplicity, we write L{k*e\ R)) as R)). By the 

long exact sequence attached to L{k*6; W) ^ L{k*£\ W) L{k*£-, F) for the 
residue field F of hF, we have another exact sequence: 

K.orAL{K*£- W))^wWm Vs; W^)) ^ fF))[p™]. 

When q = 0, ^^^{L{k*£; W)) = 0 because dim 3^ = 0. Thus we get 

W)) <E>w W„)), 

and H° ^^^(L(k*£;W)) is W-free. 

Suppose q = 1. Then H‘^{L{k,*s;W)) is the dual of W*)) 

by Poincare duality, where W* is the Pontryagin dual \J^p~'^W/W of W. 
Here the adjoint operator of [KgK] acting on (L{k€~~^]W*)) is given by 
[Kg~‘^K] — [K • N{g)~^K][KgK] for the reduced norm map N : Gd ^ Z. 
Since the action of the center [K'N{g)K] is the multiplication by ap-adic unit, 
we have the duality between the nearly ordinary part of the two cohomology 
groups HI^^^{L{k*£-W)) and H°^^^{L{k£~^;W*)). 

We now show \ W*)) = 0. Since we have 

W*)) = 

m 

we only need to show that T(p) or U{p) is nilpotent on H^{L{2e~^]Wi)). We 
regard H^{L{ke~^]Wi)) as a space of locally constant functions on Gd(A) 
with values in L(^; Wi) satisfying the automorphy property as in (SB). Choose 
an integer n > 0 so that = 1 mod 1. Decomposing t — T{p^) = |J^ hK^ 
we have from (4.90) that f\t{x) = ’ /(^^“')- We may assume 

det(h) = zup and that h is of the form ( o ^ ) with aP = p^ for u running over 
representatives modulo aOp. By the strong approximation theorem, connected 
components of y are indexed by T{A)/N{K)T{F)T{R)^ = Gfy(l) for the 
reduced norm map N : Gd T. Since / is constant on each connected 
component of y and T(p^) or U{p'^) does not move the connected component 
(i.e., because the ideal (p’^) is generated by a totally positive element p^ = 1 
mod 1 in F), f{xh~p is a polynomial P{X,Y) independent of h. 

By the definition of the action, for Ph{X, Y) = f{xh~p, we have p 
Phi^^y) = P{PX — uY, oY) for r + 5 = n. Therefore writing P as a linear 
combination of Ho- Pa{Xa, Ya-), we compute h • P at each piece P„{Xa, Y„). 
Writing Pu{X„, Y„) = P^{p'^Xs-uYc,,p^Ys) = P^ip^X^ -uY^,0) if s > 0 and 
P'{Xa,Y^) = P^{0,Ys), we see Y.^Pcrip^Xa - uY„,R) = 0 in L(/c£“^ Wi). 
For P(p), only those Pcr{p^X„ ~ uYa,0) appear; so, U{p) = 0 on the co- 
homology. Since U{p) = 0, after applying T{p), we only get a mono mi al 
Pa{0,Ys) of Ycr. When we consider T(p), p is prime to D3. So P{X,Y) is 
invariant under Uo{^)p = GL 2 {Op), but a nonzero monomial of Y„ is never 
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invariant under GL 2 {Op); so, Pa-{Xcr^Y(j) does not involve a monomial of Yc^ 
that is, P(j{0,Ya) — 0. This shows the desired vanishing. In this proof of 
~ 0, we have used the strong approximation theorem 
to show that T{p'^) and U{p'^) for a suitable n > 0 preserve each connected 
component of 3^; so, obviously the argument does not work if Id = 0 where 
the strong approximation theorem for (for the derived subgroup 

Gd,i = Ker(A^ : Gd T) C Gd) does not hold. 

We find W)) (g>iy = H^ ^^^(L(k*s; Wm)) by the vanish- 
ing of W)). Again by the exact sequence 

W)) W„)) - e-, W))[p™] 

and the vanishing of we find that W)) is torsion-free if 

q = 1. This finishes the proof. 

4.4 Appendix: Fundamental Groups 

This section gives a sketch of the theory of algebraic fundamental groups 
which has been and will be used in the proof of the global reciprocity laws 
(for example. Theorem 4.14 and Theorem 6.26). At the end, we summarize 
group-theoretic tools also used in the proof of the reciprocity laws. 

4.4.1 Categorical Galois Theory 

We give a brief exposition of how one can axiomatize Galois theory (the idea 
is due to Grothendieck, and the main reference is [SGA] V.4). We assume a 
minimal knowledge of category theory and terminology which one can find in 
[HAL] Chapter II, [GME] Sections 4-5, and [MFG] Section 4. This subsection 
interprets the result in Section 2.3.1 in terms of category theory. 

We recall some terminology in category theory. Let C be a category. A 

f 

morphism X ^ T in this category is called an epimorphism if for any third 

object Z and morphisms Y Z, g o f — h o f ^ g — h {so f is a. 

h 

right unit). In other words, for any other object Z in C, the pullback map 

f* 

Homc(y, Z) — Homc(X, Z) is injective if / is an epimorphism. Similarly a 

f 

morphism X ^ Y” in this category is called a monomorphism if for any third 
object Z and morphisms Z ^ X ^ f o g = f o h g = h {so f is a left unit). 

h 

Let SETS be the category of sets. Recall that a covariant (resp. contravari- 
ant) functor F : C ^ SETS is called representable if there is an object X in C 
such that we have a system of functorial bijections 4>x • F{X) Homc(X, X) 
(resp. (px ■. F{X) -o- Homc(X, X)). Here the word “functorial” means that 
/* o (px = <pY o F{f) in the covariant case and /* o = (px o F{f) in the 

f 

contravariant case for any morphism X ^ Y in C, where f^{g) — f ^ 9 for 
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g G Yiomc{T ^ X) and /*(/i) = ho f for h G Homc(^, The object in C 
representing a functor is unique up to isomorphisms (a characterization by a 
universal property; see Section 3.1.5 in the text and [GME] Lemma 4.1). 

If a covariant functor Fq sending every object in L to a singleton { 0 } 
is representable in C, the object representing the functor is called an initial 
object in C. Similarly if a contravariant functor sending every object in C 
to a singleton { 0 } is representable in C, the object representing the functor is 
called a final object in C. 

If the covariant functor T Homc(X, T) x Homc(T, T) for two given 
objects X,Y of C is representable by an object of C, the object is written as 
X 0 V and is called the direct sum, and we have inclusions ix ■ X ^ X and 
iy ■ Y X ® Y such that Homc(X 0 V, T) = Homc(-^, T) x Homc(T, T) is 
given by 0 ^ (see [MFG] 4.4). If the contravariant functor: T ^ 

Homc(T, X) X Homc(T, Y) for two given objects X,Y of C is representable by 
an object of C, the object is written as X x V and is called a direct product, 
and we have projections px > X x Y X and py : X x Y -> y such that 
the isomorphism Homc(T, X x V) = Homc(T, X) x fiomc{T,Y) is given by 

0 ^ {px ^ f,PY ^ 0) (see [MFG] 4.4). 

f 

For a given object S in C, we write C/s for the category of arrows X ^ S. 

Morphisms from X S into Y S are given by morphisms h : X Y 
with g oh = f. If we apply the above construction to C/ 5 , the direct product 
in C /5 if it exists is written as X X 5 V and is called the fihered product of 
X and Y over S (see [MFG] 4.2.1). So in this case, the contravariant functor 
T Homc/ 5 (T, X) x Homc/ 5 (T, T) is representable by X X 5 V in C /5 (see 
[GMF] 5.2). If C = SETS, we see easily that 

X Xs F = {(x,y) G X X Y\f{x) = g{y)] . 

Dualizing the above construction, for an object S of C, we consider a 

category whose objects are arrows S X and 0 G Hom(5 -A X, 5 A V) 
is a morphism 0 : X -G F with f o f = g. Then X 0 *^ Y in if it exists 
represents the covariant functor T Hom<^s (X, T) x Hornes {Y, T). The object 
X 0 “^ Y is called the fibered sum of X and Y under 5. If C = SETS, we see 
easily that X 0 *^ Y is the quotient of the disjoint union X U F under the 
relation that x ^ y ^ x = f{s) and y — g{s) (see [MFG] 4.2.1). 

f 

An epimorphism X F in C is called a strict epimorphism if for any 
other object Z of C 

Im(r : Homc(VF) ^ Homc(X,Z)) = {g e Romc{X, Z)\pl9 = P 29 } , 
where pj : X Xy X — > X are the two projections. If this is the case, we 

f 

call the following sequence exact: X Xy X =4 X— >F. The notion of 
strict epimorphisms is stronger than that of epimorphisms. For example, 

1 : Spec(Q) SpecifL) is an epimorphism in SCF[ (because it is dominant). 
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Since Q (g)^ Q = Q, if i were a strict epimorphism, the empty set Homaig(Q, Z) 
has to be identical to the singleton Homaig(Q, Q). This is a contradiction, and 
hence i is not a strict epimorphism. A faithfully flat morphism X Y oi 
finite type is a strict epimorphism (see [ECH] Theorem 1.2.17) in the category 
of schemes. In the category SETS^ the notion of strict epimorphisms and that 
of epimorphisms coincide and are equivalent to surjectivity. 

Let G C Autc(X) be a flnite subgroup for an object X of C. Write 

Home (AT, T)^ for the set of morphisms X -A T such that fog = / for 
all g e G. If the covariant functor T Homc(X, T)^ is representable 
by an object Y of C with a unique morphism tt : X ^ Y inducing 
7T* : Home(T, T) = Home(X, T)^, we call Y the categorical quotient of X 
by G and the morphism n : X Y the quotient morphism (see [GME] 8.2). 

Here is an example of C with flbered products and flbered sums. We start 
with a proflnite compact group 77. A typical example for 77 is the Galois group 
Gal(7L//c) of a (possibly inflnite) Galois extension K/k. We denote C{U) for 
the category of flnite sets on which 77 acts continuously (from the left). Thus 
for each object X in the stabilizer in 77 of each point x E X is an open 

subgroup of 77. For X, Y in C{I1)^ a map / : X ^ T is a morphism of C(77) 
if /(7 t(x)) = 7 t(/(x)) for all X G X and tt G 77. The collection of all such 
maps is written as Hom/j(X, T). Let 0 be the set of a single point on which 
77 acts trivially. Then Homi7(X, 0 ) is made of one map taking everything in 
X to 0 . In other words, 0 is the flnal object. The empty set 0 is considered 
to be an object in L(77), which gives an initial object in L(77). Since L(77) is 

a subcategory of SETS, the flbered product X X5 T for X ^ 5 and Y S 
is given by X T = {(x,y) G X x T|/(x) = g{y)^ with two projections px 
and py induced by two projections X x T onto X and Y . The flbered sum 

of 5 -4 X and 5 4 y is given by the set-theoretic flbered sum X 0*^ Y 
already described, and in particular, the direct sum is the flbered sum for 
an initial object S and is X U T with two obvious inclusions ix and iy. If 
G C Autc(/7)(X) is a flnite group, the set-theoretic quotient X/G gives the 

f 

categorical quotient in C{E[). If X T is a morphism in C{n), it factors as 
X Im(/) ^ Y . Here p : X -» Im(/) is a surjection by deflnition and hence 
is a strict epimorphism, and i : Im(/) ^ T is a monomorphism inducing a 
direct sum decomposition E = (T — Im(/)) U Im(/). Thus we have verifled 
the following three properties for C = C{E[). 

(Cl) C has a flnal object and a flbered product of any two morphisms 
X ^ 5 and y -> 5 in C over 5. 

(C2) C has an initial object and a direct sum of any two objects in C. 
For each object X of L and each finite subgroup G of Autc(X), the 
categorical quotient X/G exists. 

(C3) Each morphism X ^Y m C factors as X ^ X' Y so that f' is 
a strict epimorphism and f" is a monomorphism. 
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A category C satisfying the three conditions (Cl-3) is called a Galois category. 
A covariant functor F : C ^ C \s called left exact if it takes monomorphisms of 
C to monomorphisms of C' and F{X XsY) = F{X) x p(^s) F{Y). We note that 

F{X) Xf(s) F{Y) = {{x,y) € F{X) x F{Y)\F{f){x) = F{g){y)} for X 4 5 
and Y S Y C' — SETS. Similarly a covariant functor F : C C' is called 
right exact if it takes epimorphisms of C to epimorphisms of C and commutes 
with fibered sums. A left exact covariant functor F : C C' is called exact if it 
preserves monomorphisms, epimorphisms, and exact sequences. The inclusion 
functor F : C(i7) ^ SETS obviously satisfies the following three conditions: 

(FI) F is left exact and has values in the full subcategory of finite sets in 
SETS; 

(F2) F{X 0 F) = F{X) U F(Y) for objects A, Y in C; F{f) is a surjection 
if F : A F is a strict epimorphism; and if A ^ F is the categorical 

quotient in C by a finite group G C Autc(A), F(A) — — F(Y) is 
a categorical quotient in SETS by the same group G sitting inside 
Aut(F(A)), which is just a set-theoretic quotient; 

(F3) a morphism A -4 F in C is an isomorphism if F(/) : F(A) ^ E{Y) 
is an isomorphism. 

For a Galois category C, a covariant functor F : C ^ SETS satisfying the 
three conditions (Fl-3) is called a fundamental functor. 

We quote the following theorem of Grothendieck from [SGA] V.4. 

Theorem 4.38 If a pair (C, F) of a category C and a covariant functor F : 
C SETS satisfies the six conditions (Cl-3) and (Fl-3), there exists a 
unique profinite group II (up to isomorphisms) such that C is equivalent to 
the category C(i7). 

The group 77 is called the fundamental group of (C, F) and sometimes written 
as 7 Ti(C,F). We refer to [SGA] V.4 for the proof. We call an object A in C 
connected if it is not a direct sum of two non initial objects. Here we list steps 
of the proof and give a brief description of each step. 

1. A morphism / € Homc:(A, F) is a monomorphism if and only if F(/) is 
an injection. 

In fact px : A X y A ^ A is an isomorphism if and only if / : A -> F is 
a monomorphism. Indeed, if 7, ^ G Homc(F, A) satisfy fog = foh = f\ 
regarding A as an object in Cjy by /', we have gxyh e Hom(A, A Xy A). 
Thus / being a monomorphism is equivalent to the fact that the two 
functors Z i-G Home (A, A) a-nd A Home (A, A Xy A) are isomorphic. 
This implies by the uniqueness of the object representing a functor (see 
[GME] Lemma 4.1) the above statement that A Xy A = A. Then by 
(Cl), (FI), and (F3) combined, we conclude the assertion. □ 
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f f 

2. A sequence Xi X 2 X^ Xj X of monomorphisms fj 

for an object X in C stabilizes after the finite steps; that is, for sufficiently 
large j, fj are all isomorphisms. 

This assertion is obvious in the category of finite sets. Since F preserves 
monomorphisms and brings C into the category of finite sets, it follows by 
(F3) from the result for the category of finite sets. □ 

3. There is a connected partially ordered set I and a projective system 

{P^, TT^j : Pi ^ Pj {i > in C such that 

a) for each object X in C we have a unique morphism (j)i : P^ X for 
each sufficiently large i e I compatible with the projective system; 

b) there exist a universal element (p = G ^in^^/F(Pi) and an 

isomorphism lx '■ F{X) = lin^ ^^/Homc(P^, X) induced by tx{f) = 

]^zF{(j)i){p^). 

We hereafter write Hom(P, X) for IJ^ i^/Homc(P^, X), and consider P = 
]^i^jPi in the procategory of C. The object P is called the fundamental 
pro- object of C with respect to the fundamental functor P. 

4. P^ can be chosen so that 

a) Pi for all i is connected; 

b) Pi is not an initial object for all z; 

c) TTij is an epimorphism for all z > j. 

For an axiomatic proof of (3) and (4) which is based on the assertions (1) 
and (2) besides the axioms (Cl-3) and (Fl-3), see [FGA] Expose 195. 

We describe what is going on by examples. Suppose that C is the oppo- 
site category of the category of separable finite-dimensional semi-simple 
commutative algebras over a given field k. In other words, C is made of 
Spec{K) for separable semi-simple extensions K/k with diuik K < 00 . Let 
i? (resp. be an algebraic (resp. separable) closure of k {Spec{Q^^'^) 

is a fundamental pro-object). Then F : Spec{K) = 

Homc(5pec(i?^^^), Ppec(X)) gives the covariant functor. One can easily 
check that (C, P) is a Galois category. In this case, we may take I to be 
the set of all finite Galois extensions in the fixed algebraically closed field 
Q containing k. The order of I is induced by the inclusion of two fields. 

If C is the category of finite etale coverings of an irreducible variety S 
of finite type over a field k, we fix a geometric point s G S{Q) and take 
P(X) = Hom^c'/f/^C^, X). We often write this category as ET/s- In this 
case, I is the category of all etale irreducible Galois coverings with ordering 
X — > T on / given by P-morphisms. For each X G /, its function field is a 
finite separable extension of the function field of S. Since the function field 
determines X over S (because epimorphisms in the category of schemes 
are dominant morphisms), the category I is actually a set. 
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5. If X is not an initial object and Y is connected, any morphism f : X Y 
in C is a strict epimorphism. 

In the above example of the two categories (of semi-simple separable finite- 
dimensional commutative algebras over k and of etale coverings over 5), 
this assertion is obvious. However this is just a consequence of the axioms 
(C3) and (F2-3). An axiomatic proof is in [SGA] V.4.e. 

6. The following conditions are equivalent. 

L p 

a) The natural injection: }iomc{Pi^ Pi) Hom(P, PJ — A F{Pi) is sur- 
jective; 

b) Aut(PJ acts on F{Pi) transitively; 

c) Aut(PJ acts on F{Pi) simply transitively. 

We call Pi of Galois type if one of the above equivalent properties is 
satisfied by Pi. 

This is again obvious for our two examples of C, because End(PJ is the 
monoid of field endomorphisms of a finite extension over a given base field 
k. To prove this axiomatically, we apply the functor F and prove the fact 
in the image of F by using the previous assertions (1), (4) and (5). 

7. Every object A in C is covered by an object Pi of Galois type so that the 
unique map P — > A in 3. a) factors through P^. 

8. Let be the subset of I made of all indices i with Pi of Galois type. 

Then we have Hom(P, P) = Aut(P) = Autc(P 2 ), which is set- 

theoretically in bijection with P(P) = |m^P(PJ. We put H = Aut(P). 

9. Define a functor G : C{TI) C so that 

Homc(G(A), ?) ^ Hom/ 7 (A, Hom(P, ?)) 
as functors with variable A in C. 

For each connected A in F(P), the group II acts transitively on A by its 
connectedness; so, A = 11/ H for a stabilizer of a point x G A. Since H 
acts faithfully on P, for sufficiently large j in if z > j, tTij induces 
an isomorphism Pi/H = Pj/H of the categorical quotients, which gives 
P/H (independently of i > j). We put G{X) = P/P. Here the existence 
of the categorical quotients Pi/H in C is guaranteed by (G2). If A is 
not connected, we can write A uniquely as A = |J^ Z for connected 
components Z. Then we define G(A) = 0^ G{Z) which gives the inverse 
G of P. See [SGA] V.4.h for more details of the argument. 

In our example of Galois extensions, one can check that Spec{K) / H = 
Spec(K^) gives the categorical quotient of Spec{K) by a finite group 
H C Gal{K/k). For the category of etale coverings of a base scheme 5, the 
existence of categorical quotients is explained in [GME] Proposition 8.4. 
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10. The two functors F and G give the equivalence of categories. 

In our two examples, this point is plain. □ 

We now quote two more propositions from [SGA] V Propositions 5.5-6. 

Proposition 4.39 Let {Qi}iei be a pro -object inC = C{II) (i.e., a projective 
system of objects in C ). Suppose that is not an initial object for any i and 
that is connected for all i. Define a covariant functor G \ C SETS by 
G{X) = HomciQ, X). Then Q is isomorphic to II /H for a closed subgroup 
H of U , and the functor G is isomorphic to the functor E for the fixed 

point subset of E under H. 

The subgroup H is given by the stabilizer of one point q E Q. Since Q^ is 
connected, the action of il is transitive, and Q = 11/ H via irq ttH. □ 

Proposition 4.40 Let {C^E^P) be as above (a Galois category, a fundamen- 
tal functor, and the fundamental pro-object with respect to E). Let P' = 
be a pro-object in the procategory of C, and define F' \ C SETS 
by F'{X) = Hom(P',X) = j^jHomc{P/, X) . Then the following three 
conditions are equivalent. 

1. P' ^ P and also F' = F; 

2. P' is fundamental and also F' is fundamental; 

3. F' brings direct sums to direct sums, and F{X) ^ 0 if X is not an initial 
object. 

We may identify C with C{II). For C{TI), the fundamental pro-object P is 
isomorphic to 77 as a profinite set with continuous 77-action. Thus if P' is 
another fundamental pro-object, we find the stabilizer of a single point p of 
P' has to be trivial. Since P' is connected, the action of LI is transitive; 
so, 7 T ^ 7 rp gives an isomorphism LI = P' = W . This basically shows the 
equivalence as above. □ 

Remark 4.41 If C is the category of etale coverings of a connected variety 
S of finite type over a field k and F{X) = Fs{X) = Hom^cff/^ (^, for 
a geometric point ~s of S{Q), we write the fundamental group for {C,F) as 
7 Ti( 5 ', s). If one changes a point s to another geometric point 7, Fj is still a 
fundamental functor (see [SGA] V.7); so, we have an isomorphism a : Fj = Fj 
which induces an isomorphism again denoted by a of the fundamental pro- 
objects Pj = Pj associated with Fj and Fj, respectively. Then 7Ti{S,t) = 
7 Ti(5 ', s) by r ^ crra'h We call an isomorphism a : Fj = Fj du path from s to 
t. 

Remark 4.42 Suppose that S is reduced and irreducible. If we choose t to 
be the generic point 77 of 5, a connected etale Galois covering X S gives an 
irreducible Galois covering of S; so, it is determined by its function field k{X) 
as a Galois extension of k{r]) = k{S). Thus 7 Ti( 5 , 77 ) is canonically isomorphic 
to Gsl{k{P)/k{S)) for a fundamental pro-object P in ET/s- 
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4.4.2 Algebraic Fundamental Groups 

Let A be a locally Noetherian connected scheme. We fix a geometric point x in 
X{Q). Then the category ETjx of etale faithfully fiat coverings of X and the 
fundamental functor : ETjx SETS given by ExiY) = HomscH/x 
supply us with a Galois category and give the profinite group tti (A, x) so that 
Ex gives the identification of ET/x with C(7 Ti(A, T)). The group 7 Ti(A, T) is 
called the algebraic fundamental group of A with base point x. We briefly 
expose functorial properties of the algebraic fundamental group. 

When A is a smooth variety over C, we can think of the topological funda- 
mental group 7 t^‘^^(A, x) for x G A(C) defined as the homotopy classes of paths 
starting from x ending up at x. Then taking the universal cover p : U A, 
any etale covering V of A is canonically isomorphic to U/E for a subgroup 
r = 7Ti(y, y) (for a point y gY (C) over x) of finite index in 7 tJ^^(A, x). Then 
Ex{Y) = 7tJ^^(A, x)/r and thus we get 

7Ti(A,x) ^ ^r7rf^(X,a:)/r = ^f^(A,x), (4.96) 

where E runs over all normal subgroups of finite index in 7T2°^(A, x); in other 
words, the algebraic fundamental group 7 Ti(A, x) is the profinite completion 
of the topological fundamental group 7 tJ°^(A, x). If we pick another point 
x' G A(C) and choose a path a from x to x\ we find 7 t^^^(A, x) = 7tJ°^(A, x') 
by T ^ ara~^, and a induces a unique isomorphism of functors Ex = 

If we have a morphism f : X ^ Y^ the pullback f^T = X Xy T for 
an etale covering T/y is an etale covering of A, because a pullback of a 
faithful fiat morphism is faithfully fiat (see [ECH] Corollary 1.3.6). If A and 
Y are connected, obviously we have Fy o /* = Ef(x) for any geometric point 
X G A(i7), because an etale covering of a connected scheme A is determined 
by its fiber at any given geometric fiber ([ECH] 1.3.12 and [SC A] 1.5.5). Then 
/* is an exact functor from EE jy into ETjx- 

Suppose now that A and Y are connected locally Noetherian. Then 
o /* gives a covariant functor from FT/y ^ SETS. By definition, 
7Ti(A, T) = Aut(Fy), and each a G 7Ti(A, x) induces an automorphism of 
Fx o /* ^ Ef^x)- Thus Aut(F^ o /*) = Aut(F/(^)) = 7Ti(Y', /(x)), and we 
have a homomorphism of profinite groups, 7t(/) : 7Ti(A, x) ^ 7Ti(y, /(x)). In 
other words, the association (A, x) 7Ti(A, x) is a covariant functor from the 
category of pointed schemes into the category of profinite groups. 

f 

Using this, we compare fundamental groups of the fibers of A -G V and 
those of A and Y. We always suppose that A and Y are connected locally 
Noetherian and that / is proper, surjective and separable with f^{Ox) = Oy 
(i.e., each geometric fiber of / is connected; see [ALG] III. 11.3 and [SC A] 
X.2). A scheme over a field k is called separable if for any field extension K/k, 
its base change to F is a reduced scheme (no nontrivial nilpotents in the 

structure sheaf). A morphism A ^ V is called separable if / is fiat and the 
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fiber Xy = X (S>y Spec{k{y)) is separable for all points y with residue field 
k{y) (see [SGA] X.l). 

We choose a point y in the image of / in F and a geometric point y over y 
so that its field k{y) is an algebraic closure of k{y). Take a point x in X with 
f{x) = y and a geometric point x over x so that k{x) is an algebraic closure 
of k{x) and /(x) = y. Then we take a geometric point a G Xy = X ®k{y) ^(y)- 
We write i : Xy ^ X for the inclusion morphism. By the functoriality of tti, 
we have the following sequence, 

TTi{Xy,a) ^ TTi{X,x) A 7Ti(y,y) 1, (4.97) 

f* t* 

which is induced by the sequence of functors ET jy — ^ ETjx — ^ jXy' 

Theorem 4.43 Suppose that X and Y are connected locally Noetherian and 
that f is proper, surjective, and separable with f^{Ox) = Oy. Then the se- 
quence (4.97) is an exact sequence of profinite groups. 

Here is a sketch of the proof (see [SGA] X.l. 3 for more details). 

Proof. If F' A F is a connected etale finite covering, then /*F'/X is a finite 
etale covering and has to be connected because f^{Ox) = Oy. This shows 
that F^(/*F) = Fy{Y), and hence /* induces a surjection of the universal 
pro-object of ETjx onto that of ETjy. Since the universal pro-object is in 

f* 

bijection with the fundamental group, we find that 7 Ti(X, x) —A 7Ti{Y,y) is a 
surjection. 

Since the fiber g~^{y) of Y' over y is a finite set of closed points, i* o /* (F') 
is a disjoint union of Xy indexed by points of g~^{y). Since Xy is the final 
object of ETi~^^, we find that Im(i*) C Ker{f^). 

To prove the reverse inclusion, Im(z*) D Ker{f^), we need to show that 
for any finite etale Galois covering X' -a X, we have an etale Galois covering 
Y'/Y so that X' = Y' Xy X if and only if XyjXy has a section (i.e., a 
disjoint union of copies of Xy). The only nontrivial point is the “if” part. 
By the properness of / and the finiteness of h, A = {f o h)^{Ox') is a sheaf 
of C^y-algebras finite over Oy ([EGA] III. 3. 2.1). Define Y' = Spec{A) (cf. 
[GME] 5.4). By the separability of /, F'/F is an etale covering (see [EGA] 
III.7.8.10 and [SGA] X.2). Then the assertion is plain. □ 

By Hensel’s lemma, if A is a Henselian local ring with residue field k, the 
category of finite etale algebras over k, is equivalent to that over A by taking 
fibers over k. (see [EGH] 1.4.2 and 1.4.4). We have the following generalization 
of this fact to proper smooth schemes by A. Grothendieck and M. Artin: 

Theorem 4.44 Let A be a henselian local ring and X/y^ be a smooth proper 
scheme with special fiber Xq/,^. Then we have 7Ti(X, x) = 7 Ti(Xo,xo) canoni- 
cally, where xq is a geometric point in the special fiber, and x is the geometric 
point of X whose schematic closure contains the image ofxQ. 

See [EGH] Remark 1.4.6 for an indication of references containing the proof. 




218 



4 Hilbert Modular Varieties 



4.4.3 Group-Theoretic Results 

We gather here group-theoretic results we have used in the proof of the global 
reciprocity law. Here we use the notation introduced in the proof of Theo- 
rem 4.14. In particular, is a proper subset of the set of rational primes. 
In the proof, we have used the following facts for Gi = Res/?/Q5L(2) and 
PG = Res^/Q(PGL(2)). 

(S) For open compact subgroups 5,^5 C if a : S = ^ S is an 

isomorphism of groups, replacing S by an open subgroup, a is induced by 
g{cr) e X ^s = g{cr)sg{a)~^ . 

We may modify a by g e x so that its pro- 
jection ap to is the identity map. Then this assertion (S) 

follows from the following three assertions for a with ap = 1. 

(51) For open subgroups Se and ^Si of Gi(Q^) (for every prime i), an iso- 
morphism a£ : Si ~ S£, after replacing Si by an open subgroup of Si, 
is induced by the conjugation s gi{o-)sgi{a)~'^ for gi{a) G G(Q^). 

(52) For a sufficiently large rational prime i, we have 

Aut(Gi(Z^)) = Aut(F^/Q^) X PG(Z^) 

and Aut(Gi(Q^)) = Aut(F^/Q^) x PG{Qi), 

where PG is the quotient of G modulo its center. 

(53) For sufficiently large distinct rational primes p and i, any group homo- 
morphism (j) : Gi(Zp) -G Gi(Z^) is trivial (i.e., Ker(0) = Gi(Zp)). 

The assertion (SI) follows directly from a result of hazard on Gadic Lie groups 
(see [GAN] IV. 3. 2), because automorphisms of the Lie algebra of S (hence of 
^S) are all inner up to automorphisms of the field (in the cases we need). In 
the case of classical groups (including SL{2)), this can be proven easily (see 
the argument after Proposition 4.47). 

Since the assertions (S2-3) can be proven for more general linear algebraic 
groups Gi smooth over the localization Z(p^) C Q at two primes p and i, we 
introduce some terminology in order to prove them for more general groups 
including SL{2). For a semi-simple group Gi over a field k, we take a maximal 
split torus C Gi defined over k (so is an algebraic subgroup of Gi 
maximal among those isomorphic to G^), and take a maximal torus T con- 
taining The group Gi is split if = T and is quasi- split if the derived 
group of the centralizer Z{T^p) of in Gi is trivial (so, Z{T^p) = T; see 
[Tt]). The only thing we need to prove (Sl-3) is the fact that the structure 
of quasi-split groups is determined by its root system and a small amount 
of additional data (see [Tt]); particularly, we need the fact that the group is 
generated (integrally) by unipotent elements. 

For a finite set of rational primes Z' , we write Z^^'^ C Q for the localization 
outside Z'; so, Z^^ ^ = Z G T'j . We suppose that G^^^(x:') is a (smooth) 
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semi-simple classical group; so, Gi/q and for all p ^ E' are semi-simple. 

Since the conditions (S2-3) concern only large primes, we may assume 

(QS) Gi/Xp is smooth quasi-split for all primes p outside U' of rational 
primes (i.e., all fibers: and Gi/q^ are quasi-split for all p ^ E'). 

We now prove the assertion (S3). Let (j) : Gi(Zp) ^ Gi(Z^) be a homomor- 
phism. Since Gi(Zp) is quasi split, Gi(Zp) is generated by unipotent elements 
(see Lemma 4.46), and its unipotent radical U is generated by an additive 
subgroup Ua corresponding to a simple root a. 

If Gi == SL{n)/z^ for example, we may assume that Ua is made of 
diag[l^, ( 01)5 ln-j- 2 ] with u e Zp for an index j (with 1 < j < n). 

In general, U and Ua are p-profinite. We consider the normalizer N{Ua) 
and the centralizer Z{Ua) of Ua in G\. Then by conjugation, N{Ua)/Z{Ua) 
acts on Ua’ Since (p is a, group homomorphism, the quotient N{Ua)/Z{Ua) 
keeps acting on the image (j){Ua) in Gi{Zi) through conjugation by elements in 
4^{N{Ua))’ Up i, every element of (p{Ua) is semi-simple (because unipotent 
radical of Gi(Z^) is Gprofinite). Thus the centralizer (resp. the normalizer) of 
(piUi) is given by Z{Zi) (resp. NiZ^)) for a reductive subgroup Z (resp. N) 
of Gi. Then N{Zi) jZ{Zi) is a finite subgroup of the Weyl group Wi of Gi/c 
which is independent of i. 

For example, if G\ = SL{n)/i^ and if (p{Ua) is made of diagonal matri- 
ces diag[Cilmi , C 2 lm 2 5 • • • , Crlm^] for gcnerically distinct Cj, Z is given by the 
subgroup 

SL{n) n (GL(mi) x GL{rri 2 ) x • • • x GL(m^)), 

where GL(mi) x GL{m 2 ) x • • • x GL{rrir) is embedded in GL{n) diagonally. 
The quotient N/Z in this case is isomorphic to the subgroup of permutation 
matrices preserving Z. 

If (p{Ua) is nontrivial, the image of N{Ua)/Z{Ua) in kni{(j){Ua)) grows at 
least on the order of p as p grows. In the above example of G\ = SL(n) 
if (j){Ua) = Z/p’^Z for m > 0, all elements in Aut(0(f/o,)) = (Zjp'^Z)^ come 
from N{Ua)/Z(Ua) = Z^ . This is impossible if p ^ Thus (p{Ua) = L 

Since Gi(Zp) for large enough p is generated by Ua for all simple roots a, (p 
has to be trivial for p large enough. □ 

Now we prepare several lemmas and propositions in order to prove (Sl- 2 ) 
for 51/(2). Let iL be a number field, and consider V = We consider the 
A-linear endomorphism algebra EndA(W)- Let Z(A) be the center of the Ka~ 
linear endomorphism algebra End/c^(I/A) C EndA(VA)- Thus Ka = Z(A) by 
sending / G Ka to the scalar multiplication by /. 

Lemma 4.45 The centralizer in EndA(VA) of Ua = {{q \ ) \b e Xa} and an 
element (q ?) E M 2 {K) with 1 ^ 7 G is given by Z(A). 

Proof. By a regular representation p : Ka ^ EndA(i^A), we can embed i : 
EndKA(I4) ^ EndA(VA). Identifying EndA(I4) = M 2 d(A) and EndK^(I4) = 
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M 2 (Ka), we have t (“^) = Let N{A) = {(gg) |5 S ^ 1 } for a ring 

A. We consider the centralizer 

Zi = {u e EndA(VA)k?^ = for all n G A^(A)}. 

If u = ( “ G ^1, by computation, we find p{n)d = a • p(n) and c • p{n) = 0 
for all n G so, by taking n = 1 , we have a = d and c = 0 . Since we can 
choose p{n) with d distinct eigenvalues, we find that a G p{K^). Thus we find 

P(t) ) l« e i^A and b e EndA(/LA)} ■ 

We then consider Z = [^z ^ Z\\z i ) ~ ( for 1 / 7 G }. Then 
by computation, we find p{"i)b = b\ so, 6 = 0 . This shows that Z is the center 

Z(A) ofEndK,(W)- □ 

Lemma 4.46 Let K be afield. Then SL2{K) and PSL2{K) are generated by 
unipotent elements. If \K\ > 2 , the commutator [GL2{K)^GL2{K)] is equal 
to SL2{K), and [PGL2{K),PGL2{K)] = PSL2{K). 

Proof. Let iL be a subgroup generated by all unipotent elements in SL2{K) 
and H be its image in PSL2{K). If u is a nontrivial unipotent element, we find 
an eigenvector u ^ 0 of F = fixed by u. Taking a base (ic, u) of F over iL, 

we find u{w^ v) = {awPbv^ ( 0 1 )• Taking the determinant, we find a = 1 ; 

so, u is a conjugate of ( q \ ). This shows that gHg~^ = H. Thus iL is a normal 
subgroup of PSL2{K). Since the upper triangular unipotent group acts by 
translation on the affine space A^{K) = K, it acts transitively on A^{K). 
The opposite unipotent subgroup W acts transitively on P^(AT) — { 0 } = 
A^(iL), and H acts transitively on P^(iL). Thus for any g G PSL2{K)^ we 
find h e H such that h(oo) = ^( 00 ); so, h~^g G 5 , where B is the subgroup 
of upper triangular matrices. Thus if T C iL for the diagonal torus T, we find 
T = PSL 2 {K). 

Since (i?) = ( 77 ') we have j(a;) = {°~P) ^ H. 

Since j{—x)j{l) = ( ^ ° ? we find that T C H. Thus SL2{K) and PSL2{K) 
are always generated by unipotent elements. 

Write [g^h] = ghg~^h~^. Then we have [(§ 5)5(0 i)] — (0^^ 

Thus if \K\ > 2 , we can choose a, 6 G with a ^b. Thus [GL2(A), GL2{K)] 
contains all unipotent elements; so, [GL2{K),GL2{K)\ = SL2{K). By the 
same argument, we find [PGL2{K)., PGL2{K)] = PSL2{K). □ 

Fix a continuous section s : GL2{K) of the determinant map sat- 

isfying X = det( 5 (x)). Let Autdet(GL2(A)) be the automorphism group of 
the group GL2{K) preserving the section 5 up to inner and field automor- 
phisms, that is, a G Autdet(GL2(iL)) satisfies a{s{a)) = h • r{s{a))h~^ for 
a field automorphism r G Aut(iL) and h G GL2{K). More generally, for a 
subgroup H containing SL2{K)^ we define Autdet(LT) for the automorphism 
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group of H preserving the section s of det : H ^ up to field and inner 
automorphisms of K. The inner automorphisms of GL2{K) give rise to an 
inclusion PGL2{K) C Autdet(<^-^2(^))- A field automorphism a G Aut(iF) 
can be considered to be a group automorphism of GL2{K) by its action entry 
by entry on matrices. Here is (S 2 ) for SL2{K). 

Proposition 4.47 Let K be a non- Archimedean local field or a global field 
(i.e., a number field). Then the automorphism groups of the groups SL2{K), 
PSL2{K), and PGL2{K) are given by Aut{K)KPGL2{K). If H is a subgroup 
of GL2{K) containing SL2{K), Autdet(^) is given by 

{{r,g) G Aut(iF) k PGL2(A^) |r(det(i^)) - det(AT)} . 

Proof. We first study Aut(PGL2(i^)). We have an exact sequence, 

1 ^ PGL 2 {K) a Aut(PGL 2 (i^)) Out(PGL 2 (i^)) ^ 1 , 

where i{x){g) — xgx~^. We write B (resp. U) for the upper triangular Borel 
subgroup (resp. the upper triangular unipotent subgroup) of GL2{K). Their 
image in PGL2{K) is denoted by B and U. Let U' be a subgroup of GLn{K) 
isomorphic to the additive group K; so, we have a : K = Uh Consider the 
image a(l) of 1 G AT in / 7 b Replacing AT by a finite extension containing an 
eigenvalue a of a(l), let C R be the eigenspace of a(l) with eigenvalue a. 
Then acts on Va and a(A)^ = a(l) = a G End(W). Thus we have an 

algebra homomorphism K[x]/{x^ — a) End/^(Vo;) for all 0 < m G Z. If AT is 
ap-adic local field, ~ {!}• ^7 using this, we find — {A 

for a global field K. Thus if AT is a non-Archimedean local field or a global 
field, we find that a has to be 1 . Thus / 7 ' is made up of commuting unipotent 
elements; so, by conjugation, we can bring U' onto U. 

Since cr{U) for a G Aut(PGL2(A")) is isomorphic to K in PGL2{K)^ 
(j{U) is again a unipotent subgroup of PGL2{K). Since B is the normalizer 
of G, again cr{B) is the normalizer of cr{U); so, cr{B) is a Borel subgroup. 
We find g G GL2{K) such that <j{B) = gBg~^. Thus we may assume that 
a fixes B. Applying the same argument to G, we may assume that a fixes 
G. Let cr ( 0 1 ) = ( 0 1 )• Then changing a by ^ ^ ° cr, we may assume 

that cr (q ]; ) = (o 1 )• Then a induces an automorphism a oi T = B/U . Fix 
an isomorphism t : = T and u : K = U. Since a sends the center to 

the center, we find t{a)u{b)t{a)~^ — u{ab). Then applying a to the above 
formula, we get a{a)(j{b) = a{ab) for a G and b e K. Taking 6 = 1 , 

we find a (a) = cr(a). Thus a{ab) = a{a)a{b), and a : AT AT is a field 
automorphism. Modifying a by an element of Aut(AT), we may assume that a 
induces the identity map on B. Thus a induces an automorphism of P^(AT) = 
GL2{K) / B fixing oo and commuting with all affine transformations z f-> az+b 
of P^(AT) for a G A"^ and b e K. Then a is the identity map on P^(AT) and, 
hence, on GL2{K). We find Out(PGG 2 (i 7 )) = Aut(iF) and kni{PGL2{K)) = 
Aut(A:) X PGL2{K). 




222 



4 Hilbert Modular Varieties 



We apply the same argument to Aut{PSL2{K)). Let Bi = B D PSL2{K) 
and Ti =TnPSL2{K). We find g _e PSL^K) such that a{Bi) = gBig-K 
Thus we may assume that a leaves B\ and U stable. Further modifying a by 
conjugation of an element in GL2{K)^ we may assume that a{u(l)) = u{\). 
Note that in this case, t{a)u{h)t{a)~^ = u{o?‘b). Then we have a{o?)a{b) = 
(j{o?b)\ so, cr(a^) = a{o?) = T(a)^. Thus a{a) — ±cr(a). Thus if iV is a field of 
characteristic 2 , we find that cr = a is a field automorphism of K. 

Suppose that K has a characteristic different from 2 . This implies 

a{o?) = a(a^) = = (±cr(a))^ = cr(a)^, 

cr((a + bY) = cr(a^ + 2ab + b^) = a(a)^ + 2a{ab) + a{b)‘^ and a((a + b)‘^) = 
a{a + 6 )^ = a{a + b)‘^ = a{a)‘^ + 2a{a)a{b) + cr{b)‘^. Thus if K has char- 
acteristic different from 2 , we find a{ab) = a{a)a{b)] so, a G Aut(iL). 
Thus for a character e {^ 1 }) have a{x) = e{x)a{x)] 

so, a{t{a)) — t{a{a)) = ±t{a{a)) = t{a{a)) in PSL2{K). This shows 
kni{PSL2{K)) = Aut(iL) k PGL2{K) = Aut(PGL2(iL)). 

We now study Aut( 5 L 2 (AT)). Since physically SL2{K) — PSL2{K) for a 
field of characteristic 2 , we may assume that K has a characteristic different 
from 2 . We have an exact sequence 

1 -G {± 1 } -> SL2{K) -> PSL2{K) -g 1 . 

Since Aut(iL) ixPGL2(iL) C Aut(S'L2(iF)), each automorphism a of PSL2{K) 
lifts to an automorphism of SL2{K), which in turn induces an automor- 
phism of {± 1 }. Since Aut({±l}) = {!}, we find that Aut(AT2(A")) = 
kui{PSL2{K)) = Aut(A:) X PGL2{K). 

Now we look at Autdet(^)- Since a G Autdet(^) preserves the section s 
up to field and inner automorphisms, modifying a by such an automorphism, 
we may assume that a fixes s{K^). Then a is determined by its restriction 
to SL2{K) C Bi and, hence, comes from and element in Aut(iL) x PGL2{K) 
preserving H . This shows the last assertion. □ 

Here is a direct proof of (SI) for SL2{K) for a finite extension AT of Qp, 
although the proof in [GAN] is a highly polished and generalized version 
of this argument. The exponential exp(A") = X^n>o ^ logarithm 

log(l -f X) = — converge p-adically on a sufficiently small 

neighborhood of 0 of M2 (AT) and 1 of GA2(AT), respectively. If cr : 5 = A' is 
an isomorphism of open compact subgroups of SL2{K), by shrinking S and 
S' , we may assume that the log induces an isomorphism log : S = log(A) 
and S' = log(iS'). Then a induces an isomorphism of the Lie algebra a : 
log(A) = log(S'), which extends to an automorphism of the Lie algebra s [2 (A") 
of SL2{K) by scalar extension. Since a takes the maximal abelian Lie algebra 
N{K) = K of 5l2{K) into its conjugate, changing cr by cr composed with a 
conjugation by an element of GL2{K), we may assume that a takes N{K) 
onto N{K). Identifying N{K) with AT by sending each matrix in N{K) to its 
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upper-right corner element, as in the proof of the above proposition, we have 
a{ab) = a{a)a{b) for a,b e K. Thus by Lemma 4.45 (or its proof), we may 
assume that a G End(5[2(i^)) is iL-linear. Then by the Lie algebra version of 
Proposition 4 . 47 , it is a conjugation by an element of GL2{K). This shows 
(SI) for SL2. This argument proving (SI) can be generalized to quasi-split 
semi-simple classical groups more general than SL{ 2 ). 

Here is (S2) for SL 2 { 0 ). 

Proposition 4.48 Suppose that K is a finite extension of Qp with integer 
ring O. Then the automorphism groups of the groups PSL 2 { 0 ), 6*1/2 (O), and 
PGL 2 { 0 )) are given by Aut(O) x PGL 2 { 0 ). If H is a subgroup of GL 2 { 0 ) 
containing 662(0), Autdet(6T) 'is given by 

{{r,g) G Aut(iL) x POL2(0)|r(det(i7)) = det(iL)} . 

Proof. Let k, be the residue field of O. We study Aut(POL2(0)). We have 
Aut(iL) X PGL 2 { 0 ) C Aut(6L2(0)). Let U{ 0 ) = U n 662(0). For the max- 
imal ideal m C O, we define 6(m^) = {a G SL 2 { 0 )\a = 1 mod m’^}. Since 
pi(0) = P^(iL), all Borel subgroups of 662(0) are conjugates of each other. 
Since Pi( 0 ) = 662(0) n 6 is a semi-direct product of Ti( 0 ) and P( 0 ), all 
unipotent subgroups are conjugates of each other. By the same argument in 
the case of the field, we may assume that a G Aut(P062(0)) leaves U{ 0 ) 
stable. We have t{a)u{b)t{a)~^ = u{ab). Then applying a to the above for- 
mula, we get a{a)cr{b) — a{ab) for a G and b E K. If a{l) G m, then 
a{a)a{l) = a{ab) G m. However, {cr(a)|a G O} = O; we find O C m, a contra- 
diction. Thus cr(l) = a is a unit. Then t{a) G 062(0), and modifying i(o;), 
we may assume that cr(l) = 1 . Proceeding in exactly the same way in the case 
of the field, we find that Aut(PG62(0)) = Aut(O) x PG62(0). From this, 
again we obtain all the desired assertions. □ 

Our argument proving Propositions 4.47 and 4.48 can be easily generalized 
to a semi-simple algebra K of finite dimension over Q or Qp. We only state 
the result leaving the proof to attentive readers. 

Proposition 4.49 Assume that K is a semi-simple commutative algebra of 
finite dimension over Q or Qp (or the direct sum of such). Then the auto- 
morphism groups of the groups PGL2{K), PSL2{K), and 662(6") are given 
by Aut(6T) x PGL2{K). If K is a semi-simple Qp-algebra, we again have 

Aut(PG62(0)) = Aut(P662(0)) = Aut(662(0)) = Aut(O) x PGL 2 { 0 ), 
where O is the integral closure of Zp in K. 

The group Autdet(P) for a subgroup of GL2{K) and G62(G) containing 66(2) 
has the same expression as in Propositions 4.47 and 4 . 48 . 

A similar argument proves (S2) for symplectic and unitary groups, for 
whose proof we refer to [H 03 b] Section 3 . Let J2n = ( hn = ( V )’ 
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and / 2 n+i == 0 8 )’ ^ finite extension field K of Qp and its 

semisimple quadratic extension M; so, M is either a field extension or isomor- 
phic to iV0i^. We write R (resp. O) for the integral closure of Zp in M (resp. 
K). Write c for the generator of the ring automorphism group Aut(M/iV). 
Define G{A) ior A — K and O by one of the following groups, 

G{A) = {a e GK{A ®o R)\aln ■ = y{a)In] , 

G{A) = {a G GL2n{A)\aJ2n • 5 

where u : G{A) -G A^ is a group homomorphism (called the similitude 
map). We call G ^ quasi-split unitary group if it is defined for M/K 
and In- We write G = GU{In) in this case. The group defined for J 2 n is 
called the symplectic group. We write G = GSp{2n) in this case. We have 
the determinant map det : G{K) -G for unitary groups G and write 
7T for det XI/ : G{K) x . We then define PG by G modulo its 

center and write G\ for Ker(7r) or Ker(z/) accordingly as G = GU{In) or 
G = GSp{2n). Fixing a section s of ? = tt or z/, we define Aut?(G(A)) simi- 
larly to Autdet(GL 2 (A)). We assume that p > 2 is unramified in M/Qp. 

Theorem 4.50 Under the above notation and assumption, we have 



Aut?(G(A)) = Aut(PG(A)) = Aut(Gi(A)) 

_ f Aut(P) X PG{A) zfG = GSp{2n), 

” jAut(M) K PG{A) ifG^ GU{In), 

where 1 = u or it accordingly as G is symplectic or unitary. 

As a corollary, we have 

Corollary 4.51 If H is a subgroup of G{0) containing Gi{0), Autn{II) is 
given by 

{(r,5) € Aut(X) K PG{0)\t{v{H)) = u{H)] , 
and Aut^(iJ) is given by 

{(r,5) G Aut(M) IX PG{0)\t{tt(H)) = . 
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Generalized Eichler— Shimura Map 



Let G for = QnZp be a connected reductive group split over Zp (see 
Section 4.4.3 for the definition of split algebraic groups). We first prove semi- 
simplicity of the commutative Hecke algebra acting on the nearly ordinary co- 
homology group inside the interior cohomology H?{X{S), L) 

for a modular variety X{S) associated with an arbitrary p-power level open 
compact subgroup S of G(A®°), where iJ,^ is the image of the compactly sup- 
ported cohomology group inside the standard cohomology group. Here the 
locally constant or coherent sheaf L of Q- vector spaces on X{S) is associ- 
ated with a rational representation of G twisted by a finite-order character. 
After dealing with topological cohomology groups, we relate as Hecke mod- 
ules the topological and the coherent cohomology groups via the generalized 
Eichler-Shimura map (which shows the semi-simplicity of the Hecke algebra 
acting on the coherent cohomology and topological cohomology). Although 
we have assumed that G is split over Zp, the argument works equally well for 
a connected reductive G smooth quasi-split over Zp. 

We write B (resp. N) for a fixed Borel subgroup of G (resp. the unipotent 
radical N of B). We have the torus Tq = B/N. In this chapter, the character 
U is often used to denote a unitary group. 



5.1 Semi-Simplicity of Hecke Algebras 

We describe the semi-simplicity of the Hecke algebra acting on topological 
cohomology groups. Since in this book we do not touch upon representation 
theory of p-adic reductive groups, purely representation-theoretic results are 
quoted from appropriate sources. A main point is to prove, assuming repre- 
sentation theoretic results, that the nearly p-ordinary part of the cohomology 
(where certain Hecke operators at the primes p dividing the level S act by 
p-integral automorphisms) is semi-simple as Hecke modules. Thus the part 
of the cohomology of level S (where the group G(Qp) acts through nearly 
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p-ordinary representations) is semi-simple as Hecke modules (over an appro- 
priate Hecke algebra). 



5.1.1 Jacquet Modules 



We summarize here known results on Jacquet modules from representation 
theory. For a p-adic Lie group Q and a (right) representation V with coeffi- 
cients in a field K of characteristic 0, we call V smooth if for each u G 
we find an open subgroup S C G that leaves v invariant. If furthermore, 
H^{S,V) is finite-dimensional for all open subgroups 5, V is called admissi- 
ble. Let 7T be an admissible semi-simple representation of G{Qp) on a vector 
space V — V{tt) over a field K of characteristic 0. Contrary to the tradition, 
we always suppose that V is a right G(Qp)-module. 

We have a Haar measure du of N{Qp) with ^du = 1. We define 

V{B) = V{B,7t) = {v~v7T{n) e V{tt)\v G C(7t), n G N{Qp)} as a T^Qp)- 
module, and put Vb = Vb{7t) = V/V{B), which is called the Jacquet 
module. By this definition, V ^ Vg is a right exact functor. For each 
w = V — V7r{n) G V{B)^ we take a sufficiently large open compact subgroup 
Uw C N{Qp) containing n. Then we see that Jjj vir{u)du = 0 for every open 
subgroup U with Uw C U C N{Qp). If V7r(u)du = 0 for every sufficiently 
large open subgroup U of A^(Qp), for the stabilizer U' of v in t/, we find 



du 



V = 




V — 



vix{u)du = 




which is in V{B). Thus V{B) is the collection of v with V7r{u)du ~ 0 for 
every sufficiently large open subgroup U of N{Qp). By this fact, the functor 
V ^ Vb IS left exact, and we conclude that the association is an exact functor. 
Later we give a canonical splitting = Vb 0 V'(jB)^ as Hecke modules (due 
to Bernstein and Casselman), where V^ = H^{N{Zp)^ V). 

For a smooth representation V' of TciQp) (regarding it as a H-module via 
the projection B Tq)^ a smooth induction from B of V is defined by 

Indg(V) = {/ : G(Qp) ^ V'\f: smooth, f{gb) - g{g)b V6 € S(Qp)}, (5.1) 

on which we let G(Qp) act by f{x)g = f{gx). Here the word “smooth” means 
that for each / G Ind^ V we find an open compact subgroup S such that 
f{kx) = f{x) for all k E S. Thus Ind^ V' is automatically smooth. 

Since the smooth induction preserves admissibility ([BeZ] 2.3), V = 
Ind^ V' has composition series {0} C VJ C H 2 C • * * C stable under 
the action of G, and hence its semi-simplification (Ind^ = 0^ Vj^ijVj 

is well-defined as an admissible G(Qp)-module. The beauty of the theory of 
admissible representations is its purely algebraic nature; so, we do not need to 
assume any analytic assumptions; in particular, our representations are often 
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not unitary as is clear from our main result (Theorem 5.3) in this section. 
Hereafter all representations of G, B, and Tq are supposed to be admissible. 

The following results are due to Jacquet and Bernstein-Zelevinsky and are 
well known (see [BeZ]), 

1. (Frobenius reciprocity; [BeZ] 1.9) RomB{VBiV') — Borne {V.lnd^V'); 

2. If 7T is absolutely irreducible, then dim^ Vb < |2H|, where 2U is the Weyl 
group of Tg in G (Bernstein-Zelevinsky; [BeZ] 2.9); 

3. If 7T is absolutely irreducible and / 0, then we have a surjective linear 
map Ind^ A ^ V of G(Qp)-modules for a character A : TciQp) 
(Jacquet; [BeZ] 2.4-5); 

4. ^Ind^ A^ = ^Ind^ A^^ for u; G 2U (Bernstein-Zelevinsky; [BeZ] 2.9), 

where ss indicates “semi-simplification”, A^(t) = and A = 

for the module character 6b of B: ^ (j){u)du = Jb(^) Jn{q ) (l^{6~^xb)du 

(for all (p). We have the following corollary of the above facts, which is a key 
to our semi-simplicity result. 

Proposition 5.1 Suppose that it is irreducible and that Vb[X] ^ 0, where A = 
6^b‘^X for the module character 6b on B. Then it is a quotient o/Ind^^Q^j A. 
If \'^{t) for u; G 2H are all distinct, Vb C TciQp) -modules. 

We say a representation tt is regularly induced (at p) if for each irreducible 
component V of tt, we have a nontrivial A-eigenspace Vb[A] 0 for a character 
A of Tc(Qp) and X'^(t) {w G 2B) are all distinct. 

Proof Since the algebra in EndKiVs) generated by the action of Tq is a 
finite-dimensional C(^mmutative algebra, the A-eigenspace is nontrivial if and 
only if the maximal A-quotient is nontrivial. Thus, we have a morphism of Tq- 
modules, Vb P(A). Since we have (Ind^ A)^® = (Ind^ A'^)®^, by Frobenius 
reciprocity, all eigenvalues A^ can show up as a quotient of (Ind^ A) b whose 
dimension is bounded by |2IJ|. Thus if all characters A^ are distinct, we have 
Vb C (Ind^A)s = • Since H ^ Vb is exact, this is enough to 

conclude the assertion. □ 



5.1.2 Double Coset Algebras 

We consider the double coset algebra made of formal linear combinations of 
double cosets of a subgroup in a semi-group. This type of algebra is con- 
sidered in [lAT] 3.1 and often called a Hecke ring. We use the terminology 
“double coset algebra” to avoid confusion with Hecke algebras (which is the 
image of the double coset algebra in the endomorphism algebra of a space of 
automorphic forms). 

Let D = {x E Tg{Qp)\xN{Zp)x~'^ D A(Zp)} which is called the expand- 
ing semi-group in Tg(Qp)- Since xN{Zp) D N{Zp)x {x E D), — N • D ' N 
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for N = N{Zp) is also a multiplicative semi-group. When G = GL{n)fZpi it 
is easy to see that D is generated by TciZp) and dmg\p ^\ ^ . . . , for 
sequences of integers ei < 62 < • • • < e^. Write B = B{Zp) and N = N{Zp) 
for simplicity. Define the so-called Iwahori subgroups by 

5o(r) = {ue G{Zp)\u mod p^ G B{Z/p^Z)} , (5.2) 

5i(r) = {ue G{Zp)\u mod p^ e N{Z/p^Z)} . 

These subgroups S have the Iwahori decomposition S = N'T'N = N' xT' x 
N for open compact subgroups T' C TciZp) and N' in the opposite unipotent 
W = W(Zp). Each X e D shrinks W: C W. Prom this, As — S ■ D • S 

is again a multiplicative subsemi-group of G{Qp) (this statement includes 
Ab = B ' D ' B = Asq(oo))- We call As the expanding semi-group with respect 

to {S,N). When G ~ GL{2), As for S = 5o(r) (r > 0) is almost equal to 

the p-part of the semi-group Aq{p^^) introduced in Section 4.2.5 (strictly 
speaking, we have Z\q(p’^^)p = As modulo center). 

By the Iwahori decomposition, we have, for X — N{Zp),B{Zp), and an 
Iwahori subgroup 5, 

□ X^u= □ Xu^. (5.3) 

ue^~^N^\N ueN\^N^-^ 

By this fact, the double coset algebras generated additively over Z by double 
cosets of X in Ax have the following homomorphic relations as algebras: 

7^ = R(N, An) - R{B, Ab) = R{S, As) =: Ub 

via N^N i-G B^B S^S for ^ G An- These algebras are commutative: 
T{0T{v) = T{^rj) for T(0 = N^N and ^,77 G D. See [lAT] Chapter 3 and 
[MEG] 3.1.6 for this type of results dealing with GL{2). Here we give a proof 
of these facts for G = GL{n). The same argument works well for classical 
Chevalley groups quasi-split over Zp replacing aj below by the image of p 
under simple coroot a positive with respect to D (i.e., a{p) G D). 

Lemma 5.2 Let the notation and the assumption he as above. Assume that 
G = GL{n)jip- The algebras R{S,As) for Iwahori subgroups S are com- 
mutative, and if S D B{Zp), they are all isomorphic to the polynomial ring 
Z[ti, . . . (withtn inverted) fort j = SajS with a j = diag[ln-j,plj]- If 

S D N{Zp), we have R{S, As) = Z[Ts][ti, . . . for the quotient group 

Ts = Tg{Zp)S / S ofTciZp), where Z\Ts] is the group algebra ofTs- 

Proof. For simplicity, we write B for B{Zp). For ^ G D, we consider the double 
coset B^B. Decompose B = Upe ^ Multiplying by 
from the left, we get = Ur,es-(C) ^ B^B = Ur,e2({) 

^ = diag[p“G . . . ,p^^], we have 

N^B^ n B = {Nj) e B\J^j e for all j > i} ■ 
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We may choose the subset —(0 inside N{Zp) so that 

H(e) 3 (77*,) ^ mod G 0Z/p“^-“-Z 

j>i 

is a bijection. Then we have = Ur^eH'C^) ^ formula of the index: 

{B : ^~^B^ n B) = with [^] = ~ Writing deg(B^B) for the 

number of left cosets of B in B^B, we find deg(5^C^) = deg(B^B) deg(^C^)^ 
because [^C] = [^] + [C] for ^ D. Since B^B(B D B^(B, if we can 
show that deg{B^BCB) = deg(B^C^), we get B^B(B = B^(B and (B^B) • 
(B(B) = B^(B in the double coset ring R{B, Ab), which in particular shows 
the commutativity of R{B,Ab)^ To see deg{B^B(^B) = deg{B^C,B), we note 
B^BQB ^ U,,eH(0 UveH(c) ^^vCv'- This implies 

deg{B^BCB) < deg(B^B) deg{BCB) = deg{B^CB), 

and hence we get the identity deg{B^B(B) = deg{B^(B). Since the ajs give 
independent generators of D/TciZp), the monoid algebra Z[D /TciZp)] is 
isomorphic to a polynomial ring with n variables Z[ai, . . . , an, a~^] with an 
inverted (because G Z{Qp) is invertible in Z{Qp) c D). The association 
aj ^ T{aj) = BajB therefore induces a surjective algebra homomorphism 
Z[D /Tg{Zp)] — > R(B^Ab), which can be easily seen to be an isomorphism. 
Replacing DlTdZp) by DI(Tg{Zp) n S) = Ts x {D/Tg{Zp)) in the above 
argument, the same proof works well for any S with 5o(r) D S D Si{r) and 
yields R{S,As) = Z[T 5 ][D/Tg(Zp)] = Z[T5][ti, . . . , tnTn where Z[T 5 ] is 
embedded into R{S, As) by sending t e Ts to StS. □ 

We let 7^ act onv eV^ = H^{N{Zp), V) by 
u|T(^) = u|[A/'^7V] = ^ v7t{^u) = f vir{u)7r{^)du, (5.4) 

ue^-^N^\N 

and similarly for u G Vb in place of u G then the projection: Vb 

is 7^-linear. To see the last identity of (5.4), it is sufficient to recall that we 
have normalized the measure du so that fj^du= 1. 

Let E be the set of maximal (proper) parabolic subgroups P D B. Decom- 
posing P = MpNp for a reductive part Mp D Tg (called a Levi factor; see 
[RAG] II. 1.8) and the unipotent radical Np, we can identify the set E with 
the following set of cocharacters, 

{ap : Gm G\ap{p) generates Zp{Qp) H D modulo Zp{Zp)Z{Qp)} , 

where Zp (resp. Z) is the center of Mp (resp. G). Then {^q, = a{p)}aes 
generates D/TG{Zp)Z{Qp), and 71 = Z[TG(Zp)Z(Qp)] [r(^c^)]o,, where as be- 
fore Z[Tg(Zp)Z(Qp)] is the group algebra of the discrete group Tg{Zp)Z{Qp). 
Similarly we have IZp = Z[^^][T{^a)]a’ If G = GL{n), 
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i:= {aj\aj{p) = (j = l,2,...,n- 1)}, 

and the cocharacter aj corresponds to the two-block parabolic subgroup P = 
{(o d)} with j X j-matrices a (and {n — j) x [n — j)-matrices d). 

For i N{Qp) = Thus writing T(^) = 

[A^^A^] for ^ G D as an operator on we see easily from 

(5.4) that T{^^) = T(^y and for each finite-dimensional subspace X C V{B)^ 
T{^)\x is nilpotent on by (5.4). 

For any 7^-eigenvector v G with vt = \{t)v {t G Tq(Qp), v = v 
mod V (B)), we get 

v\[NxN] = [TV : x~^ Nx]X{x)v = \det{AdN{x))\pX{x)v, (5-5) 

where | |p is the standard absolute value of Qp such that |p|p ^ = p and 
Ad = Adx is the adjoint representation of Tq on the Lie algebra of TV. 

Let us prove a canonical splitting = Vb 0 V{B)^ as 7^-modules. We 
have by definition, xhe subspace Vr = jg 

finite-dimensional and stable under P. By the Jordan decomposition applied 
to T(£), we can decompose uniquely that W = ® ^hat T(^) is 

an automorphism on Vy and is nilpotent on We may replace T(^) by 

T(C^) = T{^Y for any positive a in the definition of the above splitting. Since 
T(£) is nilpotent over any finite-dimensional subspace of V (B), Vy injects into 
Vb; so, dimF^° is bounded by dim Ve < |2U|. For any TG-eigenvector v eVb, 
lift it to u G V. Then for sufficiently large j, V7 t(^~^) is in Since V7 t(^'~^) 
is a constant multiple of v, we may replace v and v by V7 t(^~^) and 
respectively. Then for sufficiently large w — vT{^^) G Vy , and 
is equal to v for the image u; in Vb- This finishes the proof when the action 
of Tg on Vb is semi-simple. In general, take a sufficiently large r so that Vr 
surjects down to Vb- We apply the above argument to the semi-simplification 
of Vr under the action of the Hecke algebra. Thus V° = |J^ Vy = Vb, and this 
finishes the proof of V^ = Vb 0 V{B)^^^B as 7^-modules. 



5.1.3 Rational Representations of G 

We now fix a finite extension K over Qp. Let W he the p-adic integer ring 
of K. We write S = So{r) (r > 0). Recall the Iwahori decomposition S = 
N'Tg{'^p)N . We consider the space C{R) = {(j) : S/N{Zp) R} made up of 
continuous functions for R = IT and K. Here the continuity is with respect 
to the p-adic topology of the source and the target. We would like to make 
C a left zip ^module for the opposite semi-group of Ap = As- This 
zip Lmodule C can be considered as the p-adic continuous induction of the 
right regular representation of Tg{Zp) on the space of p-adically continuous 
functions on Tc{Zp) with values in R (thus, this is the third induction process 
we encounter in this section). For that, we first define a left action of Zip on 
Ys = S/N{Zp). Since S acts on Ys = S/N{Zp) from the left, we only need to 
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define a left action of D. Pick yN{Zp) G Ys and by the Iwahori decomposition, 
we may assume that y G N'Tg{^p) C S and consider yN . Then for d G 
dyNd~^ = dyd~^dNd~^ C dyd~^ N (Qp) and dyd~^ N{Qp) is well defined in 
G{Qp)/N{Qp). Since conjugation by d G D expands N{Zp) and shrinks N' , 
we have dyd~^ G and the coset dyd~^ N {Qp) H S = dyd~^S is a well-defined 
single coset of TV, which we define to be the image of the action of d G D. 
We now let act on C by d(j){y) = (j){d~^y). In this way, C becomes a 
zip ^-module. Note that this action factors through D/Z{Qp)] so, if the group 
G has an involution d ^ d^ with dd^ G Z(Qp), d0(y) = (t){d^y) = (j){d^^y). 

We consider the algebrogeometric induction module: 

Lg{k-K) = {<P& H\GlN,OG/N)\<P{yt) = Vt e Tg] , (5.6) 

where Oqin is the structure sheaf of the scheme G/N^ and we regard its 
global section 0 as a function on G{Q_p) /N{Qp) with values in K. We let G 
act on L{k;K) = Lg{i^]K) by g(j){y) = (j){g~^y). Then L{k; K) = ind^ 
(following the normalization of induction as in [RAG] 1.3.3), which is the 
induction in the category of scheme theoretic representations (i.e., rational 
representations). We call k dominant if L{n] K) 0. We write a matrix form 
of this representation — \ G ^ GL{L{k] K)). 

All dominant weights in X{Tg) = form a cone 



G{ljJi, . . . , ijJr) = {rUiLOi + . • . -f TTlrC^r |0 < ITij G Z} 



if G is semi-simple (see [RAG] II. 6. 6). Here the generators Uj are called 
fundamental weights. Take a weight uj oi Tg- Since the derived group G\ 
of G is semi-simple, its restriction to T = Tg T G\ can be written as 
uj\t = miu;i + • • • -f rUrUJr for fundamental weights cJj of G\. The weight 
LU is called regular if >0 for all j, and we sometimes call a weight uj 
sufficiently regular li rUj ^ b for all j (without specifying how large rUj is). 

We restrict functions in K) to Ys = S/N{Zp) and regard Lffi;K) C 
C{K). Multiply Lffi]K) by a character e : Tg{ZIp^Z) = So{r) / Si{r) -G 
(regarding it as a function in C{W)). Since = Zp x we can decompose 
Tg{Qp) = Tg{Zp) X {p^Y for the rank r of Tg, and we can extend 5 to Tc(Qp) 
requiring it to be trivial on {Y^Y - In this way, we get the twisted ^-module 
K) — sL{k; K) C C. The action preserves W) = Lffis] K) TC{W) 
but the original p^ may not be. For ^ G the action of G Z\~ ^ is given by 
For a FF-module R, we define Lffis] R) = W) 

which is a ^-module under the modified action. 

We recall that the p-component of the semi-group introduced in 

Section 4.2.5 is a subsemi-group of the semi-group Ap. The definitions of 
the Hecke operator in (4.89) and (5.8) below are compatible, because we let 
5 G act on Lffis] K) by x fe in the definition of the Hecke operator 

(4.89) and 5<j){y) — = (j){5~^y) for the main involution l of GL{2) 

as already remarked. This modification (in order to preserve p-integrality) 
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does not show up for coherent sheaves for G = 51/(2), because Lc{t^]K) 
is one-dimensional due to the fact that C = T for G = GL{2). A similar 
remark applies to Lg{i^]K) when G = Gi = ReSi7’/Q5L(2). However, in the 
Hilbert modular case of G = ReSi?/QGL(2), the induction of = (/^i,/^2) E 
X{Tg) for the diagonal torus Tq of G is isomorphic to the tensor product 
det'^^ ^L{k 2 ~ Ki — K) for the restriction /^2 — ^ of to T = Tg H Gi 

(Gi = ReSi?/Q5I/(2)). The p-integral action created through this process is 
the action on Lg (/^2 — K) removing the “det” factor. 



5.1.4 Nearly p- Ordinary Representations 

We now study global cohomological automorphic representations. Let G(Z) c 
G(A^°^)) denote a maximal compact subgroup hyperspecial everywhere (by 
abusing notation; see [Ttl] for hyperspecial maximal compact subgroups). We 
assume that the p-component of G(Z) is given by G(Zp). For split groups over 
Q (like GL{n) and G5p(2n)), they are just maximal compact subgroups. We 
take G(Z) = GLn(Z) if G = GL{n) and G(Z) = GSp 2 g{% if G = GSp{2g). 

Hereafter we assume that n is dominant in X(Tg) and write e for a char- 
acter of Tg{'^!p'^'L). Let 5 be an open subgroup of G(Z). We consider the 
associated modular variety X{S) = G(Q)\G(A)/(5 • Go) = \JpXr, where F 
runs over finitely many discrete subgroups G(Q) H t{S • G(M)+)t“^ in G(R)+ 
for a coset decomposition G(A) = Ut G(Q)t(5 • G(M)). For the symmetric 
space X = G(M)/Go, we have written Xp for F\X. For any VF-module R, 
we then define a right action of u G SCq on R) by (f)\u = p^s{Up^)(f) 

(assuming that Sp C 5o(r)). 

We define the covering space T(5) of X{S) by 

X{S) = G(Q)\(G(A) X Line-, R))/SCo ^ □ A-r, (5.7) 

r 

where ^{x,(j))u = {'yxu^(j)\u) for 7 G G(Q) and u G 5Gq, and we form the 
quotient space Xp — F\{X x L{k£]R)) by the diagonal action. We use the 
same symbol L{ne; R) for the sheaf of locally constant sections of X{S) over 
X{S). Writing [^] for the action of on L{k£]R) for ^ G A~^ x G(A^^^), 
we define as in (4.89) (and (4.37)) 

[S^S] = Trs/(5«ns) ° K] ° Res^/s^ns- (5-8) 

The choice of the schematic induction action as the action of is standard 
in the theory of automorphic representations (with coefficients in a character- 
istic 0 field). We write T(^) for the Hecke operator [S^S] under this choice of 
the action. When we study the p-adic Hecke operators, we choose the modified 
p-integral action. We write Tp{^) for the operator [S^S] under this p-adically 
integral action of ^ G As- Note that the factor | det(p)|A in (4.37) is missing in 
this definition of topological Hecke operators. Actually this factor (which co- 
incides with I det(Adw(0)lp when ^ G Ao{p°^^) and G = GL(2)) is absorbed 
by the Eichler-Shimura map as we show later in (5.40). 
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We consider the limit, shrinking 5, 

C{R) = C^{i^e;R) = lj^sH?{X{S),L{Ke;R^^ (5.9) 

Here (X{S), L{tvs; R)) for R = W^K is the image of the compactly sup- 
ported cohomology H^{X{S)^ R)) in H^{X{S)^ L{hze; K)). The group 

(X{S)^ L{k£; R)) is called the interior cohomology of X{S) with coeffi- 
cients in L{k,e] R). 

On the space C{K), the group G(A^) acts from the right via a smooth 
representation, which is completely reducible. In particular, we have an action 
on i7°(5, C^{K.e] K)) = C^{tv£; K)^ of the double coset algebra 

R{S, G{AP^) X Ap) ^ R{S^p\G{A^^)) ^ 1Zb, 

where S = Sp x and we have assumed that Sp = So{r). 

For ^ e D, T(0 acts on C^{k.e-W)^ {N = N{Zp)) through the A~^- 
module structure of L(/^e; W). We write this operator as Tp(^). On the other 
hand, T(^) acts on C^{nE] K)^ through the action of G{A^). The correspond- 
ing operator is written by the same symbol T{^). Then the two operators Tp{^) 
and T((f) are related on the image of C^{hZE;W)^ by 

Tp{0 = (5T0) 

This follows from the fact that the normalized action of G A~^ is given by 
while as an element of G(A^°®^), acts via 

Suppose that G admits Shimura variety Shs of PEL type defined over 
its reflex field E (see Chapter 7 for generality of Shimura varieties), whose 
complex points give X{S). When /^ = 0 (the identity character), the action 
of the Hecke operator is motivic and is (canonically) induced by the Hecke 
correspondence T(0 C Shs x Shs: and in this case, Tp(^) = T(^) is the 
action of the correspondence on the Betti cohomology of X{S). If /i: > 0, 
we may relate cohomology groups of the sheaf L{ke;K) as a part of the 
cohomology group with constant coefficients of a certain self-product Z of 
copies of the universal abelian scheme over X(5). The Hecke operator then 
has an interpretation as an isogeny action on the universal abelian scheme, 
and it can be regarded as the action induced by the Hecke correspondence 
in Z X Z. The action of Tp(^) and T(^) uses different action of A~^. This 
action of A~^ determines the part of the cohomology group over Z identified 
with the cohomology group over X{S) with locally constant (but nonconstant) 
coefficients. Thus the motivic realization of the two operators T(^) and Tp{^) 
could be actually different, and the operator Tp{^) may not even have any 
motivic realization (as in the Hilbert modular case of nonparallel weight). For 
example, in Scholl’s construction [Sc] of the Grothendieck motive associated 
with an elliptic Hecke eigenform /, if one changes the action of congruence 
subgroup r of S'L 2 (Z) by a power of determinant character, the physical sheaf 
over Xr{C) obtained is the same, but its rational structure (including the 
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Galois action) is different. In the elliptic modular case (treated in [Sc]), we can 
construct the motive associated with the standard p-adic Galois representation 
p/ of / and its Tate twists p/(m) as the etale realization of motives directly 
realized over a self-product of the universal elliptic curve. 

For a Hilbert-Hecke eigenform /, we could twist pf locally at each p-adic 
place by a power of the p-adic cyclotomic character, but this twist may not 
extend to a global twist because the exponent of the cyclotomic character 
depends on the p-adic place. In particular, if / is of nonparallel weight, the 
process of defining Tp{^) corresponds to untwisting p/ to reach a p-ordinary 
Galois representation at each p-adic place p, which cannot be performed glob- 
ally; so, the operator Tp(^) may not have a motivic interpretation. 

Unfortunately, for a Hilbert-Hecke eigenform f fox F ^ Q, the motive of 
/ realized from the Hilbert modular variety does not produce a rank 2 motive 
whose etale realization gives rise to the two-dimensional Galois representation 
of / (see [BIR], [Ta], and also [MFG] 5.6.1 for a description of such Galois 
representations). Therefore to obtain such a rank 2 motive, we need to re- 
sort to some tricky construction either moving to Shimura curves treated in 
Section 4.3 (see [H81]) or extracting a rank 2 motive from a rank 4 motive 
(which can be constructed from some Shimura surfaces; see [Bl]). Despite such 
an effort, this problem is not completely solved yet. 

We take ^ ^ D such that N{Qp) = \Jj N{Zp)^~F The product ^ = 
(or its power ^ property. As seen at 

the beginning of Section 3.3, the p-adic (or profinite) limit e = limn->oo Tp{^)'^' 
exists as an operator on L{k.s; R)) for i? = IT and K (and is in- 

dependent of the choice of ^), because H^{X{S)^ L{k6] R)) is an R-module 
of finite type. Thus the limit e exists as an endomorphism of R)^ for 

R — W and K. It is easy to see, if Sp D 

i7°(5, e{C%K.s; K)^)) = e {H?{X{S), L{i^e; K ))) . (5.11) 

We write ^ {jC^{K,e; R)^)- An irreducible representation tt of 

G(A^^), which is a subquotient of C^{k,6]K), is called nearly p-ordinary of 
p-type K if eV{7r)^ ^ 0 for the representation space U(7 t) of tt. 



5.1.5 Semi-Simplicity of Interior Cohomology Groups 

Let TT = be a cohomological automorphic representation of p-type /y. 

Suppose that its p-component 7Tp (acting on V (tt^)) is a subquotient of Ind^ A 
(this is automatic if tt is nearly p-ordinary). Then we find a character A : 
Tb(Qp) with the above property such that Vb[X] ^ 0 and 

I det(Ad7v(^))~^A(x)|p = 1 1 det(AdAr(x))|pA(x) < |/^(x)|p. 

The equality holds if and only if tt is nearly p-ordinary (in this case, automat- 
ically Vb ^ 0 and Ind^ A TTp because = Vb ^ V{B)^ as 7^-modules). 
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For the moment, suppose that G(Qp) = GLn{%) and factor the character 
A as A(diag[G, . . . , tn]) = nr=i Define the Hecke polynomial (at p) by 

= nr=i(^ ~ and write Z\yv for the Newton polygon of 

(e.g., [NAZ]). Define the Hodge polygon of tt to be the Newton polygon 
of nz=i(l ~ Then the above inequality implies Am > Ah and 

the two extreme ends of the two polygons match. 

We return to a general group G and assume that tt is nearly p-ordinary. 
By definition, 4>{u)du = /yv(Qp) <P{b~^xb)du. This shows that 

Sb = I det oAdnlp^- (5-12) 

By definition, 2p = det o Ad^ is a sum of positive roots, and p is a sum of 
fundamental weights with respect to B. This shows 

|A|p = |/^p|p. (5.13) 

Since the dominant n is nonnegative with respect to H, Bp > 0; that is. Bp is 
in the interior of the Weyl chamber of B. This shows that if u; / 1, 

|A"^((i)|p < |A(d)|p for all d G D, (5.14) 

because 2U acts simply transitively on Weyl chambers and each element in 
the interior of the chamber of A has the maximum p-adic absolute value in its 
conjugates under 2H. In particular, we get 

Theorem 5.3 Let tt he an irreducible nearly p- ordinary representation of p- 
type B. Then there^xists a character X : TciQp) such that A ^ 

^ 0 i(;g 2 bA'^ and |A|p = \pB\p, where p is the sum of fundamental 
weights with respect to B and \ \p is the absolute value on K. Moreover, 
eH^{N{Zp),V{7Tp)) is one-dimensional, on which T{^) = S^S for ^ e D acts 
by scalar |p(e|pA(C- 

Now suppose that S = Sp x G(Z^p'>) with Sp = So{r) for r > 0. From the 
above theorem, we get the following semi-simplicity of the Hecke algebra (for 
cohomological nearly p-ordinary cusp forms of p-type k) from the fact that 
the spherical irreducible representation of G(Q£) has a unique vector fixed 
by any (given) hyperspecial maximal compact subgroup (e.g., [BlRl] 1.12), 
because of the Iwasawa decomposition of G(Q^). 

Corollary 5.4 Let the notation and the assumption be as above. Then the 
Hecke module eH^ [X (S), L(k£] K)) is semi-simple. 

The projector e = Cp is defined over £'?(«;£j_Q)^. Thus the above semi- 
simplicity remains true on epHf{X{S),L{Ke;Q)) for ep = with a 

finite set P of primes (where G is quasi-split over Zp) and an open compact 
subgroup S hyperspecial outside P and Iwahori at £ e P. For such nearly 
P-ordinary automorphic forms, semi-simplicity as in Corollary 5.4 holds. 
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5.2 Explicit Symmetric Domains 

We describe unitary Lie groups U'^(R) associated with Hermitian forms '0 
and their symmetric domain X'^ in an elementary way. Since each connected 
component of X'^ is isomorphic to V ~ for a maximal compact 

subgroup of U^{R), we describe an explicit form of P as a classical Her- 
mitian domain, which is useful in describing from a given k, G X(T). We 
often follow the treatment by Shimura in [EPE]. In this section, for a ring 
R denotes the set of all m x n matrices with entries in R. 

5.2.1 Hermitian Forms over C 

Let E be a d-dimensional vector space over C. We suppose having a Hermitian 
form if : V x V C. Thus we have 

(Ul) (p{Xv + x) = X(p{v^ x) -h lxLp{w^ x) for x E V and A, /i G C; 
(U2) Lf{x, y) = if{y, x) for x,y eV. 

A Hermitian form (f is called positive (resp. negative) semi-definite if (f{x, x) > 
0 (resp. ip{x,x) < 0) for all x E V. We write y) > Q (resp. (/? < 0) if is 
positive (resp. negative) semi-definite. The form (p is called positive definite 
if it is positive semi-definite and p{x^ x) = 0 implies x = 0. In this case, we 
write p > 0. If p — 'ip > 0^ we write p > ip. This is a partial ordering on the 
set of Hermitian forms on V. Similarly we define negative definiteness. 

Take a base v = {ui, . . . , Vd} of E, and identify E with the d-dimensional 
row vector space Cd hy : v — ^ ^ We 

have p{v,w) = x^y^p{v^,VJ) for l^(w) = (^/i, . . . , yd). Set ^ 

{p{vi,Vj)) E C^. We get p{v,w) = i^{v)^b^{wY , where X* = ^X for a ma- 
trix X with coefficients in C. By (U2), we see Conversely, for a given 

^ G with if we define p{x^ y) = x^y* for x^y E Cd, obviously p is 

a Hermitian form. Thus the knowledge of Hermitian forms is equivalent to the 
knowledge of Hermitian matrices. We call positive definite if p{x^ y) = x^y* 
is positive definite. We write S^{C) for the set of Hermitian matrices of degree 
d and define 5^(C) C 5^(C) to be the subset of positive definite Hermitian 
forms. V 

When we change a base {ui, . . . , Ud} into . . . , x^}, then we find a 
matrix A = (a^j) G Md{C) such that v[ = Thus AV = v, 

where we have written v in the form of a column vector v = ^(xi, . . . , Xd). 
Since i^/{v)w = x, we see /.v'(x)Av = ^.v'(x)v' z=z v — tv(x)v and we get 
iyj'{y)A — z^v(x). This shows that ^v'(x)A^v(^v'(x;)A)* = — 

p{v^w) = ^v'(x)^v'^v'(^)*, and = ^v'. 

For X G C, we write Tr(x) = x 4- x. We now compute ^ choosing a nicer 
base. Let N = Rad{V) = {x G V\p{v,V) = 0}. Obviously C E is a 
subspace. This space is called the null space or radical of E. We have p{v -h 
n, x; + m) = p{v^ w) -h p{v^ m) -h p{n^ w) -h p{n^ m) = p{v^ w) for n^m E N. 
Thus p is well-defined on the quotient E = V/N, on which Rad{V) = {0}. 
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First suppose that Rad{V) = 0, which is equivalent to det^ ^ 0. Then we 
define the unitary group of Lp by 

D^(M) - {T G Endc(F)|(/p(xT,yT) = ^{x,y) Vx,y G F} 

= {T G Md(C)|r^vT* = ^v} = {T G Md(C)|T*^-^T = (5.15) 

By definition, IT^{R) = for any 0 A G M. 

For every x G E, there exists y £ V such that (p{x,y) 0. Then we have 

(p{x + y,x + y) = (f{x,x) T Tr{(p{x,y)) + (p{y,y). If Tr{(p{x,y)) = 0, then 
^(x,y) = —(p{x^y). Replacing y by iy with i = \/^, we may assume that 
Tr((,^(x, y)) y^ 0. Thus at least one of {p>{x + y, x + y), <p{x^ x), p>{y^ y)} is non- 
zero. Therefore, we can find vi with (p{vi,vi) y^ 0 and p>{vi^vi) G M by (U2). 
Let W = (Cui)-^ = {x G V\lp{v^vi) = 0}. Then VF is a subspace of V not 
containing vi ; that is, dim W < dim V. For any v E V ^ w = v— G W ; 

V = W + Cxi. Since dim W < dim F, this shows F = VF 0 Cxi. By induction, 
we find a base X 2 , • . . , of FF such that Vj) = 0 ifi ^ j and 0 y^ Vi). 
Reordering x^, we may assume that (/9(xi, xi), . . . , (/p(x^, Vm) are positive and 
(^(x^+i,Xm+i),--.,7^(xm+n,Xm+n) (d = m + n) are negative. The numbers 
(m, n) are called the signature of (p. Since m is the dimension of maximal 
subspace of V on which p is positive definite, (m, n) depends only on p. 
Changing p by —p if necessary (this does not change we may assume 
that m > n. Hereafter we always assume this and write m — n~\-t with t > 0. 

When Rad{V) y^ 0, we take a base v = {xi, . . . ,Xj} as above of F = V/N 
and lift them to vectors xi, . . . , Xj of F. Set Fq = Cxi + • • • + Cvj. Then we 
have F = 0 Fq. Supplementing v = {xi, . . . , x^} with a base Xj+i, . . . , x^ 

of A7, we have o ) ^ S^{C), where ^ Mj (C) for j = dim F. 

Theorem 5.5 We have the following assertions which are equivalent. 

(1) Let p he a Hermitian form on a complex vector space V of dimension d. 
Then there exist subspaces F+ , F_ ^ and N of V such that 

F = F+ 0 F_ 0 A^, (p(F+, F_) = 0, p{N, V) = 0, 

and p is positive (resp. negative) definite on F+ (resp. V-). Moreover, 
we can find bases of F+ and F_ so that F-y = Cxi 0 • • • 0 Cxm and 
F_ = Cxrn+I 0 • • • 0 Cxm+n; with p{vi,Vi) = ±1 and p{v^,Vj) = 0 for 
^ 7 ^ 0 

(2) Let <P he a Hermitian matrix of degree d. Then there exists a matrix X G 

GLd{C) such that ^ o o) ^ ^ positive definite 

of degrees m and n, respectively. Moreover, we can take X so that ^4 = 
and B = In- 

Hereafter we assume that p is nondegenerate (i.e., det^ y^ 0). There is 
another realization of a given Hermitian form if it is isotropic. A Hermitian 
form is called anisotropic if p{v, x) = 0 implies v = 0. If p is not anisotropic. 
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it is called isotropic. A subspace / of F is called totally isotropic if H / = 
{x G = 0} = I. There exists a maximal totally isotropic subspace 

of V (because dimV < oo). If <p is isotropic, the maximal totally isotropic 
subspace has positive dimension. 

Let J be a subspace of V with J C that is, J is totally isotropic. We 
claim that we have a totally isotropic subspace J' such that J' = Homc( J, C) 
by p. We prove this by induction on dim J. Let 0 7 ^ G J. Then as we have 
seen, we always have w e V such that Tr{p{w^vi)) 7 ^ 0. We consider the 
equation for x G M, 

0 = p{w + xvi,w + xvi) — p{w^ w) + xTx{p{w., vi)) + p(vi^vi)x‘^ 

= p{w^w) xTr(p{w^Vi)). (5.16) 

Since Tr((/?(ic, ui)) 7 ^ 0, we can solve this equation and define v[ = w xvi 
for the solution x. If dim J = 1 , we set J' = Cu^, which proves the claim. 
Suppose now that dim J > 1 . We take a subspace J\ of J so that dim Ji = 
dim J — 1 . Since J is totally isotropic, J\ is totally isotropic. By the induction 
assumption, we find J[ so that p induces the duality between J[ and Ji. 
Then any u G J( H Ji is orthogonal to every w e Ji; so, J[n J\ — 0. We put 
X = J( + Ji, on which p is nondegenerate. Thus F = X 0 . Let Jq be the 

projection of J to X-^, which is totally isotropic and of dimension 1 . We find 
inside X^ a subspace Jq dual to Jq under (/?, and J' = J{ 0 Jq does the job. 

Theorem 5.6 We have the following assertions. 

(1) If J is a totally isotropic subspace of V , we can find a totally isotropic 
subspace J' of V such that p induces a C-antilinear isomorphism i : J' = 
Homc(J, C). Here antilinearity” means that i{Xv) = Xi{v) for A G C. 

(2) If J is a totally isotropic subspace ofV, we can find a base v = {ui, . . . , Vd} 
of V such that 

(a) v^ for i < j span J ; 

(b) p{v^, Vn-j+k) = ^ik forO <k < j; 

(c) p{vt^^ Vk) = 0 if j<k<d — j and i < j or i > d — j . 

(3) If J is a totally isotropic subspace ofV, we can find a base v = {ui , . . . ^Vd} 

/ 0 0 ij 

of V such that the ViS for i < j span J, and = ( 0 ^ 0 

(4) J/^ is isotropic, then we find an integer j > 0 and X G GLd{C) such that 

( 0 0 ij\ 

X^X* “ 1 P ^ ^ anisotropic . 

5.2.2 Symmetric Spaces of Unitary Groups 

Let Im,n = ( V -In ) ’ for J = m 0 n 

Um,n ~ L77i,n(^) ~ ^ GZ/c^(C)|x Ifn^^iX — Im^n^ 



(5.17) 
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and X — {X e 0^\X"^Im,nX = ( o -^b) ^ > 0, B > O}, which is nonempty 
by Theorem 5.5. Then we can let (g^h) G GLm{^) x GLn{C) act X on the 
right and a G Um,n on the left by X aX (g ^)- We now prove 

Proposition 5.7 Let V{m,n) = {z G CJ^|z*z < 1^} and X{z) — 

for z G Then V{m,n) x GLm(C) x GLn{C) = X by (z,g,h) ^ 

Proof. Write XGXas(^^) with a G CJ^. Then 

Y"* r Y I CL*CL — c*c a*b—c*d \ [A 0 \ 

h*a-d*c b*b-d*d ) — \ 0 -B ) 

for positive definite A and B. Thus a*a > c*c > 0, because x*c*cx = 
(cx)*(cx) > 0. Thus if au = 0 for u G C’^, then u*{a^a)u = 0 and hence 
u = 0. This shows the linear map ^ given by u ^ au is injec- 
tive and hence invertible. That is, deta ^ 0. Similarly, 6*6 < dTd implies that 
det d^b. Then we define z = 6d“^. The fact d*(d“*6*— ca“^)a = b"^a—d*c = 0 

tells us 2 * = ^ ca~\ Thus X = it) (Sd) = ^(^)(S°)- Since 

0 > 6*6 — d*d = d“*(l — z*z)d, we have z*z < Im > because the 

signature of Im,n is (m, n). This shows that z G P(m, n), and the map is sur- 

jective. Suppose (| h ) = X(z) = X(2:') (g Jl) = Then c = d = 1 

and hence z = z' ^ which shows the injectivity. □ 

We now show that X(z) is invertible. It is enough to show that X(z)x = 0 
implies x = 0 for x G C^. Write x = (^) with x G C’^. Then we have 
X + z^ = 0 and z*x + y = 0. Replace y in the first formula by y = — z*x. We 
get X — zz*x = {Im — zz*)x = 0. Since Im ~ < 0, det(lm — / 0 and 

hence x = 0. Then y = — z*x = 0. 

We now define z ^ a{z) for a G Um,n and z G P(m, n) by 

with h{a^z) G GLm{LL) and j{a,z) G GLn{C). Since we have 



for a,/3 G Um,n^ we conclude 



h{a/3,z) = h{a,P{z))h{P,z) &nd j{aP, z) = j{a, P{z))j{P, z), ( 5 . 18 ) 

{aP){z) = a{p{z)), ( 5 . 19 ) 
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because X{z) is invertible. If a = (? d)’ have aX{z) = 

/i(a, z) = 6 • + a, j{a, z) = cz + <i, a(z) = (az + h){cz + d)~^ . (5.20) 

Let 0 be the zero matrix in V{m,n). Then ce(0) = 0 implies that 



a/7 



h{a,0) 0 

0 j{a,0) 



since //(O) = Im+n- Thus b = c = 0. Then a/m,n<^* = /m,n implies a G Um{^) 
and d G Un(^) for the classical definite unitary group of degree n: 

Un(^) = {x G GLt 7 ,(C)|xx* = In}- Thus we have 

Co = {a G Um,nH 0 ) = 0} ^ Um{^) X Cn(M) (5.21) 

via. a = {a, d) e Um y- Un- 

For each e 3E, writing X*Im,nX = _*g), we choose u e GLm(C) 

and V G GLn(C) so that A = u*u and 5 (by Theorem 5.5). Then 

X ^ hence t/m,n(I^) transitively on the quotient 

X/(GlJ(C) X GLn{C)). We have V{m,n) ^ Gn,,n(M)/(Gn^(M) x Gn(M)) by 
Proposition 5.7, and Gm,n(i^) ^^cts transitively on V{m^n)] that is, for any 
z G P(m, n), there exists a G Um,n such that a(0) = z. The symmetric domain 
V{m^n) is bounded in and is called a bounded realization of Um^nlCo. 

Corollary 5.8 We have V{m^n) = Gm,n(i^)/Go via g ^ ^(0), where g{z) = 
(az + 5)(cz + d)”^ for g = (^ ^) with a G CJ^. The maximal compact subgroup 
Co is made up o/ ( q S ) ^ Gm(K) and v G Gn(M). 

Since X(w)*/m,„X(^) = ), replacing z and w by 2 + Z\a: and 

z, we get 

diag[‘h(p, z),j{g, z)*] ( gX'g{l)-i ) diag[h(5, z),j{g, z)] = 

diag[‘/i(p, z),j {g, zy]X{g{z))Im,nX{g{z + Az)) diag[h{g, z),j {g, z)] 

= X{z)*g*Im,ngX{z + Ziz) = (i-y* . 

From this, we conclude, for dz = {dzij)ij, 

dg(z) = *h{g, z)^^dz ■ j{g, (5.22) 



We now exhibit an unbounded realization. We consider 



/ 0 0 -ii 
(000 
\zin 0 0 



0 

^ 0 ^ 



with <T G CJ^. Since p has signature (m, n) (m > n) if 6 is positive definite, it 
is equivalent to Im,ni and hence 
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= {xG GLm+n{C)\xipx* = if} 

= {x e GLm+n{C)\x*ip~'^X = = Um,n- 

The isomorphism is given by U'^ 9 x i— >■ XxX^^ for X G GLm+n{^) with 
X<~pX = Let 

2} = {y e Q|y*v^-iy = (^ ^°b) , a > o, s > 0} . 

Write y G ^ as 

f a b c\ /L’lC 

y=( d e f \ — I V 2 f 
\9 h j J \wj 

SO that a, j G C'!^. Computing Y*(p~^Y, the n x n matrix at the bottom right 
corner is ij*c + /*6^“ V ~ < 0. Thus 0 < f^0~^f < i{c*j — j^'c). If 

cu = 0, then iu^{d^ j — j"^c)u = 0 and hence = 0. Thus c G GLr{C) and 

similarly j G GLr{C). We put x' = cj~^ and y' — fj~^. Then z' — (^y'^ 
satisfies i{{x'y — x') > {y'Y0~^y' . Put 

3 = 3(rr,0) = {z = {l)\x€Cl, y& - x) > y*e-^y) . 

We have G 3 and (u*, ( ^ ) > 0 for u = ( ^ We want to 

show that V is invertible. It is enough to show that uu = 0; then u = 0. We 
have u*(u*, iw)'^ — + v*^w)u — + {vu)*^wu = 0, 

because vu = 0. Thus = 0. 

Define s by f ^ s = u. Then we have 



/ X* y* X 
( 0 -iO y 

\ P g In 



(o?). 



Let Z = ( 0 -iO y y Then Z*Lp~^Z = ( o -°b) with x4 > 0, B > 0. Looking 

\ p q ir / 

at the lower left corner, we have ix* — ix*p = 0 and hence p — In because x is 
invertible (as we have shown c and j are invertible). Similarly looking at the 
middle block of the lowest row, we get iy* — iy^ — ix^^q = 0 and hence q = 0. 
Thus y = B{z) (gO) for 



B{z) 



X* y* X 

0 —i9 y 

In 0 In 



(5.23) 



for X = (y ) G 3- 

Proposition 5.9 Let if be as above. Then ^ ^ x GLm{^) x GLn{C) by 

B{z){^l) ^ (z,a,b). 

Proof. The argument before the proposition shows the surjectivity of the map 
3 X GLm{C) X GLn{C) Suppose B{z) = B{z'){q^). Writing 0 — 

( In have 
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( e* u ) = B{z) = B{z') ( S 0 ) = ( . 

Prom this we conclude that d = 1 and Oc = O. Since O is invertible, c = 1. 
Thus the map is injective. □ 

By the proposition, we define a{z) € 3, 7^(a,z), fi{a^z) for z G 3 and a G 
by the following formula. 

Again, for ^ we have, similarly to (5.18), 

d{aP, z) = P{z))d{P, z) and /i(a/5, z) = /i(a, P{z))ii{p, z), (5.24) 

[al3){z) = a{j3{z)). (5.25) 

Corollary 5.10 Choosing T G GLd{C) withTipT"^ — Im,n (by Theorem 5.5), 
the map T : V{m,n) given by TB{z) = X{T{z)) 

h{T,z) G GLm{C) and j{T,z) G GLn{C) is a holomorphic isomorphism. 
Writing i = £ 5, 'we have U"^{R)/Gi = 3 by g ^ g{i), where Gi — {g ^ 

/7‘^(E)|^(i) = i}. Furthermore, if we choose T so that T(i) = 0 (possible by 
transitivity) , a TaT~^ induces an isomorphism G{ = t/rn(E) x [/^(E). 

Proof. By Propositions 5.7 and 5.9, z ^ T{z) is a well-defined isomorphism. 
By definition, a TaT~^ is a surjective isomorphism of Lie groups from 
f/‘^(E) onto Um,n- In particular, we have T{a(z)) = TaT~^T{z) by defini- 
tion. If we can prove the transitivity of the action of f/‘^(E) on 3, we get 
another proof of the transitivity of the action of Um,n on V{m,n). To show 
the transitivity under f/‘^(E), we define ^ : 3 ^ and 77 : 3 — > S5^{C) by 

B{zY^-^B{z)={y pf. (5.26) 

By definition, we have 

/a{a,wyrj{a{w))/a{a,w) = p{w). (5.27) 

We want to find a with a{\) = z for a given 2 :. We assume that the last n rows 
of a are (0,0, d) with d G GLn{C). Then aB{w) = B{a{w)) (q §) because the 
lower right corner of B{w) is In- Thus — d. Since 5(i)*(,^~^5(i) = 

(0 - 2)5 we have 77 ( 1 ) == 2 and d*g{z)d = 2. Since rj{z) > 0 by the definition of 
3, we can find a G GLr{C) such that i(x* — x) — y""9~^y = g{z) = 2aa*. Then 

for ^ = ^(^x,^y) g3, 

o^jeJ7^(K) (5.28) 

satisfies a(i) = 2 :, because 



a = p{z) 



Ln ly e 
0 Im-r, 
0 0 



-laa 

y 



a 0 

0 lrn,-n 
0 0 
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/ xa * —2ia y* xa * \ / * n \ 

aS(i) = ya-'- ya- = B(2)diag[( J ,a"*]. 

V a“* 0 a~* / ^ ^ 

This shows transitivity. The last isomorphism follows from Corollary 5.8. □ 

We define 

6{z) 2^^^ det{f]{z)). (5.29) 

The factor 2^^ in the above definition is a normalization factor to make 
det((5(i)) = 1. We then have by (5.27) the following transformation formula, 

6{a{z)) = S{z)\det{/j.{a^ z))\~‘^ (for a G D‘^(M)). (5.30) 

Let J be a totally isotropic subspace of V. We define 

P(R) - PJ(R) = {g£ U^{R)\gJ C J}. 

Writing (/? = and taking I = ^ see easily that p{z) C Pf (R). 

Thus the above proof of Corollary 5.10 shows 

Corollary 5.11 We have IT^{R) = Pf (R)C for any maximal totally isotropic 
subspace I C V and any maximal compact subgroup C of (R) . 

The fact that f/‘^(R) = Pj (R)C holds for any totally isotropic subspace J. 

Proof. The assertion follows from Corollary 5.10 for C = C\. Since any other C 
is a conjugate of Ci, the assertion is clear. This fact follows from the topological 
fact that any compact subgroup has a fixed point on P‘^(R)/Ci = 3- □ 



5.2.3 Invariant Measure 



We now compute the measure on 3 invariant under the action of For 

that, we first compute several formulas: 

b(.ov-'b(*) = (.^- *:::>) (b 3 d 

with ^(^1,2) = Tj{r.i,z) = i{ 3 :\ - z] - Thus 

p{z) = 77(2;, z) = i{x* — x) — y*0~^y. We have by computation 



B{z) 



1 0 0 

i9~^ 1 0 
-1 0 1 



-iy{z) y* x\ 
0 -i6 y 

0 0 1 / 



From this we get 



det(P(z)) = det(-z^) det(— 277(2:)). 



Since we have aB{z) = B{a{z)) /x(az))’ 



(5.32) 
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det(a) det{B{z)) = det{B{a{z)))det{i9{a, z)) det(/i(a, z)). (5.33) 

From zyr]{a{z))iJ.{a^ z) — rj{z)^ we have for a G 

det(a) det(— z6*) det(— i? 7 (z)) 

= det(a) det(5(2:)) = det(^(a( 2 :))) det(i^(o;, z)) det(/i(a, z)) 

= det{—iO) det{~ir]{a{z))) det(^(a, z)) det(/i(a, z)) 

= det{—iO) det{—if]{z) det{fi{a, z))~^ det(/i(a, z))~^ det(i?(a, z)) det(/i(a, z)) 
= det{—iO) det{—if]{z)) det(/i(a, 2 :))“^ det(i^(a, z)). 

This combined with det(o;)“^ = det(a) shows 

det(a) det{i9{a, z)) = det(/i(a, z)). (5.34) 

By replacing 2 : and zi by a{z) and a(zi), we get from 

that 

V(a, zi){a{z) - a{zi))ij.{a, z) z - zi, (5.35) 

fi{a, zi)*r]{a{zi),a{z))iJ,{a, z) = r]{zi,z), (5.36) 

-d{a,zi)*i{a{zi),a(z))'d{a,z) = ^{zi,z). (5.37) 

To compute the Jacobian matrix of 2 : h-> a{z), in (5.35), replace zi by 
2 : + dz. We get a*dz = z)~^dzii{a^ z)“F Writing 

r+i r 

dz= f\ dzhk A dzhk, 

h=l k=l 

we have 

|a*dz| = I det(i^(a, z) G) ji{a, 2 :))|“^|dz| 

= |det(i?(a, 2 :))|“^"|det(/n(a,^;))|'^™|dz| = \j{a, z)\~'^^^'^^\dz\. 

Since S{a{z)) — J( 2 :)|j(a, 2 :)|“^, we see that 5(2:)~"^“'^|dz| is the invariant 
measure. 

Proposition 5.12 The measure S{z)~^~'^ \dzhk ^ dJhk\) gives 

an invariant measure on 3 under the action o/f/‘^(M). 

5.3 The Eichler-Shimura Map 

Before starting a detailed study of the nearly ordinary part of coherent coho- 
mology groups, we make explicit a generalized Eichler-Shimura map for uni- 
tary and symplectic groups and hence the association of the weight: k ^ 
so that i70^,p(Xr,^^) -g H^{Xr, 
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5.3.1 Unitary Groups 

Recall U = ^ ~ where Im,n ~ 

(V -In)' have made explicit the quotient space U/Co as the bounded 
symmetric domain V = V{m,n). As we have seen, the complexification C of 
Co is GLm{C)xGLn{C). The functions and j correspond to the standard 
representation of GL{m) and GL{n)^ respectively. 

For the upper-triangular subgroup Bm C GL{m)^ we write Tm for the 
diagonal torus in Bm- For a dominant weight k. of the diagonal torus T — 
Tm,n = Tm X Tn of Um.n-, Writing for the rational representation into 
GL{Lc{f^; C)) of GL{m) x GL{n) of weight we have the automorphic factor 

t^m.n(R) X T>{m,n) 3 {g,z) i-> z),j{g, z)), 

with which we associate a vector bundle on P(m, n) as we described in Sec- 
tion 1.1. Take a reductive group G admitting the Shimura variety whose sym- 
metric domain is analytically isomorphic to a product Ilcrcr '^cr) 

(for an index set B). Let T be the torus of G giving rise to the product 
We have the vector bundle over A+ associated with 

K G X{T). For a congruence subgroup B C G(Q)+, we want to embed 
H^{Xr,^^) into H^{Xr, Lg{i^'']C)) as Hecke modules for a suitable ratio- 
nal representation Lg(/^*;C) of G with highest weight /^* G X(T). By the 
Kiinneth formula (cf. [CDR] 1.1.3 and VII. 5. 2), tG = 
sume that \B\ = 1; thus, we drop the subscript a from our notation. 

We have seen in (5.34) that det(h(^, 2 :)) = det(^)“^ det(j(^, z)). This also 
can be shown as follows. On the diagonal torus Tc C U{m) x /7(n), for 
g = diag[<i, . . ■ ■ • ,<m+n], tj Satisfies = tp a.ndj{g,z) = cz+d = 

diag[tm+i, • ■ ■ , tm+n] (resp. h{g, z) = d + b - ^z = diag[tf \ . . . , <“^]). The 
representation g i-G ^h{g^ 0)“^ (resp. g ^ j{g^ 0)) corresponds to the standard 
representation of GL^(C) (resp. the standard representation of GL^(C)); so, 
the corresponding highest character, after applying “det”, is 

m m+n 

diag[ti, . . .,tm+n] ^ n tj (resp. P[ tj). 

j = l j=m+l 

This relation well explains the above formula (5.34). We thus embed the prod- 
uct U{m) X U{n) into GL{m) x GL{n) hy g ^ J{g) = (^h(^, 0)~^, j(^, 0)). 
We also write J{g,z) = {^h{g,z)~^,j{g,z)). 

Writing dz = ^ dz^j, we get from (5.22) that 

dg{z) = detig)"^ det{j{g, z))~'^~'^dz. 

Write /im,n ^ ^{T) for the character 




X 



(5.38) 
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Suppose that k > fim.ru and write We consider a polyno- 

mial function : V Homc(ivc(/^*; C), Lg{k^] C)) in z such that 

p{a{z))o p^.{J{a,z)) = ap{z) {p^, =IndgnC«*) 

for all a G G, where C = GL{m) x GL{n). Since V = GjGo^ if it exists, such 
a function is unique. We can define it by p((a(0)) o p^*(J(a,0)) = ap{Q). If 
we change a by au for u G U{m) x f/(n), then we have 

p(a(0)) o p^. ( J (a)J{u)) = au ■ p{0) 

^ P{a{0))o p^,{J{a)) = au-p{0)op^,{J{u))~'^. 

Such a map p(0) with up{0) o = p(0) exists because the group 

GL{m) X GL{n) is identified with a subgroup of GLd{C) = U{d){C) {d — 
m -h n); thus, it corresponds to the inclusion 

Lc{k*-X) = ^ - Lg(V;C) = 

for P == diag[GL(m), GL(n)]P. Take /^*|tc be the highest weight as- 
sociated with the standard representation of GL[n). Then corresponds 
to the standard representation of Um,ni and we have Puj^{z)(x) = (f)x for 
X G We easily verify that gp^^^{z){x) — p^^^{z){j{g^ z)x). Thus p{z) is a 
polynomial in x in this special case. Similarly to the above, if cor- 

responds to the contragredient of the standard representation of GZ/(m), then 
ti* is associated with the complex conjugate of the standard representation 
of Um,n^ and we have p^j^{z){x) = ( \^ ) x for x G C’^. Again we verify that 

and is a polynomial in 2 :. For general 

Lc(/^*;C) (resp. Lg(/^*;C)) is a quotient of Lc{uJn;C)^^ 

(resp. Lc{ujn] 0 The general is a constant multi- 

ple of the projected image of the tensor product of copies of p^^ {z) and hence 
is a polynomial in z. 

For a congruence subgroup F C G(M), each global section of is a 
holomorphic function f : V ^ Lc{i^]C) satisfying /( 7 (x)) = J^(y, z)/(z) 
for J^{^,z) = p«;(J( 7 ,z)). We define for / G a holomorphic 

differential with values in Lg'(/^*;C) by co{f) — pK*{z){f)dz. Note that here 
Lc(k,;C) = Lc{f^*;C) ^ LciPm.ni^) Lcigm.n]^) one-dimensional; so, 
we can identify Lc{f^]C) with canonically as vector spaces and, 

thus, the above definition is consistent. We verify that a*o;(/) = p^*{a)cu{f). 

Theorem 5.13 Let F be a discrete subgroup 0 / f/(m, n)(M) with the compact 
quotient space Xp = F\D{m^n). Suppose that k, > Prn,n o,s above, and define 
fF = n — Prn,n- Then the association f ^ [^(/)] F H^{Xp, L(F]C)) for 
q = dime P induces an embedding H^{Xp,uF) ^ H^{Xp, Lg{F;C)), where 
[cj(/)] is the de Rham cohomology class ofu{f). 

When P is a noncocompact congruence subgroup of a global unitary group 
G/q, the same assertion is valid replacing by its cuspidal subsheaf 
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The theorem follows from standard harmonic analysis when Xp is compact 
(see [CDR], [MaM] and also [LFE] 6.2 for the simplest case of G = SL{2)/q). 
Even in the noncompact case, the same argument holds for cusp forms, since 
cuspidal sections decrease rapidly towards the boundary of the canonical 
(topological) compactification of Xp. The compactification is called the Borel- 
Serre compactification which is a manifold with corners (see [BoS]). Since the 
detailed proof of this fact relies on harmonic analysis, which is beyond the 
scope of this algebraic book, we admit this result. 



5.3.2 Symplectic Groups 

We give a brief description of the Siegel modular version of Theorem 5.13. 
Let S^g = {z = '^zE C^|Im( 2 ;) > 0} be the Siegel upper half space, and 
take G = GSp{2g ) /q for simplicity, although this works well for any reductive 
group G /Q admitting Shimura varieties whose symmetric domain is isomorphic 
to a product of copies of Thus 

G{R) = {a G GL 2 g{R)\aJg • = v{a)Jg with v{a) G } . 

For z,w e S^g, we write Y{z,w) = (I'l), and for ^ = (^^) G GSp(2g), we 
have gY{z,w) =Y{g{z),g{w)) cw+d)- this, we get 

{z-w “o4 = i^{.gy^^{z,w) ■ ^gJgY{z,w) 

— (\cz+d) 0 \ ( 0 g{w)-g{z)\ ( cz+d 0 

Vi// 0 \cw+d) ) \g{z)-g{w) 0 / ^ 0 cw-^d) ’ 

which implies w ~ z = u{g)~^\cz + d){g{w) — g{z)){cw + d). Replacing w by 
z dz for dz — {dz^J)^^J, we get d{g{z)) = v{g)\cz + d)~^dz{cz + d)~^ . We 
put dz = define a character fi : GL{g) x ^ Gm by 

dg{z) = p{cz d, iy{g))~^dz. (5.39) 

Regard /i as a character of the maximal split torus TQSp( 2 g) of GSp{2g) by 
the isomorphism Tai(g) x Gm = Tasp( 2 g) given by ^ diag[t, 

For a given character /^ > 0 of the maximal split torus Td^^gp the auto- 
morphic factor Sp2gi^) x 3 {g, z) ^ p^{J{g, z)) with J(y, z) = cz + d for 
9 ~ icd) givos rise to a vector bundle on S)g. Now suppose that k is a, 
character of TGSp{ 2 g)^ s^nd use the same symbol to denote its restriction to 
Tsp{ 2 g) — TcLig)’ Supposc also that n > pL. Let tG = n — p and consider the 
G5p(2^)-module L(/^*;C) on which t G TQSp[2g) acts by (j){g) i -3 4 >{gt). We 
want to have a polynomial function p S)g Homc(Lc(/^*; C), L(/^*; C)) in 
coordinates oi z e S)g such that p(^(z)) op^_^( J(^, z)) = gp{z) {g G Sp2g{^))- 
We show the existence and uniqueness (up to a scalar multiple) of the map. 
If we change g by gu for it G G for the stabilizer G of i = (z = \/Gi) of 
S)g in Sp 2 g{^)’, then the expected formula tells us 
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P{gO))° {9 = gup{i) 

v{g{^)) ° PK-^J.{J{g^)) = gup{i) o . 

The homomorphism u ^ J{u,i) identifies C with the definite unitary group 
U{g) C GLg{C). Such a map p(i) with up{i) o J(w, i))~i = p(i) exists 
because GL{g) is identified with a subgroup of Sp{ 2 g){C); thus, it corresponds 
to the identity inclusion == L(/^*;C) for the Siegel 

parabolic subgroup P C GSp{2g) with reductive part GL{g) x Then we 
extend p(i) to p(z) by p{z) = pp(i) o J(p, takings G Sp2g{R) with 

2: = p(i). Prom the construction of p, it is unique up to a constant multiple. 
Take /^* — k — g to he the highest weight uji associated with the standard 
representation of GL{g). Then /^* corresponds to the standard representation 
of Sp{ 2 g), and we have p{z){x) = ( f ) x for x G O. We easily verify that 
gp{z){x) = p{z){J{g, z)x). Thus p{z) is a polynomial in 2: in this special case. 
For general n, Lc(/^*;C) and Lg(k*;C) are quotients of the tensor product 
of several copies of Lc(^i;C) and Lg{u^i]C), respectively. The function p{z) 
for general k is given by the projected image of the tensor product of copies 
of p{z) for uoi and hence is again a polynomial in 2:. 

Again for a congruence subgroup P of G5p2p(K), we may identify a global 
section of over Xr with a holomorphic function f : S)g C) with 

f{y{z)) = p^{J{j, z))f{z) for all 7 G T. Then we define a differential with val- 
ues in C) by a;(/) = p(2:)(/)d2:. Note that L(/i;C) is one-dimensional; 

so, we can identify L{tz;C) with C) canonically (just multiplying by the 
character p) as vector spaces, and thus the above definition is consistent. We 
verify from the above property characterizing p{z) that 7*ct;(/) = yuo{f) for 
all 7 G P{N). Thus for cuspidal holomorphic forms, the harmonic analysis in 
[CDR] again gives us 

Theorem 5.14 Let P be a congruence subgroup of Sp2g{Q) and p be the 
weight of Tcsp(2g) defined as above. Suppose that k> p, and define k* = k. — 
fi. Then the association sending f to [w>{f)] in the de Rham cohomology group 
iir^(A'p, L(a€*; C)) for q — dimci}^ induces the embedding ^ 

C)), where [o;(/)] is the de Rham cohomology class of uj{f), 
and ui^ c uP is the cuspidal subsheaf of u /^ . 

We admit this fact. A more thorough comparison theorem (with proof) of de 
Rham cohomology and the Betti cohomology (with coefficients in locally con- 
stant sheaves) of Siegel modular varieties can be found in [DAV] Chapter VI. 



5.3.3 Hecke Equi variance 

We show that the Eichler-Shimura map is equivariant under Hecke operators 
and is compatible with our normalization of Hecke operators. We assume G /q 
to be a reductive group with Gi(E) isomorphic either to ( 5 ^) 

or to llaeE * 5 'P 2 n^(R) for a finite index set Z’, where SUm,n{^ is the derived 
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group of Um,n(^)- In the former case, we call G unitary (or of type A) and 
in the latter case, we call G symplectic (or of type G). Again by the Kiinneth 
formula, to describe the equivariance, we may assume \U\ = 1; so, we drop 
the subscript a. We write fi for firn.n given in (5.38) when G is unitary and 
for iJL in (5.39) when G is symplectic. 

We have normalized the Hecke operator on the topological Betti co- 
homology group taking the action of ^ G Ab normalized as p^(C~^) = 
Note that = Px>^ algebraic character 

y : G or C ■— > 

We normalize again in the same way the action on taking the action of 

addition to the division by Let T = Tp{^) 
and also write coset representatives as that is, T(^) = [J^ N{Zp)^. Recalling 
we have 

^(/)|Tb = E(v(0)-v^.(r'Me(^))(/(ew))d(ew) 

e 

= p{z) dz^w{f\Tc). (5.40) 

Here we have added the subscripts B and G in order to emphasize the space on 
which the operator acts; that is, B implies the topological Betti cohomology 
H^{X{U), Lg{k.*;C)) and G indicates the coherent cohomology 
(which is a part of the de Rham cohomology). In short, the extra modification 
of the action of the Hecke operator T(^) by the character p on the coherent 
cohomology is absorbed by d(^( 2 :)) = p{^)~^dz in the topological cohomology. 
Hence the normalization of Hecke operators at p is identical on the left-hand 
side and the right-hand side of the Eichler-Shimura map. This is why we do 
not have such a factor in (5.8). We also remark that in the case of GL(2), the 
determinant factor | det(^)|A in the definition (4.37) of the Hecke operator on 
the coherent cohomology is the value p{g)~^ as above. Thus we do not have 
this factor in (4.89). 
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Moduli Schemes 



We recall the construction of moduli of abelian schemes. The theory of moduli 
varieties of abelian varieties has been studied mainly by Shimura and Mum- 
ford in the years 1950s to 1960s. Shimura proved the existence of the moduli 
varieties over a canonically determined number field relative to a given en- 
domorphism ring, a level ^structure and a polarization in the late 1950s to 
the early 1960s. This gives a modulus over the integer ring of the field with a 
sufficiently large number of primes inverted. 

Basically at the same time, Grothendieck studied the moduli of subschemes 
in a given projective scheme Xjs (flat over S) and also that of the Picard func- 
tors. The existence of a moduli scheme, the Hilbert scheme Hilb^/s, of closed 
flat subschemes of X/s enabled Mumford, via his theory of geometric quo- 
tients of quasi-project ive schemes ([GIT]), to construct the moduli of abelian 
schemes with level ^structure over Z[^]. 

We briefly recall here the construction of Grothendieck and Mumford, 
limiting to the case which we need later. After that, we recall the construction 
of Shimura varieties with a canonical family of abelian varieties in the following 
chapter. 



6.1 Hilbert Schemes 

We describe the theory of the Hilbert scheme that classifies all closed 5-flat 
subschemes of a given projective variety A/ 5 . This is a generalization of the 
earlier theory of Ghow coordinates that classifies cycles on a projective variety. 
The theory is due to Grothendieck and the main source of our exposition is 
his Expose 221 in [EGA]. One can find an exposition in [NMD] 8.2 on this 
subject under milder assumptions. 
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6.1.1 Vector Bundles 

We recall a construction in [EGA] 1.9.4 of algebrogeometric vector bundles 
over a scheme S. Let 5 be a Noetherian scheme and f be a locally free 
sheaf on S of rank n. For an open subscheme O C S, we consider the tensor 
algebra T(f(0)), which is a noncommutative graded 05 ( 0 )-algebra whose 

m 

^ ^ , 

degree m component is Tm{£{0)) = <^(0) (g)c> 5 (o) ^(O) G • • • Gos(O) 
and To(f(0)) = Os{0). The multiplication is induced by tensor product 
(x, y) xGy for x, y E S(0). Then S{S{0)) is the quotient of T{£{0)) by the 
homogeneous two-sided ideal generated by x G y — y G x for all x, y G £{0). 
The (commutative) (95(0)-graded algebra S(f(0)) is called the symmetric 
algebra of S{0). The functor O t-E S(^(0)) is a contravariant functor from 
the category of open subsets of S into graded algebras; so, it is a presheaf of 
algebras over S. We write S(£’) for the sheafication of the presheaf of algebras 
([GME] 1.1.2). Then by definition, S{£) is a graded O^-algebra. We define the 
relative spectrum V(£^) = Specs{S{S)) as an A-scheme (e.g., [GME] 1.5.4). 

When S = Spec{B) is affine, for every multiplicative subset S of B, it is 
plain that S{S~^M) = S~^S{M) for M = T(5, f ). This shows that S(f ) is the 

quasi-coherent sheaf S(M) associated with the C^^-module S(M) (cf. [GME] 
1.2.3). For any S- algebra R, a /3-linear map i : M R extends uniquely to 
a algebra homomorphism i : S(M) R by sending Xi G X 2 G • • • G Xm to 
-^(xi)-^(x 2 ) • • Thus the algebra S(M) represents the covariant functor 

ALGjs given by Hom/ 3 (M, i?), where ALG js (resp. AB) is the 

category of >B-algebras (resp. abelian groups). Since ALG is antiequivalent 
to the category of affine 5-schemes AFF^s^ ^ {^) represents the contravariant 
functor AFFjs AB given by O ^ Homc)^ (M, do) = Homoo (Mo, do)^ 
where Mq = M for O = Spec{R); in other words, Mq = /*M for the 
structure morphism f : O ^ S. See Section 4.4.1 in the text and [GME] 1.4 
and 1.5 for representability of functors. 

In general, covering 5 by affine open subsets {d}o, we see that the restric- 
tion of S(5) to each affine open subset is quasi-coherent and, hence, S(5) is 
quasi-coherent over 5. By further shrinking the affine open subsets O, we may 
assume that 5|o — Oq- Then S(5(0)) is isomorphic to the polynomial ring 
over Os(0) = R generated by a base Ti^ ... ,Tn of £{0) over R. This shows 
that V(5) is an 5-scheme of finite type and hence Noetherian. Since V(5|o) 
represents the functor S' ^ Homoo (^lo^ d^/) = Homo^, (/*(5|o), d^/) for 
/ : 5' ^ 5, the schemes {V(5|o)}o glue over 5 to represent the functor 
S' Homo5(5, d^/) = Homo^, (5^/, d^/) for £s' = f*£ (see Remark 1.5.1 
on page 31 of [GME]); in other words, we have, for f : S' S E SCH/s^ 



Roms{S',V{£)) = Romo,.{£sEOsO = r(5',5s0 



( 6 . 1 ) 
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where S is the (^ 5 -dual of £. The last equality in (6.1) follows from the defini- 
tion of 8: Homo^, {8s', Os>) — r{S' , 8s>)^ Thus V(f ) gives the vector bundle 
associated with the dual sheaf 8. 

We consider a contravariant functor S' ^ Homo^, for S' S, 

where 8 and T are two locally free sheaves of finite rank. Note that 

Romog,{8s',J^S') — 8 S' J^s' — f*{8 ^Os ^)- 

Then (6.1) tells us that the above functor is represented by Y{8 T)\ 



Roms{S',\{8 ^os ^)) = Homo^,(f5',^s0 

= r{S',r{8^T)) ioi f : S' ^ S e SCH/s- (6.2) 

In particular, S' ^ Endo^, i^S') is represented by V(T (8) ^). 

Taking an affine open subset O = Spec{R) so that 8 = Oq and fixing an 
isomorphism 8 = Oq, each S e End^^, i^S') has matrix expression <p — 

Then we may define det cj) G Os' • The construction of det (f) does not depend 
on the choice of the base of 8\o\ so, covering S by affine open subschemes, 
they glue together into a functorial homomorphism det : Endo^, {^S') Os' 

inducing a morphism det : V(£^(g)T) js Ga/s by Yoneda’s lemma (cf. [GME] 
Lemma 1.4.1). We define 

GL{8)is = det*(G^) = V(£: G 8) Xq. G^. (6.3) 

Then GL{8)/s is a group scheme (cf. [GME] 1.6) representing the functor 
S' i-> Auto^, (£* 5 /). In particular, we write GL{n)/s = GL{Og) and we have 

GL{n) jz = S'pec(Z[T^^-,det(T^_^)“^]) and GL{n)/s = GL{n) S. (6.4) 

We can slightly generalize the above argument. Let T be another locally 
free sheaf over S with the same rank as 8. We consider the functor from 
SCHjs into SETS given by 

Isom g(g, E)(S') = {(/)£ Homo^, {8s' , is an isomorphism} . (6.5) 

On a small open subscheme O C S over which 8 = E = Oq, the func- 
tor lsomg{8\o,E\o) is represented by an affine scheme Isom5(f |o, .^|o) iso- 
morphic to GL{8\o), identifying E\o with 8\o> Govering S by such open 
subschemes O, the schemes Isom5(T|o, *^|o) glue together into a scheme 
Isom 5 (£^,J^) affine over S by the uniqueness of the universal scheme. The 
resulting scheme Isom 5 (T,JE) obviously represents the functor in (6.5). 



6.1.2 Grassmannians 

We define a contravariant functor Grass : SGH SETS by 
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Grass ^on = [tt : Og T\it surjective, T locally O^-free of rank m] . 

As before, the straight brackets [*] indicate the set of isomorphism classes of 
the objects * inside the brackets. The quotient tt : Og JF is isomorphic to 
7 t' : T’ if we have the following commutative diagram, 

0 — ^ Ker(7r) — > ^ T — ^ 0 

II II ^ 4 

0 — ^ Ker(Tr') — > ^ T' — >0 

with exact rows. For each morphism f : S' S, the pullback /*7T : Og; 
/*JF gives the contravariant functoriality. The stabilizer of tt : Og — > can 

be identified with the maximal parabolic subgroup 

P = {{od) ^ GL{n)\d is of size m x m} . 

As is well known (see below Theorem 6.1), the quotient Grasso^,m = 
GL{n)lP is a projective scheme defined over Z. Intuitively, this projective 
scheme represents the functor Grasso^,m 5 that is, 

Homscfl'(5', Grassc)n_„) ^ [tt ; Og ^ J"] 

functorially. We soon verify this fact in down-to-earth terms after stating the 
representability as a theorem (Theorem 6.1). Of course, if m = n — 1 or 1, we 
have Grasso^,m = 

We can generalize this construction slightly. Let 5 be a scheme, and take 

f 

a locally free sheaf S/g of rank n. Then, for each 5-scheme S' 5, we define 
a contravariant functor from S-SGH to SETS by 

GidiSSg ,^(S') — [tt : Ss' J-\tt surjective, P locally O^z-free of rank m] . 

Covering 5 by sufficiently small open subschemes Oi so that = Oq , we 
have Grass ^n represented by Grass^/o^ = Grass^ x O^. The gluing data 

Qij ' Oo.nOj = 5o,no, = Oo^no^ give rise to a Cech cocycle gij with values 
in GL{n). This gluing datum induces a gluing datum of {Grass^/o, }, giving 
rise to the scheme Grassy: over 5 which should represent the above functor. 

Theorem 6.1 For each locally free sheaf S/g of finite rank n, the functor 
Grass^^^ is represented by a projective scheme Grass£:,m over S. 

Here we use the word “projective” in a strict sense: “strongly projective” 
in Section 6.1.6 that a scheme X over 5 is projective if we have a closed 
immersion over S of X into a projective space x^5 for a positive integer N, 
where P^ = Proj{Z[Xo , . . . , Xn]). Thus if 5 = Spec{B) and G = Grassy, i ^ 
pn-i ^ Oq{1) = S has to be free of rank n over B\ so, £ has 

to be free. However, we can always find a surjective morphism of sheaves 
(9^+^ 5 if 5 is Noetherian, which induces a closed immersion Grass£:,i ^ 
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Grass^7v+i ^ = P^; so, by enlarging the dimension of the projective space, 
we confirm that Grassy:, i is projective. We reduce in the following proof of 
projectivity of Grass£;^rn to this case of m = 1 by taking Plucker’s coordinates 
(described in the proof). 

The scheme Grassy;, m gives a geometric quotient of GL{n) by P when 
£ = Og in the sense of Mumford (see [GIT] 0.6 and [GME] 1.8.3). 

Proof. We repeat a proof given in [EGA] 1.9.7. By the argument preceding the 
theorem, we may assume that £ — Og. We choose a base I = {ui, U 2 , . . . , Vn} 
of Og over Os and consider a subset J of order m of I. We then define a 
subset Gj(S') C Grass ^ y^(5Q by 



Gj(S') = 



: £s' ^ T 



<\>(^Os'v) = T 



C Grassg (gp, 



v£j 



where £s' — /*£ for f \ S' ^ S. By definition, Grass^ - ^^(50 = |Jj Gj{S') for 

all iS-schemes S' . If S" A S' is an 5-morphism and (5 : £s' JE) G G j(5'), 
by the right-exactness of ^*, we find that g "" and 
hence Gj : SGH js SGH is a subfunctor of Grass^ ^^. 

We now show that G j is represented by an affine scheme Qj. Let £j = 
YlveJ Then f : £j/s> ^ E is a surjective homomorphism of a locally 

free sheaf of the same rank; so, it is an isomorphism. Let X = V(5 G O'^) 
representing S' i-G Homo^, (5s' , Gg!; ) and Y = V(G^ G) O'^) representing 
S' i-G End( 9 ^/(G^/) (see (6.2)). Define the morphism of functors as'.Ps' • 
K{S') Y{S') by as'{v : £s' G^,) = u o tj s' and Ps'{y) — idc>^, , where 

1-J,S' ■ = O^, £s' is given by Lj,s'{{av)vej) = Define Gj by 

the following fibered product, 

gj = X Xy X ^ A 

1 " 

A > y. 

g 



Then we see 

£j('5") = {{4>,w) e Eomos,{£s’,0'g,f\4)OLj^s' = ido^, } 

^U-.£s-^ 0^,\4>iY. ^S'V) = 0^= Gj{S'). 

I veJ J 

Thus the scheme Qj represents the functor Gj. Since A and Y are affine over 
5 and A is affine over T, Qj is affine over 5. 

Take another subset J' C / of order m. We show that Gj fl Gj/ is repre- 
sented by an open subscheme of ^j. If 0 G Gj{S')^ then v = (poij s' : G^ ^ T 
is an isomorphism. Write its inverse as u; : A ^ Gg^/. Then w o ls'^j is an 
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element in Endo^, so, we have det{wo G Ga(5'). The association 

0 i-G det(u; o is\j') induces a functorial map of Gj into G^; so, by Yoneda’s 
lemma ([GME] Lemma 1.4.1), we have a morphism of 5-schemes 5 : Gj Ga- 
Regarding (5 as a section of Ogj , we find that Gj Pi Gj/ (S') = G_j [|] [S'). This 
shows that the intersection Gj H Gj/ is represented by an open affine sub- 
scheme of Gj (and hence of Gj')-, and {Gj}j glue into a scheme Grassy; repre- 
senting the functor Grass ^ For each valuation ring R with / : Spec{R) — > 5 

and quotient field K = Frac{R), {f^£ T) e Grassr ^^fRH, we can ex- 
tend F = V uniquely to Spec{R) as follows. Regarding fx ' -g E, we 
have M ~ R'^ /(Kei{fK) P R'^). Then defining T = M, we find an extension 
j \ IG T . Plainly this is a unique torsion-free extension of T . Thus by the 
valuative criterion of properness ([ALG] II. 4. 7 and [GME] Theorem 1.9.2), 
Grassy is proper over 5. 

We give a sketch of a proof of the projectivity of the scheme Grass^:,^- 
Since the property is local on 5, we may assume that S' = Spec{R) and 
5 = SpeciB) for an algebra B. Then we write 8 = R^. For each surjection 
R^ M for a flat i?-module M of rank m, further shrinking S' , we may 
assume that M = Having a surjection 0 ; RJ^ R^ is equivalent 
to having an m-subset J of a base I of R^ such that ls'j • R^ ^ 
composed with 0 is an isomorphism of R-modules. This in turn is equivalent 

to det(0o 65/,j) G R ^ . This shows that [£s' F) ^ ((A^ S)s' /\^ F) 

gives rise to a functorial injection l : Gmss^^^(5') ^ Grass ^:yi(5'), where 
r-f-l = rankog A^ S. The point of the projective space associated with a point 

£s' F in the Grassmannian is called the Pliicker coordinate of 8s' F- 
Thus the morphism is an immersion. Since Grass^:^rn is proper over 5, it has 
to be a closed immersion (cf. [GME] 1.9.1). 

As we remarked just after stating the theorem, even if 8 is merely locally 
free, Grass^^m is projective, although Grass(y\m itself may not be a 
projective space. This shows the Pliicker coordinate embedding: Grassy:, m ^ 
Grass(/\rn composed with a projective embedding of Grass^^m gives a 
projective embedding of Grassy:, □ 



6.1.3 Flag Varieties 



We can further generalize our construction of Grassmannians to flag varieties. 
We follow [EGA] 1.9.9. We consider the following functor from S-SGH to 
SETS, 



Flag^(5') 



7Tj : 8s' 8j 



Ker(7Tj+i) C Ker(7Tj) and 

8j is locally free of rank n — j (1 < j < n — 1) 



Here the subscript B indicates a split Borel subgroup of GL{n), since Flag is 
represented by a projective scheme Flag^ = GL{n)jB if 5 = Gg as we show 
below (Theorem 6.2). Since 8 = Gg locally, covering 5 by open subschemes 
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O over which S is free, we can glue schemes over the open Os representing 
Flag^^^ to get a scheme representing Flag over S. The association {tTj : Ss' 

Sj) 1-^ induces a functorial map, 

is^ : Flag^(5") ^ Grass ^- X 5 GidiSSr JS') X5 • • • x.g Grass ^^^ 

which is an injection for all j. Thus if Flag^ is representable by a scheme 
Flag^/5, it is an immersion. As in the case of Grassy:, we can show that 
Flag^/5 is proper; so, the morphism t is a closed immersion. Thus Flag^/^ is 
projective if it is representable ([EGA] L9.9.3). 

Theorem 6.2 The functor Flag^^^ for a locally free sheaf S of rank n over 
S is representable by a projective scheme Flag^/^. 

Proof. By the argument preceding the theorem, we only need to prove the 
representability assuming £ = Og. Write 

V = Grassy, 1 X5 Grass£:,2 X5 • • • X5 Grassy:, n-i • 

We have a universal morphism tTj : £y ^ E^. Let M = Ker(7Tj 0 
Then for each x = (7r^,7r^+i) G E, dimM “ J “ 1 implies that 

Ker(7Tj) 0 Ker(7T^+i), otherwise dimM Goy k{x) < n - j — 2 . Then 

Vj — {x e V\ dimM “ J ~ 1} 

is a closed subscheme of the support of M (cf. [GME] Lemma 4.1.3). Thus 
lm{i) = fj^ is a closed subscheme of V. This shows the desired repre- 
sentability of Flag^^^. □ 

We can generalize the construction of flag varieties to vector bundles over 
Flag^. We consider the following functor. 



F^ (5') = (tTj) G Flag^(5') and (l)j : Ker(7r^_i)/ Ker(Tr^) ^ Os> 



Here we understand that Ker(Tro) = £, and j runs over all integers between 0 
and n — 1. If ^ = Og and S is affine, writing 1 = for the standard flag 

TTj : Og ^ projecting column vectors down to lower n — j coordinates, 

the upper unipotent subgroup U of GL{n) — Autc>5((9g) is the stabilizer of 
1 . Therefore Flag^ is represented by Flagf//^ = GL{n)/U. In general, cover S 
by open affine schemes = Spec{B^) so that we have an isomorphism — 
Og . On Sij = S^ n Sj^ hy the universality, Flag^y/^^ Xs^ij is canonically 
isomorphic to Flag^/y^ Xs^ij. Thus these schemes glue each other, giving 
rise to a scheme Flag^/5 representing Flag ^^. Obviously Flagf//^ is a T-torsor 
for the maximal split torus T C GL{n). Here the action of T on Flag^; is given 

n 

by (tTj, for (fi, . . . ,tn) eT = Gm x • • • X Gm- 
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Let 7T : Flagf; Flag^ be the projection (TTj.cpj) ^ (tt^). Then for a 
character k E X{T), we define a sheaf £'^(0) ~ iL°(7r“^((9), Opiag^^ W) for 
each open subset O C Flag^. Then S'^ is a locally free sheaf on Flag^. Since 
/ : Flag^ ^ 5 is proper flat over S', we find that (which we again write 
is a locally free sheaf on S. In this way, we can associate a /^-power £^ 
of the original locally free sheaf £ for each weight k E X{T) with respect to 
{B,T), which is non-zero if and only if is a dominant weight of GL{n) with 
respect to the pair (S,T). 



6.1.4 Flat Quotient Modules 

Let / : X S be a projective scheme over a (separated) Noetherian con- 
nected scheme S of relative dimension n. Here the word “ projective” means 
that we have a closed immersion l : Xfs ^ Thus X has a very 

ample invertible sheaf Ox{^) — GO^n(1). The sheaf of graded algebras 
^ = 0^0 determines X as X = Projs{A). 

For a coherent sheaf At on X, we write A4(k) for At ^Ox ^x(k) and 
define a sheaf of graded modules M = 0/c>o by — f„M{k). Then M 

is a graded A- module of finite type, and we have At = M, where M is the 
sheaf on Projs{A) associated with the graded module M (e.g., [ALG] IL7 or 
[GME] 1.3.3). First removing finitely many graded pieces of M does not alter 
At = M. If At is Os-flat^ for each geometric point s = Spec{k{s)) E 5, there 
is a polynomial Pm{X) such that 

dim X{s) 

x(M(n)) = ^ (-ly dimk(s)B'^X(s),M(n) (g>Os k(s)) = PM(n), 

J=0 

since the Euler characteristic is additive with respect to exact sequences. For 
sufficiently large n, the ampleness of 0(1) tells us (a theorem of Serre; [ALG] 
III. 5. 2) that II^ (X(s)j M(n) 0Os ^(^)) = 0 if j > 0. Thus PMi'ki) gives the 
dimension of iJ^(X(s), At(n)Gos which is equal to the (^ 5 -rank of 
(by flatness of At); so. Pm is independent of the choice of 5 E 5 (connectedness 
of S). When S = Spec(8)^ M is associated with a graded S-module, and 
PMi'ki) is the Hilbert polynomial of this graded module (cf. [CRT] Section 13). 
For a given coherent sheaf X/x, we consider the following contravariant 

functor defined over locally Noetherian 5-schemes S' S (inducing (px • 
Xs^ -Xx5 5'^X), 



Quot 



■TIXIS 



(S') 



= 7T : (pxX M\M is 8i coherent Ox^/ -module fiat over Os' • 



The isomorphism between the tts are defined in the same manner as in the 
case of the functor Grass . Here we do not assume that X is O^-flat. 
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For simplicity, we always assume that schemes S' (and also S) are Noethe- 
rian. Each M G Quot , (5') has its Hilbert polynomial Pmi and obviously 
for g \ S" ^ S' ^ M has the same Hilbert polynomial. Thus we can split the 

functor as 

P 

where Quot ^,y = tt : ^ M e Q,not ,^,^,^{S')\PM = P ■ Here is 

a theorem of Grothendieck. 

Theorem 6.3 Let the notation be as above. Suppose that S is Noetherian, 
that T js is coherent, and that Xjs is a projective scheme of finite type with 
dim^ X = n. Then Quot^.^._ is representable by a projective scheme = 

J- I X. j o 

of finite type over S. Thus we have, for any S -scheme S' , 

Roms{S',Q^)^ [tt : rP ^ M e = P • 

We give a sketch of a proof of this theorem. 

We recall X = Projs{A) for a sheaf A of graded O^-algebras generated by 
A\. We cover Quot^. , by subfunctors Q . indexed by nonnegative integers 

j defined as follows. Q^(S') consists of isomorphism classes of tt : P ix^i 
M. iXg, satisfying the following three conditions: 

(a) Bh fs' jx^, = 0 for alii > 0 and n> j; 

(b) Ph f S' !Xs' ~ 0 all i > 0 and n > j, where /C = Ker(7r); 

(c) Akfs'A^{j)) = fs'AAj + A) for all /c > 0. 

Covering S' by affine schemes Spec{Bf) and writing as a union of Noethe- 
rian rings, we can reduce proofs to Noetherian S'\ so, we assume that S' is 
Noetherian as we remarked already. By a theorem of Serre ([EGA] HI Sec- 
tion 2 or [ALG] HL5.2), for any coherent sheaf Qjx^,^ we have the vanishing: 
fs' ,*QA) IXs' = 0 for n >> 0. Thus (a) and (b) will be satisfied for a given 
7T for j ^ 0. Since T is coherent (and X js is of finite type), it is finitely pre- 
sented; so, /C is finitely presented because M. is finitely presented and locally 
free. Thus X is generated by X{j) for some j, and the last condition will be 
fulfilled if j > 0. Hence Quot^ (5') is covered by Q {S') for each S' . 

Since the sequence 0^/C^JF^Ad->0is exact, we have x(*^) = 
x(/C) + x(A^). Thus the conditions (a) and (b) tell us that Hilbert’s polyno- 
mials Px{A Pp{A exact O^z-rank of fs',*X and fs'.^P^ Van- 

ishing of R^fs',^P/Xs> = 0 implies that fs',A\P = A f^P/x ([EGA] HI, 
7.7.5, 7.7.10, 7.kd, [ALG] HI. 12. 10 or [GIT] 0.5); so, the conditions (a) and 
(b) are stable under base change. The tensor product is a right exact func- 
tor; so, the surjectivity of pk : Ak ^ fs',*l^{j) fs',^^{j + A is also kept 

under base change. Thus is a well-defined contravariant functor, and we 

have Quot^^^^^ = |J^ Q .. By the conditions (a-c), tt G Q^{S') is determined 
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by Mj = fs',*M.{j) as a flat quotient of rank P{j) of Fj = fs',^F{j)’ Thus 
7T (iTn : Fj Mj) induces a functorial iniection Q .(S') ^ Grass^ 

If 7t' is in the image of then F satisfies: 

(i) Fj^i^/AkF' for K' = Ker(7r') is locally C^^z-free of rank P(j + k) for all 
A: > 0. Here we consider AkK' in ^ • F; 

(ii) Define a graded module K'"" hy A • K' . We require the associated sheaf 
1C' — K' jx , on Xs' to satisfy (b) and the quotient M.' = F//C' to satisfy 
(a) (these fa) and (b) are open conditions: [ABV] Section 5 Corollary or 
[ALG] Theorem III. 12.8). 

For a graded ^-module M = 0^M/c, putting M(t) — we have 

M(t) = M as already remarked. Then the condition (i) ensures that fs\*A4' 
is locally O^z-free, and the image of Q^(S') is characterized by (i) and (ii). 

We prove the representability of assuming that j = 0. The general 

case follows from the same argument replacing 0 by j everywhere. Let : 

Fq/g TTo (Fq/q = Fq Gos ^g) bo the universal quotient defined over 
G := Grass. Here we change our notation and write Mq for the universal 
quotient of Fq/g (with rank -P(O)). Thus for any morphism tt' : Fq — > Mg over 
S' with Mg locally free of rank P(0), we have a unique morphism (p : S' G 
such that 7 t' = Let K = Ker(7r“”™). Write g : G S for the 

structure morphism. We consider the subset: 



Z = 



s eG 



dimk{s){^kFo/G/{AkK)) G k(s) = P{k), and 

the stalk (AkFQ/Q/(AkX))s is OG,s-free for all A: > 0 



Write Mk = AkFo/c/iAkK) and put M = ®k>o^k^ Then Mk = AkMo. 
The OG-module M is flat on a generic point of Zq := Supp(M) = G. Since 
flatness is an open condition, we find an open connected subscheme Vq G Zq 
which is maximal among open subschemes V over which M is flat. Repeating 
this process, replacing M and Zq by M Z>Ozq ^Zi and = Zq — Vq, we 
can split Zq = [J^ Vi into a finite disjoint union (as a topological space) of 
connected subschemes Vi so that M Gzo Oy^ is flat over V^. Then we find a 
polynomial Qi(n) such that ranko^ (Afn Z>Zq GyJ = Qi(n) if n > n^. By this 
fact, the subscheme 



Un = {s e Zoj dimfc(s)(M„ Zozo 0 <Vn < Nj 

stabilizes as N grows. Since the function s ^ dinik(s)(Mn Z>Ozq ^(^)) is up- 
per semicontinuous (e.g., [ABV] Section 5 Corollary or [ALG] HI. 12.8), the 
scheme l/x is an open subscheme of Zq. We have now verified that on an open 
subscheme P = Uoo of Zq, we have dim/c(s)(M-;^ ^Ozq ^(^)) < P(n) (if n > 0) 

for all 5 G V. We have an exact sequence Ofj Mk 0, and Z 

is given by the closed subscheme of U on which all matrix coefficients of pk 
vanish for all A: > 0. Thus the image of Qq falls into X The condition (ii) can 
be checked to be satisfied on an open subscheme of Z. Thus we have 




6.1 Hilbert Schemes 



261 



Proposition 6.4 The functor Q ^ is represented by a quasi- projective scheme 
Qj of finite type over S. 

Here the word “quasi-projective” means that the scheme has an open immer- 
sion into a projective scheme. Since Grass is projective, Qj is quasi-projective. 

The next step is to show that the increasing sequence of quasi-projective 
schemes {Qj}j stabilizes after j > Nq; so, Quot^^^^^ is represented by a 

quasi-projective scheme. See [FGA] Expose 221, Section 2 for an argument 
valid for a general X/s- 

We prove this fact only for T = Ox in a manner slightly different from 
[FGA] Expose 221. Eirst assume X is the projective space and T = Ox^ 

Writing X = Proj{(Ds\^^, • • • , ^nj) and c X for Spec (^Os . . . , ^ ^ , 

then R^f*0{j) = 0 for alH > 0 if j > n -h 1 by a computation of cohomology 
groups by Cech cohomology with respect to the covering X = 

[ALG] III. 5). A version of the argument of Grothendieck for X = P’^ to 
prove (a) and (b) for sufficiently large j and all M and 1C is as follows. Since 
Px = Pjc + Pm with Pm = P, Pjc is determined by P. Ghoosing homogeneous 
generators ... ^Xr of degree — _p of /C, we have a surjection ttq : 0{pY /C 
taking (ai,...,ar>) Here r and p are determined by the first 

two leading terms of Px and hence those of P. Let Xq = Ker(7To). Then 
'^Po(p) = PjCo +Pac- Let ro = r and p = Po- The polynomial Pxq is determined 
by Px- Thus the first two leading terms of Pxq are bounded below and above 
independent of K. Repeating this argument, we find an integer N\ ^ 0 such 
that for integers pi > ~Ni {i = 0 , 1 ,..., n) we have the following exact 
sequences: 0 ^ 0{p^Y^ X^-l 0 with /C_i = X. By the associated 

long exact sequence, if j > + n -f 1, f^Xi{j) = f^X^^l{j). Since 

cohomological dimension of P’^ is n (as easily checked by Cech cohomology), 
for 2 > 0, 0 = = • • • = By the 

same argument, R'^YM(j) = 0 for all z > 0 and all j > + n -f 2 = Nq. So 

Qj stabilizes after j > Nq. 

It is customary to identify tt G Qaot(^^/j5^/5(5') with a closed immersion 
of SpecQ{lm{7r)) into X; so, Q^otQ^^x/s represents the contravariant functor 

Hiiby^(5') 

= {closed subschemes of Xs' flat over S' with Hilbert polynomial P} . 

This scheme is called the Hilbert scheme of X for the polynomial P. There is 
a direct way (as indicated in [GIT] 0.5.iii) of constructing Hilb ;^/5 for general 
X C P^ assuming its existence for X = as proved above. We give details 

of this. Let X C Py^ be a projective scheme. We write H = Hilbpn/^ and 
let TT : Z — > JL be the universal projective scheme over H with i : Z ^ H///- 
In other words, for any closed subscheme Z C Py^, for S' G SCH/s with 
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Hilbert polynomial P, we have a unique 5-morphism (j) : S' H such that 
the following diagram commutes. 

rz = zxHS' rP/ff = P/H xh 5' 

'1 '1 

Z ^ Ph ^ 

We define Xu = X Xpn and Zx = Z x■pr^ Xh = X Xpn X as a 

subscheme of P/^. We define Hilhx/s to be the image of Zx in iJ, that 
is, the topological image with reduced scheme structure. Since Zx H is 
projective, the image Hilb;^/^ is a well-defined closed subscheme of Hilbpn/5. 
Then, if Zjs' is a closed subscheme of X/5/, = Z c X, and hence 

(j)*{Zx) — Z with (j) : S' ^ H factoring through Hilbx/5- Thus we have 

Z C Xs' = X Xs s' <==> (j) factors through Hilhx/s- 

Prom this, Zx Hilhx/s the universal closed subscheme in X x^ 
and Hilbx/5 represents the functor Hilb y / 5 . 

We now finish the proof of the following theorem ([PGA] Expose 221, 3.2). 

Theorem 6.5 (Grothendieck) For a projective scheme X/s over a Noethe- 
rian connected scheme S and a numerical polynomial P(t) G Q[t], the functor 
Hilb Y / g is represented by a projective scheme Hilhx/s • 

Proof. We only need to prove projectivity of Hilb;^/^ by the valuative crite- 
rion. Let 7T : Oxr^ M/r^ e Quot^^^^^^(7^) for p = Spec{K) of the field 
K of fractions of a discrete valuation ring V. Then we define Ker(7r)/5 for 
S' = Spec(V) by the largest subsheaf over S' of Ox^, inducing Ker(7r), that 
is, Ox^, n Ker(7r), which is a coherent sheaf with quotient Xi/s' locally free 
over X5/ inducing M. /r^ after tensoring X, because P is a discrete valuation 
ring. Thus the point tt G Quot^ /x/s^'^^ extends to Quot^ /x/s^^'^’ Since 
Q^otQ^ /x/s = quasi-projective, it is separated; so, it is proper. 

Since Quot^^/Y:/5 is quasi-projective, it has to be projective. □ 

6.1.5 Morphisms Between Schemes 

f 

Let Y/s X/s be a morphism of 5-schemes. Let S^y/x/s ■ SCH/s 
SETS be contravariant functors given by 

Sec^/jf/s(‘50 = ^omx,,{Xs>,Ys')- 

Each section s : X5/ — > Ys' defines a closed subscheme cr(X5/) of Ys' iso- 
morphic to Xs' via fs'- Thus if X is flat over 5, cr(X5/) is flat over S'; so. 
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a{Xs') e ffilby/s(5'). Write H = Hilby/s = UpHilb^/s- Then we have the 
universal closed subscheme Z of Yh = Y Xs H satisfying the commutative 
diagram 



^ Yh 

c 



H =:=:= H 

such that for any 5-scheme 5' and a closed subscheme V ^ Ys' flat over 5', 
we have a unique morphism (j)y \ S' ^ H over 5 such that the pullback of 
the above square by (py is identical to 

V Ys^ 



S' S'. 

We consider the 5-subschemes U C H such^that fn'-Zc. Yh Xh for a 
given f : Y ^ X induces an isomorphism fu : Zu — Xu- If there exists the 
largest U with this property, U represents the functor Secy/x/s- largest U 

is given hy U = Z - (^Supp{Coker:{J^ : J^Oxh ^ ^z)) U 5ttpp(Ker(/p)) j . 

Thus U is an open subscheme of H; so, each connected component of U is 
quasi-projective, since Hilby/^ is projective over 5. 

We consider two 5-schemes X and Y. Then Yx = Y Xs X has projection 
Px - Yx ^ X. Note that Secy^/^/5(5') = Roms'{XsyYs')- Thus if X/s 
is flat, we can apply the above argument to px - Yx X and the functor 
Hom cfX, F) : S' B.oms'{XsuYs') is representable. 

Theorem 6.6 Let Xjs and Y/s be projective schemes over a Noetherian 
scheme S. Suppose Xjs is flat. Then the functors Secy^x/s 

f 

morphism Y X and Hom ^fX, Y) are representable by S-schemes Seoy/x/s 
and H{X^Y) ! s over S, respectively. Each connected component ofSecy/x/s 
and H{X^Y) ! s is quasi-projective over S. 

By construction, the scheme representing these functors may not be of fi- 
nite type over 5, because Hilbx /5 could have infinitely many components. 
However, each connected component of the scheme is of finite type over 5. 

If sections s : S ^ X and s' : S ^ Y are given, we may consider a 
subfunctor 



Hom^''*'(X,r)/s(5') = e Hom5'(Xsvs'Ws7S')k°S5- = 4'} • 

Corollary 6.7 Let the notation and the assumption be as in the theorem. 
The functor Hom '^’^ (X, T )/5 is representable by an S-scheme (X, T)/^ 
whose connected components are quasi-projective over 5. 
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Proof. Consider the functorial map Hom5/(X5/, Y^/) 3 <j) ^ <f>{ss') G Y_{S') 
which induces a morphism a : Hom (X, Y) /g -3 Y by Yoneda’s lemma 

(see [GME] Lemma 1.4.1). Then the functor Hom ^’^ (X, Y)/^ is again rep- 
resentable by a scheme (X, Y)/^ = iL(X, Y)/s Xy,cr,s' S over 5. □ 

Corollary 6.8 Let the notation and the assumption he as in the theorem. For 
a section s : S ^ X , consider the following functor, 

E^x/siS') = {0 e Ends-(X57S')k ° = ss'} • 

The functor SCH/s 3 S' ^g,{Xs') G SETS is representable by a scheme 
E^/s over S whose connected components are quasi-projective over S. 



6.1.6 Abelian Schemes 

An abelian scheme Ajs is a smooth geometrically connected group scheme 
proper over a separated locally Noetherian base S. An abelian scheme A/5 
with a polarization is projective (existence of polarization is equivalent to 
existence of an ample line bundle; see [ABV] Sections 16-17). Hereafter we 
always deal with polarized abelian schemes (so all abelian schemes we study 
are projective). 

We can drop the “local Noetherian” hypothesis, because a smooth geo- 
metrically connected and proper group scheme over any base is a base change 
of such a scheme over a locally Noetherian base (cf. [DAV] 1.1.2). 

For simplicity, we actually suppose that S' is a Noetherian scheme. Since 
A is a group, it has the identity section 0 : S ^ A. As in the elliptic curve 
case, any S-morphism 0 : A — > A' of abelian schemes is a homomorphism 
if S(Oa) = S o 0 = Oa' (by the Rigidity lemma: [ABV] Section 4, [GIT] 
6.4 and [GME] 4.1.5). In particular, if A is an abelian scheme over S, every 
scheme endomorphism of A/5 keeping the zero section is a homomorphism of 
the group structure. Thus E'^/5 is a ring scheme associated with the functor 

S' ^gf{As') with values in the category of rings. 

Assume that A is an abelian scheme over a Noetherian base S. Take a 
connected component E C E^^g. Each connected component of E^^g, in 
particular E, is quasi-projective over S. Since S is Noetherian, E is of finite 
type over S', because of our construction E^^g = H{A,A)/g XA,a,o S. 

Suppose we have a discrete valuation ring V with field of fractions K and a 
morphism 77 : Spec{K) -3 E which is over a morphism i : SpeciV) ^ S. Then 
T] gives rise to a section of E® /5(A). Since homomorphisms of abelian schemes 
are kept under specialization (which we call the rigidity of endomorphisms] see 
[GME] Subsections 4. 1.5-6 and [DAV] 1.2.7), rj extends to Spec(V) uniquely. 
By the valuative criterion of properness, we find that E is projective over S. 
If 0 is an endomorphism of the abelian scheme A/5, Ker(0) is again a group 
scheme, because it is given by A Xa,(P,Os S. If dim5 Ker(0) = 0, Ker(0) is a 
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locally free group scheme of finite rank (see [GME] Theorem 4.1.17 (2)); in 
this case, we call <p an isogeny. Thus (j) is finite and hence affine (cf. [ALG] 
Exercise II. 5. 17). This implies ker((/)) = Spec{R) for a locally free O^-algebra 
R. We define the degree deg((/)) of cj) by the rank^^ R. If dim^ Ker((/)) > 0, we 
simply put deg( 0 ) = 0 . 

If the connected component E C E^^^ contains an isogeny, the degree 
is independent of the point of E. To see this, we consider Ae = A Xs E. 
Then </> induces 0^; G End{AE/E)^ we have deg(0) = deg((/)£;), and deg((/)£;) 
is constant on the connected component of E] so, it is constant on E. For an 
abelian variety over a field, the number of isogenies with a given positive degree 
is finite (positivity of the Rosati involution: see [ABV] Section 21 ). Thus E is 
projective and quasi-finite; so, E is finite over S ([GME] Proposition 1.9.11). 

We can generalize this argument to a strongly quasi-projective semi- 

f 

abelian scheme. A scheme X ^ S is strongly projective if X/s is finitely 
presented and there exists a locally free sheaf £/s of ^ constant finite rank 
and we have a closed immersion X ^ P(<f^) over S. If X/s has an open 
immersion into a strongly projective scheme we call X/s strongly quasi- 
projective. An abelian scheme A^s equipped with a polarization A : A — ^ is 

strongly projective (over any base S), because for a locally ample line bundle 
L, Li = is globally ample as remarked in Section 4.1.1 and Lf^ is very 
ample (e.g., [ABV] Section 17). 

As before, we suppose that S is Noetherian and any scheme V /5 we con- 
sider is of finite type over S. Then automatically is finitely presented. If 
X /5 is projective, then by definition (cf. [EGA] II. 5. 5), we have a coherent 
sheaf 8/s ^tnd a closed immersion of X into P(^). Covering 8 by we 

have a closed immersion P(^) P/ 5 - Thus X/s is strongly projective under 

our finiteness condition. Also if X/s is quasi-projective, it is strongly quasi- 
projective under our finiteness assumption. Thus the results stated in [NMD] 
Chapter 8 under some strong (quasi) projectivity assumptions hold under the 
corresponding projectivity assumptions in our setting. 

A semi-ahelian scheme Q/s is a smooth separated group scheme with ge- 
ometrically connected fiber such that each geometric fiber is an extension of 
an abelian variety by a torus. The toric rank may depend on the fiber. If the 
abelian scheme has polarization, 5/5 is quasi-projective. We assume that Q/s 
is a quasi-projective semi- abelian scheme which is an abelian scheme over a 
dense open subscheme O of S. The semi-abelian scheme over the toroidal com- 
pactification of the Mumford moduli extending the universal abelian scheme 
(see Theorem 6.20) constructed in [DAV] VI. 1 is (strongly) quasi-projective 
(because its abelian variety quotient has polarization and the toroidal com- 
pactification is Noetherian). Then Hilb ^/5 exists as a quasi-projective scheme 
(we only proved this when Q / S is projective; see [NMD] Theorem 8 in Sec- 
tion 8 . 2 ). Thus the scheme Egj^ exists. It is known that any homomorphism of 
semi-abelian schemes Qo Q'o defined over an open dense subscheme O C S 
extends uniquely to Q/s Q'/s (endomorphisms are kept under specializa- 
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tion; a theorem of M. Raynaud, [NMD] 7.4-5 and [DAV] 1.2.7). Thus Q/s 
is an abelian scheme over a dense open subscheme O C S', we have a unique 
extension of the scheme over O to a scheme Endg/^ C Egj^ over S 

which represents the functor T ^ End{QT /T) for the group endomorphism 
algebra End(^T/T). Applying the valuative criterion using this rigidity of en- 
domorphisms, we find that Endg/s has connected components each projective 
over S. This shows the following fact. 

Corollary 6.9 Let Q/s be a quasi- projective semi-abelian scheme over a 
Noetherian base S. Suppose that Q is an abelian scheme over an open dense 
subscheme of S. Then the functor T EndT(^T/T) represented by a 
scheme Endg/s E Eg^^ over S. Each connected component of Endg/s 
projective over S. If the connected component contains an isogeny, it is finite 
over S. Here EndriGT/r) denotes endomorphisms of G compatible with group 
structure on G > 

This result enables us to prove 

Corollary 6.10 Let S be a Noetherian scheme, and G/s be a quasi- projective 
semi-abelian scheme which is an abelian scheme over a dense open subscheme 
of S. Let D be a finite- dimensional simple algebra over Q and O = Od C D 
be a subalgebra such that Od is of finite type over Z and D = Od Q- 
Then the functor [{Gs',0 G ELomaigiOD^End{Gs' /S')))\^G^d) = idq] 

is representable by a scheme Eg^g over S , and each connected component of 
Eg^g is finite over S. If S is a scheme over a discrete valuation ring of residual 
characteristic p > 0, each connected component of Eg^g is unramified over S 
in the sense of [SGA] 1.3. The algebra homomorphism 0 : Od End(^ 5 // 5 /) 
as above is in fact an embedding. 

Proof. We start with a general argument. Taking its connected component, we 
may assume that S is connected. Since End ^/5 is a disjoint union of projective 
schemes over S (by the above corollary), for any given connected projective 
scheme Y fiat over S and each connected component E/s of Eg^g, the functor 
T HomT(T Xs T,E Xs T) is representable by a scheme H{Y,E)/s over 
S. Taking a disjoint union of H(Y,E) indexed by connected components of 
Eg/g, the functor T HomT(T xs T,Eg^g Xs T) is representable by a 
scheme H{Y,Eg^g) /s- If T is a disjoint union of projective schemes Y fiat 
over S (with a given 5-point y), taking the fibered product of H(Y,Eg^g)/s 
over 5 indexed by connected components Y of T/ 5 , again the functor T 

{yxsT, Egjg XsT) is representable by a scheme H{y, Eg^g)/s, where 
the superscript Hpm^’^ indicates that morphisms are required to take y G 
y{S) to the identity in End{G/s) (see Corollary 6.7). 

Now suppose that T is a ring scheme flat over 5 with the identity sec- 
tion ly. Then the compatibility of 0 G H{y, Eg^g){T) with multiplication 
and addition of the two ring schemes 3^ and Eg^g is a closed condition. For 
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example, the condition (j) o +3; = -h o ((/> x 0) for the addition +3; for 3^ 
and + for can be interpreted as the identity o A = 4-^ for the 

diagonal map H{y,E°/g) Xs H{y,E^^g), where +* : 

H{y,E°^s) xsH{y,E°^s) ^ H{y Xs y,Elfs) is (</> x 4>’) ^{+o{4>x <P')) 
and +J, ; H{y, Eg^g) — >■ Z is given by ^ n- (0 o +y). If we have two mor- 
phisms of 5-schemes a^b : T T', the maximal subscheme Ta=b C T on which 
a = b is given by A^^{T Xt' T) for the diagonal map At T T Xt' T ^ 
where the fibered product is taken with respect to a and b. Applying this 
toT = Hiy^E^js) and V = H{y Xs and (a, 6) = (+* o 

the functor: T {additive morphisms in Hom5(3^, is represented by 

the closed subscheme Z of H{y^Eg^g). By the same argument applied to Z 
and the multiplication of the two ring schemes and taking the intersection 
with {y, Eg^g), the functor T i-> HomT-rings(3^ T, Eg Xs T) is 

representable by a scheme H s-nngs{y ^ Eg ^ g) , where ring homomorphisms are 
supposed to take I3; to the identity map idg of Q. 

Recall the ring O = 0/3 in the corollary. Let be the constant ring 
scheme with fiber O; so, 0(T) = O^o(t) 7 To(T) of connected com- 

ponents of T. Since each connected component of O is isomorphic to 5, we 
can apply the above argument, getting an 5-scheme H s-rings{Q^ Eg ^ . Since 
the endomorphism ring of an abelian scheme over a base is torsion-free (see 
Theorem 8.7), any nontrivial </) G HomT-rings(Oy, Eg XsT) for Qj. — QxsT 
is an injection, because Od modulo a nonzero two-sided ideal is a finite ring 
(simplicity of D). Thus we have an 5-scheme Eg^^ representing the functor: 
T ^ {0 : O ^ End(0T/T)}, where 0 is a ring embedding. 

We verify projectivity of each connected component E of Eg^^ by the 
valuative criterion. Let R be a valuation ring with fraction field K. Suppose a 
iL-point / of E is over a R-point / G 5. As we already remarked, 6f : Od ^ 
End (5 k) extends to an algebra homomorphism Od ^ End(5v). Then / 
extends to a E-point of E. By the valuative criterion, E is proper over 5. We 
already know that E is quasi-project ive and hence is projective over 5. 

We now verify finiteness of E over 5. Take a geometric point s G 5. 
Since is generated over Z (as a ring) by finitely many elements xi, . . . , Xm 
invertible in D, • O ^ End(5s/s) is determined by the values at the gener- 
ators a^i, . . . , Xm- Suppose that Os gives rise to a geometric point of E. Write 
[0{xj)] (resp. [xj]) for the connected component of Eg^^ (resp. O) contain- 
ing Os{xj) (resp. Xj). We have a morphism E [xj] Xs [d{xj)] by sending 
0 G E{S^) to the 5'-point (xj,0(xj)) of the fibered product. Since 0 is de- 
termined by the values at x^, this functorial map induces an immersion of 
E into ([xi] X5 [6>(xi)]) Xs xs {[xm] Xs [6>(xm)])- Since E is projective, 
this immersion is a closed immersion. Since O is constant, the above fibered 
product is isomorphic to [^(xi)] X5 • • • Xs [0{xm)]- Since 0{xj) is an isogeny 
{xj G i3^), [0{xj)] is finite over 5. This shows the finiteness of E/s- Since we 
may assume that 0{xj) is an isogeny of degree prime to p for a given prime 
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p for all j, [0{xj)] is unramified over its image in 5 if 5 is a scheme over a 
discrete valuation ring of residual characteristic p > 0. This shows that E is 
unramified over its image in 5. □ 

We can extend the above result to a semi-simple D by an induction of the 
number of simple components of D, which is slightly more technical. 

We fix a base Dedekind domain V in a number field. Suppose that for 
each maximal ideal P of V and its residue field A:(P), Od k{P) is semi- 
simple. We take dxi Od V-module V which is V-locally free of finite rank 
n. Choose a base vi, . . . ,Vn of D (8)y A:(0) over the field of fractions k(0) of V, 
and write p(a) G Mn{V) for the matrix representation of a G Od given by 
{avi , . . . , avn) = (ui, . . . , Vn)p{o^)- For each a £ Od, define the character- 
istic polynomial P(a; t) = det(t • In — p(ce)) G V[t]. Suppose that for a field 
which is a V-algebra, we have an Od ^ /c-module Vi of dimension n on which 
a G Od has characteristic polynomial P(a;t) for all a G Od^ Since repre- 
sentations of a semi-simple algebra over a field are characterized by the trace 
of representations (see [MFC] Theorem 2.6 or [BAL] VIIL6.5, VIIL13.3), we 
find that Vi = V (g)y k as Od ^z V-module. 

For each semi-abelian scheme Q/s with Od ^ End(^/5) as above, the 
tangent space at the origin Lie{Q) is a module over Od ^z Os- Since Q is 
smooth over S. Lie{Q) is a locally free O^-module of rank dim^ Q (cf. [NMD] 
Proposition 2.2.5). If S is Spec{k) for a field k and if 0^ C)z ^ is semi-simple, 
there are only finitely many isomorphism classes oi Od ^z A:- modules of a 
given dimension (cf. [BAL] VIII. 6. 5). 

Let S' be a V-scheme and Qjs be a (generically abelian) semi-abelian 
scheme. We consider for an S-scheme T the following condition. 

(det) We have 9 \ Od ^ End (^7-/7^), and the characteristic polynomial of 
9 {a) for all a G Od on Lie{QT) over Or is given by the image of 
P{a; t) in Orit]- 

We consider the functor from 5-schemes into SETS given by 

T H-G [{Gt,^ - Od ^ End(^T-)) | 0 satisfies (det)] . (6.6) 

Since the property (det) is compatible with base change, the above functor is 
a well-defined subfunctor of the functor in Corollary 6.10. 

Supposing that G/s is an abelian scheme with a symmetric polarization 
X - G ^ ^G (^A = A), we introduce a subfunctor of (6.6): We have the Rosati 
involution a ^ a* := o o A of End^(^/5) = End(^/5) <S>z Q- We 
suppose having an involution p of D and consider the following subfunctor 

T ^ \{Gt,^t,G) as in (6.6)|6^(a^) = 9{aY for all a G Od] • (hT) 

On each irreducible component I of the scheme representing the functor 
of Corollary 6.10, the characteristic polynomial of a G Od on Lie{Gr]) for 
the generic fiber G?] gives a polynomial Pj{a;t) G Oj[t]. For all points x G /, 
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the specialization of Pj{a]t) at x gives the characteristic polynomial of a on 
Lie{Qx)^ because Lie{Gji) is locally Oj-fiee of rank dim^^. The functor in 
(6.6) is therefore represented by the union of irreducible components (charac- 
terized by (det)) of the scheme representing the functor in Corollary 6.10. In 
particular, the functor in (6.6) is representable by a scheme M over S whose 
connected components are finite over S. 

We now study the representability of the functor in (6.7). We have an 
involution [p] of the functor of (6.6) induced by (Qt^O) ^ {Gt^ ^o9o p). Thus 
[p] acts on the 5-scheme M representing (6.6) as an involution (still denoted 
by [p]). The fixed points by this involution [p] form a closed subscheme Mp = 
M Xm,1mAp] ^ Over Mp, 0 satisfies the requirement 0{a^) = 6'(a)*; so, 

Mp represents the functor (6.7) (although Mp could be empty depending on 
the choice of p). Thus we get 

Corollary 6.11 Let the notation and the assumption be as in Corollary 6.10. 
Suppose that S is a scheme over a Dedekind domain V in a number field. 
Suppose that Od V/m is semi- simple for every maximal ideal m of V. 
Then we have 

(1) The functor of (6.6) is represented by a scheme over S; 

(2) IfGjs ^-5 abelian scheme, the functor (6.7) for an involution p of D is 
represented by a scheme over S. 

Each connected component of the scheme representing (6.6) and (6.7) is finite 
over S, and if V is a valuation ring, it is finite unramified over S. 



6.2 Quotients by PGL{n) 

A given abelian scheme A with a polarization is projective by the existence of 
an ample line bundle £ giving the polarization. Fixing a type of polarization, 
we may bound the rank of Thus we get an embedding A ^ P'^ 

for a fixed sufficiently large m independent of A (once the dimension of A 
and the degree of the polarization are fixed). Hence abelian schemes over S 
with polarization give a subset H{S) of Hilbpm(5). By changing the base 
of H^{A,C), PGL{m + 1) acts on this subset preserving the isomorphism 
classes of abelian schemes. Thus to construct the moduli scheme of abelian 
varieties, we need to make the quotient space by PGL{m + 1). Although this 
is an oversimplified description of the construction of the moduli, it is obvious 
from this that we need to study the quotient of quasi-projective schemes 
by projective linear transformations. Here we reproduce an ingenious way of 
Mumford and Tate (in [GIT] Chapters 3-4), constructing a large open set Ust 
in (P^)^, which has a structure of a PGL{m + l)-torsor under the diagonal 
action of PGL{m -f 1) (see [GME] 1.8.3 for torsors). We later show that the 
subset H is actually a scheme and can be embedded into (P’^)-^ for sufficiently 
large m and M preserving the action of PGL(mTl); so, the base of the torsor 
H gives the desired moduli space. 
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6.2.1 Line Bundles on Projective Spaces 

We want to determine line bundles on a given projective space up to iso- 
morphisms. For any given scheme 5, we write Pic(6') for the set of isomorphism 
classes of invertible sheaves on S. For any given morphism / : X 5, we 
consider the relative Picard functor Ficx/s{T) = Pic(Xj’)//^(Pic(T)), where 
fr : Xt = X XsT T is the base change of /. Let us write Py^ for the pro- 
jective space Proj{Z[Xo, . . . ,X^]). Since P’^ has a section 0 = (1,0, ... ,0), 
we can identify Picpr^/^ with Ker(0*); so, Picpn/^ is local. In other words, 
C G Picpri /z(F) is determined by its restriction C\t^ for any faithfully flat cov- 
ering {T^ T}^ of flnite presentation. Suppose that T = Spec{R). We take 

a graded R[Xq, . . . ,Xn]-module M with the associated sheaf M G Fic(P'!^). 
Then M = Mn and hence flber-by-flber, of M 0 0{m) vanishes 

(see [ALG] III. 5). For tt : PJ T, tt^{M G 0{m)) is a locally free sheaf 
([ALG] Theorem III.12.il). Since Mt for a closed point t G T is isomorphic to 
0{j) for some j, we may assume that j = 0 (suitably choosing m) and hence 
7t^{M G 0{m)) = C for an invertible sheaf C/t- Then tt^{M G (9(m)(g)7r*T"^) 
is canonically isomorphic to Or, and hence, flber-^-fiber trivial, which im- 
plies that it is globally trivial. This shows that M = 7T*(£) G 0{m) for a 
suitable C G Pic(T) and m G Z, and 

Picpr./z(T) ^ (6.8) 



6.2.2 Automorphism Group of a Projective Space 

We consider the affine scheme Ay^ = Spec(Z[Xi, . . . , Xn]) on which the alge- 
braic group GL{n) acts by linear transformation. Recall that GL{n)i'i is the 
open subscheme Spec{Z[X^j^ det(x ) ]) ~ S'pec(Z[X^^]). Similarly, we 

deflne PGL{n) by the open subscheme of given by removing the closed 

subscheme deflned by Proj {Z[X^j]/ {det{X^j))) . Then GL{n) and PGL{n) are 
group schemes, and the sequence: 1 ^ Gm GL{n) -> PGL{n) 1 is exact 
as /pp/ group sheaves (see Section 8.2.1 for a definition of /pp/ sheaves). The 
action induces automorphisms of P^“^. 

Proposition 6.12 If S = Spec{R) is connected, PGLn{R) = Aut(Py^^). 

Proof. By deflnition, we have PGLn{R) C Aut(Py^^); so, we need to prove 
that a G Aut(Py^^) is induced by an element of PGL{n). By (6.8), we see that 
a* {0(1)) = (9(m)G7T*(T). Since 0{1) among invertible sheaves 0{m)G7T* (C) 
is characterized by the fact that iL^(Py^^, 0{1)) vanishes if g / 0 and 

the same fact for a* (0(1)) shows that C is trivial and m = 1. Thus a induces 
an automorphism of 0(1), which is an element of GLn{R). □ 
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6.2.3 Quotient of a Product of Projective Spaces 

Following an ingenious trick of Mumford and Tate [GIT] Chapter 3, we now 
create a large open subset Ust of P = ^ ^ ^ ^ with z/ > 

0) stable under the diagonal action of PGL{n + 1) which has a geometric 
quotient Z. We write for the homogeneous coordinates of the zth factor 
P’^ in thus, 2 = 0, 1, . . . , m and j = 0 , 1 , . . . , n. We define C^ by the 

pullback of ( 9 pri(l) to the zth factor of P = 

Definition 6.13 For a subsequence a = (oq, Oi, . . . , an) of (0, 1,2,..., m), 
we define Da = det G P(P,Ca), where Ca = 0 ?-n 

For each a^, GL[n + 1 ) acts on the column vector \ . . . ,Xn°"^^) 

by matrix multiplication; thus, Da{p o x) = det{j) Da{x) for 7 G GL{n +T). 
Thus Da is invariant under GL{n + 1 ) up to units. 

Proposition 6.14 Let {5i, 52 , . . . , be a collection of subsets of the set 
{ 0 , 1 , ... , n} such that 

( 1 ) Sj and Uz=i have only one common number /a{j) for all 2 < j < u, 
and we define /x(l) to be the least integer in S\; 

( 2 ) { 0 ,l,...,n} = U;=i5,. 

Define an affine open subscheme U C P by 

(a) Dij^ 0 for 1 = ( 0 , 1 , . . . ,n); 

(b) D 17 ) f 0 for all i E Sk and for all k ^ 1 , 2 ,...,//, where 

l(z) = (1 - {i}) U {n + k). 

Then we have a PGL{n + l)-equivariant isomorphism: 

U^PGL{nPl) xs^ecm A” 

for the affine space of dimension nu — n, where PGL{n + 1) acts on 

the right-hand side by multiplication on the left factor PGL{n + 1). 

We reproduce the proof given in [GIT] Chapter 3, Section 1 . 

Proof Since at least one of the equations involves variables of a given 

piece of P’^, the open subscheme U is affine, because one could think of P as 
the quotient of — { 0 })^+^ by by component-wise multiplication 

on each piece ” { 0 } sort of ''Prof of the graded algebra indexed by 

multiple degree with values in 

Identify with Spec{R) for 
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To make this legitimate, we count the number of relations: — 1 for each 

i G Uj Sj = {0, 1, 2, . . . , n}. If 2 = /x(/c), the index i produces two equations 
for A: = 2, . . . , z/, and the number of equations is (n + 1) + — 1) = n u. 

The above spectrum is a linear subspace in (n + l)z/-dimensional affine space 
defined by n + independent linear equations; so, it is isomorphic to 

We then define an embedding l : ^ t/ as follows. For a graded 

algebra A = 0^^^ Aj^ and a homogeneous element a G A+ = 0/c>o^/c5 we write 
D^{a) = Spec{A[^]o) C Proj{A), where the subscript 0 indicates the degree 
0 component. Writing : P ^ for the zth projection, the composite 
o i which has values in D^{Y) for Y G , Xn^} is determined 

by an algebra homomorphism 2 * : Z[Xq^^/T, . . . , Xn^ /Y] -G R. 

When i < n, we take Y given by F = X^^\ and 2 * is constant taking 



Xj^^ /X^^^ to the Kronecker symbol Sij. When i > n, then we have z — n = /c for 
some k = 1, 2, . . . , z/, and we choose ^ : Spec{R) -G sending the coordinate 









. ^ of Spec{R) to 

the homogeneous coordinate (xq\ . . . , Xn^) of P’^. This is legitimate because 
for j e Sk, we have = 1 in Spec{R). This defines a closed immersion of 

Spec{R) into [/, and z*(Opn(l)) is the structure sheaf R of Spec{R). 

Since Da is invariant (up to the scalar) under the action of GZ/(nTl), U is 
stable under PGL{n + 1), and we can extend l to PGL{n + 1) x Spec{R) A U 
by i{g,x) = g{i{x)). 

To define the inverse 0 of 2 , for each given x £ U , we need to show that 
we can find a unique g G PGL{n Y 1) so that for i < n, Pi{g{x)) is the origin 



(n+2) _ 



^0 






0 in = A'^ with homogeneous coordinate (0, . . . , 0, 1, 0, . . . , 0). The 

uniqueness, up to right multiplication by diagonal matrices, is plain, because 
the homogeneous coordinates of Pi{x) for 0 < i < n forms an (n+ 1) x (n + 1) 
matrix g with determinant Di{x) which is invertible on U. 

We need to check that g~^x is in the image of l and to be able to choose g 
without ambiguity of diagonal matrices. For that purpose, we introduce some 
notation. We have defined Sk H {Sk-i U • • • U Si) = {l^{k)} for A: > 2, and g{l) 
is the least integer in Si. We write K.{i) for each i = 0, z, . . . , n the least integer 
with z G 5 ^( 2 ). By definition, z and are both in 5^(2). Repeating this, 

for £ = /i o D(i) G 5'^(£j-i( 2))‘ Writing z j if /^(z) > n{j), we have 



z ^ i{i) y £^(z) >- £^(i) y - • • y &{i) = /z(l) for some k. 



Then we define (Ao(x), Ai(x), . . . , An(a:)), by induction on j, 

= 1 if j = 1 and \j{x) = ^ ^ 

Over [/, Xj{x) is a well-defined section of Cj <S> 

We finally define (/) : U ^ PGL{n -f 1) x Spec{R) as follows. Writing 
two projections of 0 as : A/ — > PGL{n T 1) C Proj(^[F 2 j]o< 2 ,j<n) and 
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(pR : U ^ Spec(R), we define cpp by 0 p(Opgl(1)) = ^^{ 1 ) and ^ 

here Opgl{^) is the restriction of (9(1) of PToj{'L\T^j]Q<^^j<n) to 
the affine open subset PGL{n + l). By definition, <p>[x) = ^-diag[Ao, . . . , 
for g = (po(^), • • • •>Pn{x))\ so, we have now specified g without any ambiguity. 
The point here is that we have now made the choice unique (not just up to 
multiple by diagonal matrices). We then define 



(n+/c)w \ Pl{i){P) A^(x 

It is easy to check that (pp has values in Spec{R). Since (pp{x) and <Pr{x) 
contain all the information necessary to compute the coordinates of x, it is an 
immersion. By a simple combinatorial computation, basically by definition, 
we check that (p o i is the identity map of PGL{n + 1 ) x Spec{R); so, we 
conclude that 6 is a surjective isomorphism. □ 



Definition 6.15 Ust C P is an open subscheme whose geometric points x = 
{x^^\ . . . ,x^^^) (m = n 4- p) with x^^^ G P'^ satisfy 



number of points x^'^^ in L 
m + 1 



< 



dim L + 1 
n + 1 



for every proper linear subspace L C P'^{k{x)). 

A point X G P is called stable if x G Ust- 

We need to verify that Ust is an open subscheme. Let / C {0, 1, . . . ,?n} 
and choose an integer tiq with 0 < uq <n — 1. Suppose that 



l-^l ^ ^0 + 1 

m + 1 “ n + 1 



Then we see P — Ust = U/ no '^0)5 where 



V{Uno) = |x G P| j spans a linear subspace of dimension < no j . 

Since the matrix X made of homogeneous coordinates of x^^^ for x G V (/, no) 
has rank at most no, all the (no + 2 ) x (no T 2)-minors of X have determinant 
0. Thus V{Gno) is a closed subscheme and, hence, Ust is an open subscheme. 

Proposition 6.16 A geometric point x G Ust if and only if there are integers 
N > Nq > Q and monomials Pq^ ^ Pm of Da as in Definition 6.13 such that, 
forO<i<m, P,e r(P, (g> ■ ■ ■ ® ® ® C^) and P^{x) 7 ^ 0. 

We repeat the proof of Mumford ([GIT] Proposition 3.6). 

Proof. We associate with the monomials D = Yla integral point 

d{D) G = V in the following way. the ith coordinate of d{D) is 
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For x G P, define Cx C. V to be the simplicial cone spanned 
by d{Da) for Da{x) 7 ^ 0 ; that is, Cx is made up of a positive linear com- 
bination of d{Do,) with Da{x) 7 ^ 0. Thus d{D) G Cx 4=4> D{x) 7 ^ 0. 
Writing 1 = (1,1,...,!) G F, we see that 1 ^ Cx we have 

N1 — V £ Cx with a sufficiently large N for any given v £ V. Thus tak- 
ing V = 7Vo(0, . . . , 0, 1, 0, . . . , 0) for A^o in the proposition, we need to show 
that 1 £ Cx 4=4> X £ Ust- Then by the lemma following this proof, we need 
to prove X £ Ust if and only if for any given partition {0, 1, ... , m} = / U J, 
there exists a such that Da{x) 7 ^ 0 and 

|/| • |an J| < |J| • \anl\. (6.9) 

Suppose spans a linear subspace L of P^. Then D^ix) / 0 implies 

the maximum number of in I has to be dimL; so, (6.9) holds (in addition 
to Dc{x) 7 ^ 0 ) if and only if 

|/| • (n — dimL) < |/| • | J n a| < | J| • |<a n /| < (m + 1 — |7|)(dimL -h 1) 
which is equivalent to the inequality in Definition 6.15 of stability of the point 

X. □ 

We need to prove the following lemma. 

Lemma 6.17 Let the notation he as in Proposition 6.16 and its proof. We 
have 1 ^ Cx if and only if there exists a partition of sets: {0, 1, ... , m} = / U J 
such that the inequality (6.9) fails to hold for any a with Da{x) 7 ^ 0. 

Proof. We have 1 ^ if and only if there exists an integral linear form 
i : -G Z such that 

i{l) = 0 and £{d{Da)) > 0 for all a with D^fx) 7 ^ 0 . ( 6 . 10 ) 

Since 1 is fixed by any permutation of coordinates, we may assume that 
Aq < Ai < • • • < Xm if we write £{v) — X^v^ for v = {vf) £ = V. 

Then the condition (6.10) is verified for £ given by 

Aq = Ai = • • • = A^ = — (m — /3) and A^+i = • • • = Xm = /3 + 1. 

Once this is proven, we just take I = {/3 + 1 , . . . , mj and J — {0, 1, ... , /?}, 
and the assertion follows. 

We prove that the above expression of £ is possible if (6.10) holds. We may 
assume that Dofx) 7 ^ 0 and £{Da) = X^, is minimal; so, we may assume 

that . . . , span a linear subspace of dimension j — I but x^^^^ does 

not lie in this linear subspace for all j = 1 , 2 , . . . , n. Thus . . . , x^^^^ span 
entire and hence Df^{x) 7 ^ 0 for /? = ( 0 , /3i, . . . ,/5n), and 

Da{x) 7 ^ 0 4 — ^ Q;o — O 5 Plj • ■ • ^ Pn- 

Hence the condition (6.10) is equivalent to £{d{Dp)) > 0. Since the set of 7s, 
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C={ (Ao,Ai,...,A^) eZ™+i 



An < Ai < 



< Xm and A^ = 0 



is convex, if i{d{Dp)) > 0 holds in the interior of C, it has to be true at least 
for one face, which is determined by the partition I U J = {0, 1, . . . , m} so 
that = -{m — P) if i e J and A^ = /? + 1 if j G J. □ 

Corollary 6.18 Let the notation be as in Propositions 6.14 and 6.16. Suppose 
that X eP = ffor m > n) is stable. Then there exists a sequence of 

subsets {S^i, 52, . . . , for u = m — n satisfying the conditions in Proposi- 

tion 6.14 such that x £ U nUst, where U is the open subscheme defined by the 
sequence as in the proposition. Moreover, there is an open neighborhood Uq of 
X in U n Ust defined by P for a monomial P in the D^s that is a section 
of {Cq (8) 0 • • • 0 Cm)^ for some integer M > 0. 

Proof. Choose TV > A^o > 0 and choose Pq, . . . , Pm as in Proposition 6.16. Let 
Q — ^Dc,{x)^o Then P = C) Pq° (8) • • • (g) Pfp^ for a suitable is a 
section as in the proposition. Then P / 0 defines an open neighborhood Uq by 
Proposition 6.16. We now construct a sequence Sj of subsets of {0, 1, . . . , n} 
so that X £ U. Since x is stable, there do not exist disjoint proper linear 
subspaces L' and L" of P'^{k{x)) such that is either in L' or L" for all 
i. Thus all the points x^^^ cannot lie in a hyperplane; so, we may assume 
that x^^\ . . . , x^'^^ cannot be in a hyperplane (by reordering coordinates). 
Furthermore, we may assume that by moving around by the action 

of PGL{n + 1). Define sets 5^ {k = 1, 2, . . . , z/) by the set of integers i such 
that Do,i,...,z-i,z+i,...,n,n+fc(^) / 0; that is, is not in the hyperplane. 

We prove that there is no partition {0, 1, . . . , n} ~ T' \J T" such that either 
5^ C T' or 5^ C T" for all k. If this is proven, by shrinking 5^ a little if 
necessary, we can achieve the condition of Proposition 6.14. 

Suppose on the contrary that S'j^ C T' or 5^ C T" for all k. Define linear 
subspaces L' (resp. L") by = 0 for all i £ T' (resp. i £ T"). Then every 
point x^^^ is either in L' or L" , contradicting the stability of x. □ 

Covering Ust by the open sets {Ui} as in Corollary 6.18, we have Ui — 
PGL{n + 1) X Thus on U^(^UJ, Xjj^ {U^ UUj) is canonically isomorphic 
to Zj Xjj^ {U^nUj)', so, the schemes Zj glue into a scheme Z with projection tt : 
Ust Z . By our construction, over U = XzU = PGL{n+l)xZ. 

Thus Ust is a PGL{n -h l)-torsor (see [GME] Section 1.8.3 for a definition of 
torsor), and hence (Z, tt) is the geometric quotient of Ust (see [GIT] Section 
0.6 or [GME] Section 1.8.3 for the definition of geometric quotients). The geo- 
metric quotient always gives a categorical quotient (see [GIT] Proposition 0.1 
or [GME] Proposition 1.8.1). 

Thus we get 

Theorem 6.19 (Mumford) The pair (Z, tt) is the geometric and categorical 
quotient of Ust by PGL{n + 1) and is quasi- projective. 
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6.3 Mumford Moduli 

We describe the Mumford construction of the moduli over Z of abelian schemes 
of dimension n with a given polarization of degree dP . 



6.3.1 Dual Abelian Scheme and Polarization 

Let A/5 be an abelian scheme. We consider the following Picard functor 

Pic^/5(T) = Pic(AT)//^ Pic(T) = Ker(O^) 

for / : T ^ 5. It is known that Pic^/5 is represented by a (locally Noetherian) 
reduced group scheme (Grothendieck [FGA] Exp. 232, 1961/62, [ABV] Section 
13, or [NMD] Chapter 8). Let be the identity-connected component Pic^/5 
of the group scheme representing Pic^/5. Then ^Ajs is an abelian scheme. 

Let G ^A{^A) = Pic^xsM/M ~ corresponding to the 

identity. Then the sheaf has the following universal properties: 

^ n* rumv /o 

• ^Axs^A^ — 

• Let T ^ 5 be an 5-scheme. For any invertible sheaf L on At algebraically 

equivalent to Oat^ there exists a unique morphism ll ' T -a- ^ A such that 
{idA X = L. 

Let L be an invertible sheaf on A. For x G A, we define the translation 
d^x(y) = x-hy, which is an automorphism of A. Then (T*L)(g)L"^ is an element 
in ^A, and we obtain a morphism A(L) : A -A ^A. This 5-homomorphism is 
an isogeny (i.e., surjective) if and only if L is ample (i.e., choosing a base of 
H^{A^L^^) for sufficiently large n, one can embed A into over 5; see 
[ABV] Section 6). The degree of the polarization is defined to be the square 
root of the degree of the homomorphism A(L). 

There is another construction of A(L). Consider a*{L) GPi(L) (S>P2{L)~^ 
as an invertible sheaf on A a = A Xs A^ where a : A x A A is the addition 
of the group scheme A. Then this invertible sheaf induces an A- valued point 
of Pic^/5(A), which factors through ^A, because at the identity, this sheaf 
specializes to the trivial invertible sheaf at the origin 0 (so, the image is in 
the connected component of Pic/i/5). We claim this A- valued point of ^A is 
actually A(L). Indeed, specializing this sheaf to (x : S ^ A) G A(5), we get 
(L) G G x*(L), which is equivalent in Pic(A)//* Pic(5) to T^L G 

6.3.2 Moduli Problem 

Fix positive integers n, d, and V, and define a functor Ad,N • SCHm^^ -A 
SETS by 

^d,/v(5) = [AAn ■■ (Z/NZf^ ^ A)/s] , 



where 
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(Al) A/s is an abelian scheme with dim^ A = n, 

(A2) (j)jsj is an isomorphism of group schemes over 5, and 
(A3) A is a polarization, locally A A{C) on S and deg(A) = (P. 

It is known (see [GIT] Proposition 6.10) that if A is locally of the form 
A(L), then 2 A is globally A{L^{\)) for the invertible sheaf T^(A) given by 
(1^ X A)*(£^^^^). Here is a theorem of Mumford. 

Theorem 6.20 (Mumford) There exists a quasi-projective scheme dJld^N 
over Z[“] such that 

(1) For any geometric point s — Spec{k) of Spec{Z[^]) , Ad,N{s) — ^d,N{s); 

(2) If N > 3, we have a universal object (X, ^ such that for each 

triple (A, A) G Ad,N{S) there exists a unique morphism l : S ^d,N 
with (A,(/)iv,A) = (X, 0, A) Xmd,N ^ ~ ^*(^5 05^^); the above asso- 
ciation {A^ (j)jsj ^ X) /s ^ i induces a functorial isomorphism Ad .n{S) = 

'^dere ^d^Ni^) = Hom^l^j (5, OT^,7v); 

(3) If N >3, "iXfld^N is smooth over Z[-^]. 

When d is prime to TV, the pairing A [TV] x ^A[TV] fa n composed with the po- 
larization gives a self-duality ca^n ■ -^[A^] x di[TV] ^ fijsf. Recall J = ( ), 
fix a primitive TVth root of unity Cat, and impose one more compatibility con- 
dition in addition to (Al-3) to define a subfunctor Af C Ai^w- 

(A4) We have e^,A^((/)Ar(x), 0v(y)) = Cw for all x,y e {ZINZ^^. 

Since ca,n pulled back by (fjs can be written as (x,y) Ctv ^ fo^ ^ unique 
nondegenerate alternating matrix J', OTw = is a disjoint union of 

classifying triples (A, A) satisfying (Al-3) and the condition obtained from 
(A4) replacing J by J' . Thus fixing e = (1, 0, . . . , 0) and e' = (0, . . . , 0, 1) in 
(Z/TVZ)^’^, we have a well-defined morphism Af — > fi^ sending (A, 0jv, A)/^ 
to CA,N{<f>N{e), (pniP)) ^ fiN{B), which in turn induces a morphism of 
schemes ^[Cw, j/] for the primitive root of unity (n = cx^n{^^P)- 

Here is the universal abelian scheme. This shows that the scheme 

is well defined over Z[CiV 5 j/]- Looking at the fiber over C of j _|5 by 

an argument similar to the Hilbert modular case (see Section 4.1.3 and the 
proof of Theorem 6.26), we find Tlj^{C) = F{N)\S)ri for the Siegel upper 
half-space S)n = = z e Mn{C)\lm{z) > 0} and 

r(TV) = {a G 5p2n(^)|<a = l 2 n mod TV} . 

By the existence of a smooth toroidal compactification ([DAV]; see also Sec- 
tion 6.3.6 in the text), is geometrically irreducible over fo] fiber- 

by-fiber. 

Remark 6.21 If d is prime to TV, choosing well a nondegenerate alternating 
matrix J' in TlL 2 n(Z/TVZ), we could impose 
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(A4^) We have e^^ 7 v(</> 7 v(^), 0 n(?/)) = Ctv ^ ^->y ^ {XjNXY'^. 

We then have a smooth geometrically irreducible scheme ^ over Z[Ca^, 
representing the functor classifying triples {A,X^<p]\j) satisfying (Al-3) and 
(A4'). We apply Corollary 6.11 to the universal abelian scheme Wm?j' and 

Od = Of to verify the representability of the functor Spf^Ff) of {0{N)) in 
Section 4.1.2 by a scheme OT(c,jT(A^)) as follows. First of all, the condition 
(det) applied to the integer ring O of F is equivalent to (rm4) in the definition 
of the AVRMs. Since we can choose the polarization ideal c in its strict ideal 
class, we may assume the degree of the polarization and c itself is prime to the 
given integer N > 3. Choosing a Z-base of O 0 c* and identifying L = O 0 c* 
with Z^’^ (n = [F : Q]), the polarization pairing L A L = c* Q gives 
rise to a pairing (x, y) ^ ' J'y for a suitably chosen alternating matrix 

J' G M 2 n(Z) as above. By Corollary 6.11, OT(c, F{N)) is realized as a scheme 
finite over 911^ so, it is affine over and is quasi-projective. All other 

Hilbert"”Blumenthal moduli schemes OT(c, F) there for different level structure 
F can be obtained from OT(c, F{N)) by making a quotient by a finite constant 
group. So the representability claimed in Section 4.1.2 is now verified. 

We now give a sketch of Mumford’s proof of the above theorem. Let 
be an abelian scheme over a ring B. The key idea is that for a given very ample 
invertible sheaf the embedded image of A under L in for m 0 1 = 
rank^ iL^(A, L) is determined by the choice of basis h of H^{A,L). In other 
words, the image is transported to the other by an element of PGLm 
Since for an abelian scheme, by the generalized Riemann-Roch theorem (see 
[ABV] Section 16), we can compute the Hilbert polynomial P of L, the moduli 
functor of (A, b) is a subfunctor of Hjlbpm . Proving that the image is a quasi- 
projective subscheme iL of Hilbpm, the (coarse) modulus is constructed as 
DJli = PGL{mF l)\H. We give more details of this argument in the following 
subsections. The proof finishes at the end of Section 6.3.5. 



6.3.3 Abelian Scheme with Linear Rigidification 

Let (A, 0 a/^,A)/5 G Ad,N{S). We consider the invertible sheaf L/s given by 
the direct image of L^(A)^, which is very ample, because is very ample 
if C is ample (see [ABV] Section 17) and ampleness of L^(A) follows from 
A(L^(A)) = 2A as we already remarked. Let S(L) be the symmetric algebra 
of L (as in Section 6.1.1) and write P(T) for the projective bundle Proj{S{L)) 
which is a projective scheme over S locally isomorphic to P/^. A linear rigidi- 
fication is an isomorphism l : P(F) 0 Thus i is determined by the choice 
of a base of L up to scalar multiplication. Since the very ample sheaf L^(A)^ 
on an abelian scheme satisfies ([ABV] Section 16) 

• L = is locally free of finite rank 6^d, and 

• R^ffiL^(Xfi) = 0 if i > 0, 
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the formation of as above commutes with base change (cf. [ALG] 

IIL12.il). Thus the association S ^ (5) = [(^, 0iv, A, t)/s] is a well- 

defined contravariant functor. The embedding I : A/ s ^ P(^) P/5 deter- 

mines the sheaf L^(A)^ = PO-p (l)( 1)5 which in turn determines A because 
A{L) = 6A (Pic^/5 / A is torsion-free; see [ABV] Section 19 Corollary 2). Hav- 
ing is equivalent to having 2n (linearly independent) sections aj = 
of A over S for the standard base {ei, . . . , C2n} of We write (Jq = 0 

for the identity section 0 of A. We record here what we have seen. 

Proposition 6.22 The data {A^ (j)j\[ Aa) completely determined by the 
embedding data (/ : A/5 ^ ctq, ai, . . . , cr2n)- 

In other words, defining another functor TLd,N{S) : Ij[^]-SCH SETS by 



Ed^N{S) 



(/ : A/5 ^P/^,cro,fJi,...,cr2n)/S : 



we have an isomorphism of functors: = Hd,N- Here cJi, . . . , cF 2 n are sup- 

posed to give 2n linearly independent elements of A [A'] (5). 



6.3.4 Embedding into the Hilbert Scheme 

For simplicity, we just write P for PJjj.]- We write Sq for Spec{Z[j^]). We con- 
sider the functor Hilb p associating with each S the set of closed subschemes 
of P /5 fiat over S with Hilbert polynomial P. As we have already seen, this 
functor is represented by a scheme H = Hilbp. Write Z H ioi the uni- 
versal fiat family inside V jh with Hilbert polynomial P. For each subscheme 
H C P/5 fiat over S having Hilbert polynomial P, we have a unique morphism 
h : S H such that V is given by Sx^ZcP/s over S. 

By the generalized Riemann-Roch theorem ([ABV] Section 16), the Hilbert 
polynomial of (A, L) (or of 1(A)) is given by P(T) = • T'^. Thus the image 

/(A) induces a unique 5o-morphism h : S H such that /(A) = 5 x /f Z as 
subschemes of P. 

k 

Let = Hilbp ^ = Z Xh Z X/f-- - Xh Z. By the very definition of the 
fibered product, we get 



Hom5o(P,P^) - {(h,5i,...,Sfc)|h€Hom5o(*S,P), s, GHom5(5,Z)}. 

Thus classifies all fiat closed subschemes with Hilbert polynomial P having 
k sections over S. The projection p : Z^^^ = Z Xh (p(^o x z) = z) 

gives the universal scheme and has tautological k sections 

aj : 3 (z) ^ {zj x z) e {z = {zi, . . . , Zk)). 

This shows that 'Hd,N C Ip for A; = 2n + 1. For simplicity, write Hq for . 
Since “smoothness” is an open condition (because it is local; in other words. 
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smoothness at a point x of a morphism / follows from formal smoothness of 
the local ring at x over the local ring at /(x); see [NMD] Section 2.2), there 
is an open subscheme Hi of Hq over which Z is smooth. Then Hi represents 
smooth closed subschemes in P with Hilbert polynomial P and k sections. 

Now we use a result of Grothendieck. Abelian varieties have rigidity such 
that in a smooth projective family A ^ 5 for connected locally Noetherian S 
with a section 0 : 5 A, if one fiber is an abelian variety with the identity 
section induced by 0, A itself is an abelian scheme ([GIT] Theorem 6.14). 
This shows that Hi has a closed subscheme H 2 over which Z 2 = Z^^^ H 2 
is an abelian scheme with the identity section 0 induced by gq. 

Rewrite (j = 1 , . . . , 2n) for the universal 2 n sections of Z 2 different from 
0. We have a maximal closed subscheme H^, C H 2 defined by the equations 
[N] o = 0 for all z, where [N] is the multiplication by the integer N. 

The relation J2^Zi %'D = 0 for a given a = (a^) G {'LjNXY'^ — {0} gives 
a closed subscheme Ha of iJs; so, we define H^i = H 3 — {J^Ha- Thus the 
abelian scheme Z 4 over H/i has 2 n linearly independent sections of order N . 

Since Z 4 is a subscheme of it has the line bundle L — which 

is the restriction of 0(1 )/p. Then we define H^ to be the maximal subscheme 
of H 4 such that = L^(A)^ for a polarization A : Z 4 -G ^^ 4 , where p : 
Z 5 = Z 4 H^ ^ Z 4 is the inclusion. In other words, for any morphism 
(j) :T ^ i 5 f 4 , if = L^(A)^ for a polarization A : ^^ 4 ,t ^ 4 ,t = Z^Xh^ T, 

4> has an image in H^ (i.e., 0 factors through H^). It is proved in [GIT] 
Proposition 6.11 that the maximal subscheme H^ with the above property 
exists and is closed in H 4 . 

6.3.5 Conclusion 

By the argument in the previous proposition, the functor A'^ ^ is represented 
over So by a quasi-projective scheme H^ with the universal abelian scheme Z 5 
over H^. The group PGL{m + 1) acts on H^ hy i ^ l o g [g e PGL{m + 1)). 
By the following result of Mumford, if N is sufficiently large, we can make the 
geometric quotient by Theorem 6.19, 

= PGL{m + l)\H^ and = PGL{m + 1 )\^ 5 , 
which gives the universal abelian scheme over dJld,N- 

Proposition 6.23 (Mumford) Let Aj]^ with projective embedding cp : A ^ 
Py^ be an abelian variety of dimension n over an algebraically closed field k. 
Write g for the degree of (/){A) C P^. Let N be a positive integer. Arrange all 
points of order N of p{ A) as /at (A) = (xi, . . . , X 7 v 2 n) and regard it as a point 
/at(A) = ( 0 (xi), . . . , 0 (xjv 2 n)) of (P^)^ "" {k). Suppose that the image of A in 
P’^ is not contained in any hyperplane. If N > y (m + 1)^ with char{k) \ N , 
the point fN{A) G (P"^)^^"" is stable. 

We repeat here the proof of Mumford in [GIT] Proposition 7.7. 
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Proof. We need to check the inequality of Definition 6.15 for the point 
Since the total number of the points is M = we only need to prove 

|{a;i, . ■ ,,xm} n H\ ^ 1 

M m + 1 

for any hyperplane H C Write (Y^Z) for the intersection number of 
complementary cycles Z and Y in ([ALG] 1.7 and Appendix A). Choose 
a 1-dimensional cycle 7 = 0(A) Xpm L for a linear subspace L C P’^ of 
codimension n — 1. We suppose that 7 contains the origin of 0(A). Since 
multiplication [N] by N acts on divisors by ([ABV] Section 6, Corollary 3), 
it also acts on the 1-cycles by (by the Albanese-Picard duality; [ABV] 
Section 23); so, [77] *7 = V^7 up to numerical equivalence. Here we use the 
fact that char{k) | N. Writing h = = 4>{A) Xpm i7, we have 

iV2([iV]*7, h) = ([7V]*7, [A^] V) = [TV] *(7, A) 

= deg([iV|)(7, /i) = M(7, /i) = Mdeg(0(A)) = M • 5. 

This shows 

M - m+V 

which finishes the proof. □ 

Out of 0, Ti, . . . , T2n, we Create the set of full sections si, . . . , sm : ^ 

through linear combinations of Tj. We embed into (P’^)^ by sending 
X G to (si(x), . . . ^sm{x)) G (P’^)^. Since the image is contained in the 
open set of stable points Ust C (P’^)^ fiber- by-fiber; so, it is contained in 
Ust’ Since Ust is a PGL{m -t- l)-torsor over its geometric quotient (Z, tt) in 
Theorem 6.19, we find the geometric quotient of by PGL{m + 1) as the 
image 7r{H^) of in Z. Since we know the Hilbert polynomial of Z5, 

P(T) = 6"d • T” = ^ 

ni 

we know the degree deg(Z5) (cf. [ALG] 1.7.6). Thus if N is sufficiently large 
as in Proposition 6.23, the quotient = PGL{m + l)\i75 represents the 

functor Ad,N over Z[^] (see [GIT] Section 3 in Chapter 7 for more details). 

Suppose now that N > 3. We choose two distinct large primes p and q 
outside dN so that Ad,pN and Ad,qN are representable by the above argument, 
respectively, over ^[^] and ^[^]. The finite (constant) group 

GL2n{^/pNZ) = GL2n(J.lpZ) X GL2u{'ZINZ) 

acts on (A, A, 0p7v) by 0pA^ 0piv o ^ for ^ G GL 2 n{'Z/pNZ). Since we do 
not impose (A4) just after Theorem 6.20, the full group GL 2 n{'Z/pNZ) acts 
on the functor (and hence on the moduli) in place of the symplectic group 
Sp 2 n{'ZlpNZ). Since Aut(A, A, 0 a/^) = { 1} if V > 3 by a result of Serre (see 
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[ABV] Theorem 5 in Section 21), the action of the finite group GL 2 n(^/p^) is 
free. If we can cover Ad,pN by affine open subschemes stable under the action, 
we can again make the geometric quotient 

^d,N/Z[^] = G"L2n(^/p^)\^d,p7V/Z[^]5 

which represents Ad,N over (see [SGA] V.l, [ABV] Section 12, or [GME] 

1.8.3). In order to give a sketch of a proof of finding an affine open cover of 
OT := ^d,pN stable under the action, we consider the universal abelian scheme 
^ dJl and u — det(7T*i7x/9[H). The line bundle u is ample (cf. [GSM] V.3, or 
see the following subsection for another proof using a compactification of the 
moduli). By the existence of nontrivial sections 6 invariant under GL 2 n(^/p^) 
(given by theta constants) of for sufficiently large /c, 0Jl[|] is affine and 
stable under GL 2 n(^/p^)- Since abelian schemes are embedded into a projec- 
tive space by algebraic theta functions giving rise to theta constants of level 
N if N > 3 (see [GSM] Appendix II), moving around 6, 9H[|] covers M. Thus 
we have the geometric quotient ff^d,N/z[^] above. 

By the universality, the two schemes ^d,N/z[ 9Jl^jv/z[-^] ^bus ob- 

tained glue together uniquely over Z[^^] giving rise to the scheme ^d,N/z[j^] 
representing the functor Ad,N over Z[^]. Even if A" < 3, the above process 
yields the coarse moduli scheme fUld,N over Z[^] (cf. [GSM] Theorem 1.4, or 
[GME] 2.3.2 in the elliptic modular case). 

Once representability of Ad,N is shown, as long as Aut((A, A)yp ) = 
{1} for any prime p f dA, the formal completion of fUld,N at the closed point 
X G ffyid,N(^p) carrying (A,07v,A)y^ is isomorphic to a power series ring 

bb[[Aj]]l<z<j<n for the ring W of Witt vectors with coefficients in ¥p. This 
follows from the deformation theory of abelian schemes (see [DAV] 1.3 for a 
summary, [GBT] Ghapter V for details, and also Section Section 8.2 partic- 
ularly 8.2.4 in the text). Thus ^d,N for A > 3 is smooth over ^[^]- This 
finishes the proof of Theorem 6.20. 

6.3.6 Smooth Toroidal Compactification 

Let us describe briefly without proof the smooth toroidal compactification 
Mtv = Ml N of 1 1 = M and the universal semi-abelian scheme 

GjMN^ following the book by Faltings and Ghai [DAV]. We expect the n- 
dimensional universal abelian scheme degenerate over the ^th stra- 

tum (0 < ^ < n) of the cuspidal divisor to a semi-abelian scheme Q with 
an exact sequence 0 -> Q An-g ^ 0. Thus we need to create Sg 

from the moduli of extensions 0 -> G ^ A^-gjs 0 for an abelian 

scheme An^gjs of dimension n — g. 

In the Hilbert modular case, the situation is simpler, and the universal 
AVRM degenerates into G^ G a* at the cuspidal divisor over the cusp (a, b). 
The character group of Qrn G a* is canonically isomorphic to a by 
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X(Gm G a*) = Hom(G^,G^) Gz Homz(a*,Z) = a 

via the trace pairing (a, b) ^ Tr^/Q(a 6 ), and F^o = aGzI^- Indeed we started 
our work in Section 4.1.4 with a simplicial cone decomposition of F^^ on 
which (', •) is positive-definite. The term in the (^-expansion is identified 
with the linear form on (ab)*; so, ^ G ab. 

By an analogy to X(Gm G a*), we take X = X(G^) and consider X]r = 
X Gz ^ (which is the analogue of Fqo). For the Siegel modular forms (of 
level 1), each term of their Fourier expansion at the infinity cusp is given by 
e{Ti{^z)) for z G S)n with symmetric semi-integral matrices ^ in End(X). We 
identify the space of such matrices with the symmetric second tensor product 
S{X) = Sym?‘{X) (S{X) is the degree-2 component of S(X) in Section 6.1.1). 
The Z-dual S*{X) is the space of Z- valued symmetric bilinear forms on X. 
Writing Xr for X Gz^^, we similarly define 5*(X/^) and S{Xr). In particular, 
S'^iX]^) is the space of symmetric M-bilinear forms on X^, and S{X^) — 
Sym‘^{X^). We take the cone C{X^) C S*(Xir) made up of all positive semi- 
definite bilinear forms. The interior C°(Xk) is the space of all positive-definite 
bilinear forms on X^. 

For the moment, we assume that g = n (with the maximal toric part). 
We take a cone decomposition C = {cr}a of G(Xm) satisfying the following 
conditions similar to (PCl-4): 

(Pci) a is an open simplicial cone {a = {0} is allowed); 

(Pc 2 ) The cones in C are permuted under the action of GL{X), and 
CIGL{X) is finite, where 7 G GL{X) acts on h{x,y) G S*{X^) by 
b{x,y) i-> 6 ( 7 x, 7 J/); 

(Pc3) a is smooth (i.e., generated by a part of a Z-base of 5*(X)); 

(Pc4) [a] is projective, that is, it is sufficiently fine so that the toroidal 

compactification is projective (see [DAV] V.5.1 for an exact condition 
for projectivity). 

We reproduce here some results of the more detailed theorems in [DAV] IV. 6 . 7, 
V.2.3 and V.5.8 on the smooth toroidal compactification we need later. 

Theorem 6.24 (Chai— Fallings) Suppose n > 1 and X > 3. There exist 
projeetive normal sehemes Mn = and over Z[^, (n] containing 
as an open dense subscheme satisfying the following five conditions. 

(1) The natural action of Fp 2 n(Z) on extends to Mn and M^. The 

complement Doo = hT^ — is a relative Cartier divisor with normal 
crossings. The scheme Mj\j is smooth over , (n]. 

(2) For X|X', the natural projection extends to M^' Mjm 

(resp. — > M^), which is equivariant under 5^271 (Z/X'Z). 

(3) The universal abelian scheme over extends to a semi-abelian 
scheme Qn ^ Mj\j, and Qm' is the pullback ofQr^ if N\N' . The Kodaira- 
Spencer map induces an isomorphism of Sym^{TT^{Qg^ onto 

locally free sheaves. 
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(4) Let w = Then H°{MN,det{u)^^) ^ 

by the restriction map (Koecher principle), which vanishes if j <0. 

(5) 5ei ©iv = 0j>o^^°(^iv,det(w)®O- Then<&N is a graded algebra finitely 
generated overZ, and we have = Proj(^N) ■ In particular, covers 
Mf^, and Mjsf is the normalization of a blowing up of along a coherent 
sheaf of ideals. 

The theorem is proven first constructing as an algebraic stack using 
only (Pcl-3). Then using (Pc4), an ample line bundle is created on the alge- 
braic stack Mj\f, and hence Mn is a projective scheme. Even if < 2, the 
algebraic stack Mjm (and the semi- abelian stack Qn over M^v) satisfies the 
above condition of theorems (except for the smoothness), and (the reduced 
scheme of) each stratum of the cuspidal divisor Doo is smooth over Z[^, Civ]. 
The expression = Proj{0j\f) is valid for N < 2, and Mfj is always a 
normal scheme. The scheme is called the minimal compactification (with 
M^{C) giving the topological Satake compactification) and Myv is called the 
smooth projective toroidal compactification. 

Here is a very brief description of and some indication of its construc- 
tion. Since we need the modulus variety for ^-dimensional (principally 

polarized) abelian schemes for ^ = 1 , . . . , n in order to describe Myv, we write 
for the level N modulus Tljj of principally polarized abelian schemes of 
dimension g (dropping the superscript J for simplicity). The reader is assumed 
to be familiar with the notation of [DAV]. 

We start with the classification theory of Raynaud extensions (to see what 
are the moduli of extensions 0 G ^ An-g 0 ). Since the algebraic 

group G admitting its Shimura variety does not appear in this subsection, we 
use the symbol G (following [DAV]) to indicate a Raynaud extension (this 
convention is in effect only in this subsection; the symbol Q is used to indicate 
the quotient semi-abelian scheme of G by a unit action). Let S = Spec{R) 
for an /-adically complete Noetherian integral domain R = We 

put 5o = Spec{R/I). Start with an extension Tq ^ Gq Aq over Sq of an 
abelian scheme Aq /So by ^ torus Tq/Sq- Pick a semi- abelian scheme G/s with 
reduction modulo I giving rise to Tq ^ Gq Aq. Writing Soo = Spf{R) for 
the formal completion of S along Sq, it is known (cf. [NMD] 7.3-4 and [GSM] 
Chapter II) that To is uniquely lifted to a formal torus T C G, where G is 
the formal completion of G along Gq. The quotient A = GjT is a smooth 
formal group, which is proper because otherwise Aq has to have an affine 
subgroup scheme. Thus A mod P for all j > 0 is an abelian scheme over 
Spec{R/P) = Sj. We call such a formal scheme a formal abelian scheme. 
When there exists a subtorus T/^ c G /5 such that the quotient Ajs — G/T 
is an abelian scheme and the extension T ^ G A gives rise to the formal 
extension T ^ G ^ A, we call T ^ G ^ A db Raynaud extension, which 
is uniquely determined hy T ^ G ^ A (and hence by G/s) by the formal 
existence theorem of Grothendieck ([EGA] III. 5. 1.4 applied to A). If G is 
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quasi-projective having an ample invertible sheaf C on G, then the T-fixed part 
of G 0 [— 1 ]*G descends to an ample sheaf on A ([DAV] II. 1 Proposition 1 . 1 ); 
so, A is projective. Again by the formal existence theorem of Grothendieck 
([EGA] III 5.4.5), A is algebraizable. Then Ker(G A) has to be a torus T/^ 
since its formal completion along Tq is a formal torus. In our application, R 
is a formal monoid ring Z[[g^]]^ (i.e., the g-expansion ring) where runs over 
n j^S{X) for the dual cone of cr G C, where X — X(G^). 

Starting from a split torus T/s and an abelian scheme A/ 5 , we clas- 
sify all Raynaud extensions of A by T in terms of the etale sheaf XiV) = 
Homaig-gp(Ty , G^/y) for 5-scheme V and Ty = T Xs V. By definition, A 
is a constant torsion-free sheaf of Z-rank g (<^ dimT = g) under the etale 
topology over 5, because T is split. Let A/ 5 be an abelian scheme of relative 
dimension n — g. Since A is constant, we often regard A just as a Z-free mod- 
ule of rank g and denote it simply by A. Let Y = Homz(A’, Z) = A*. Define 
a split torus T over 5 by 

T = Homz(A, G,n) = Homz(Z, A* Gz G^) = E Gz 
Then we have 

Hom 5 _alg-gp(T', G 971 ,) = Hom 5 _alg-gp(T Gz ^m-> ^m) 

^ (A*)* G Hom 5 -aig-gp(C^, c^) = X 

For any given extension over an 5-scheme 5', 

0 T/s' =TxsS' ^ G/s' A/S' = A X 5 5' ^ 0, 

we have the following exact sequence, 

Homs_aig-gp(T, Gm) > Ext5_g,ig.gp(^, Gm) — — ^ Ext^(G,GTO)- 

Note that Hom 5 _aig-gp(T, G^) = A /5 and that the dual abelian scheme M /5 
is equal to Ext|_g^ig_gp(A, G^). See [GSM] Remark 2.1.4, group extensions of 
A by Gm (not just scheme extensions) correspond to Gm-torsors (hence line 
bundles) in the identity-connected component of PiCyi/ 5 . Thus we have an 
association G ^ 0G G Homz(A, M). 

On the other hand, we take the universal extension 

0 — y GfYi — y G — y A — y 0 

over M c PiCy^/ 5 . We fix a base ^ 1 , . . . , of A. Then consider the morphism 

T = Homz(AT, Gm) ^ Gm 

given by 5 ^ Yli 0(^0 • Similarly, we define Homz(A, M) ^ M by using the 
same base. Thus we have a commutative square 
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Uomz{X,Grn) =T > Gm 

[ I 

Homz(X/M) > ^A. 

Pulling back the above exact sequence 0 ^ G M — > 0 over by 

this square, we get 0 — > Homz(-^, G^) — T^G-^A-^O over Honiz(X, ^A) 
such that for any given y G X, the morphism Homz(X/A) ^A given by 
0 ^ 0(x) gives rise (by push-forward) to an extension 

0 -> G^ = r/ Ker(x) ^ G/ Ker(y) ^ M ^ 0 

which is associated with (j){x) ^ Thus the pair (Homz(X, G) repre- 

sents the functor S' [T/^/ ^ G M/^/] on the category of schemes over 
S (see [CSM] 2.1-2 for more details). 

For a given Raynaud extension T ^ G A over S given by (pc ^ 
Hom(X, ^M), we can construct its dual ^G = GjK^C) (in the same manner 
as the construction of ^A by Mumford [ABV] Section 13; see [DAV] II. 2). 
Here K{C) is the stabilizer of C under the translation action by G. The dual 
^G is again a Raynaud extension ^ ^ ^G for the dual torus ^ = 

Hom(F, G^) = X G^ (<d> X{^) = Y = Homz(A’, Z)). Thus we have 
ptQ G Hom(y, A) corresponding to this dual Raynaud extension. 

We can generalize the above construction with respect to (R, I) to an 
integral scheme S (not necessarily affine) and a sheaf of ideals J, because the 
universal schemes Hom(X, M) /o for affine open subsets O = Spec{R) C S 
glue together by universality. 

We now assume X = A(GJ^); so, G(A^) = [Aaec'^- write A^r for 
X/ Rad{b) for the radical Rad{b) (i.e., the null space) of 6. The space 
S{Xcj^r) is a quotient of 5(Am), and by duality we have S*(A(j^]k) C A*(Ak), 
where X^^r = Xa- 0z We write for the collection of a giving the same 
r\beaRcLd{b) and write X^ = X(j for cr G (which is independent of tr G <^). 
Then Q = {cr G C\a C A*(A^^k)} is a cone decomposition of satisfying 
(Pcl-4). Let g = rank^A^j. Then each boundary stratum (correspond- 
ing a of dimension g) is constructed from a universal extension ([DAV] IV. 3) 
over Z (j Homz(A"(j, dG). Homz ( A^^j, G^t^) y Gq- ^ To-, where TG TG— ^ 
{g = rank A(j) is the (n— ^)-dimensional principally polarized universal abelian 
scheme. The scheme roughly corresponds to Spec(Rcr) in Section 4.1.4 in 
the Hilbert modular case but is more complicated because of the contribu- 
tion of the abelian variety quotient The group GL{X) acts on IJa 
through Xo- (and permuting a E C). Roughly speaking, we can canonically 
glue {Sa}aec into a scheme S = Ua Hilbert modular case, and 

the quotient of the formal completion along the boundary of S by GL{X) 
gives the formal completion of Mi along the cuspidal divisor D^o- Strictly 
speaking, first we make the quotient UacG ^T(A^), and then we again 

glue these schemes by the action of GL{X). 




6.3 Mumford Moduli 



287 



We give an indication of the construction of Sa and the semi-abelian 
scheme Qa- over Sa with a symplectic level A^-structure for > 3 (when M^v 
is a scheme). Hereafter N is invertible on the base 5, and suppose for the mo- 
ment that we have a symplectic level 7V-structure a : Q[N] = . Since 

Q — ^'‘Glq{Vy\ we have an exact sequence: 0 G[N] Q[N] Y^jY 0, 
where Yjm = -^Y. By moving around by an element of Sp 2 n{'^INZ) act- 
ing on (Z/A^Z)^’^, we may assume that a induces an isomorphism ay : 
Yn/Y {ZjNZy and 5 : G[N] ^ {ZlNZ)^^-^ so that the symplec- 
tic pairing on the target induces the duality between T[7V] = /i^ and 
Yjs[/Y. The stabilizer of a{G[N]) gives rise to a maximal parabolic subgroup 
Pn^giZjNZ) C Sp 2 n{'^INZ), and we can extend q : Y ^ to qn ’ Yn ^A. 
Since A is principally polarized, we identify Y = X and ^A = A. 

Now we take S = and T — Xn-g for the universal abelian scheme 

of dimension n~g with level A^-structure. Let 0 Ter — > G^ ^ T 0 be the 
universal extension over = Homz(Xcr, ^X). We write Ea- = S"^{Xcr) (Zz 
which is the split torus associated with the character group 5(Xcr). Then 
S{Xa-) — Hom^(5*(Xcr), Z) for the space 5*(Xcr) of symmetric bilinear forms 
h{x^y) — b{y^x). Let be the dual cone 

= {x e S{X)\y{x) > 0 Wy e a}. 

Then we make the torus embedding 

= Spec{Z[S{X^)]) ^E^ = Spec{Z[a^ H S{X^)]). 

Let //, G Xcr- Then the symmetrization G 5(Xcr) of /i (g) z/ G X(j (g Xcr 

defines a character [/i (g z/] : Eo- Gm- We consider the abelian scheme 
T Xgjj(n-g) ^X = X Xgj^(n-g) T ou Here we identify W with T by the 

universal principal polarization. We have a tautological map 

c(/i) : = Homz(A:^, ^X) -> = T 

sending 0 : X^ ^ W to 0(/i). Recall the Poincare line bundle T, that is, the 
universal line bundle on X x^X /W such that for each 5- valued point 5 W, 
a*T G Pic^(X^s) is the line bundle represented by a. Let p^ = P — {0} be 
the G^-torsor associated with P. 

We then consider 

c([/i g u]) = c(/i) X c(z/) : Zo- = Hom^(X,,, ^X) -> T x^^ T. 

We have a G^-torsor T[/igz/] = c([/ig z/])*(T“^)^ over = Homz(AT^, ^X). 
Now we choose a base B = {[/i^ g z/^]|z = 1, ... , 5 } of S{X(j)- Then = 
G i^i] is an T^r-torsor, because E(j = Homz(5(Xcr), Gm) = Gg by 
^ ^ th G z/^]). We symbolically write = S{X(j) gz,c* {V The 
construction of does not depend on the choice of the base, and the push- 
forward of Eo- along [/x g z/] \ E^ -g Gm is isomorphic to T[/i g z/]. This 
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follows from the symmetry of V and the fact that S{Xa-) Pic(Zo-) given by 
n c{nYV is a group homomorphism. Since is the product of the pullback 
of V itself by c X c, c{nyv has a tautological section (or trivialization) r over 

This trivializes the biextension associated with V and hence gives rise to 
a homomorphism i : Xo- lifting the tautological one c = : Xa- 

= X on Za over 5’cr (see [CSM] II, (2.3.3) for the details and [Mu] for 
biextensions). 

We form the contraction-product So- = ^cr = (^o- x Ea)IEa- 

under the diagonal action. This product has the following universality. 

1. We have the following commutative diagram 

Z(J '^Zcr '^cr 

•I _ 

Z(j X ^ fj 

2 . If we have the following commutative diagram 

E, xz, S, F 

‘I j' 

Z(J X Zcr ^ ^ a ? 

we have a unique morphism 7 : Ea- —> F such that 70 m = /I and 70 Z = i. 

We have a polyhedral cone decomposition C(X^,m) == Uacc^ Here we 
recall that C{X^^^) C S*{X^^^) for ( 8 )z K. is the cone made up of 

positive semi-definite symmetric bilinear forms. Then all the data E^j^ 
and so on, so far constructed are functorial and glue together over as in 
Q yielding E^ and so on. We write = LlacC'°(x^) where Z{a) — 

5pec(Z[g]g|^^o,gG5(x^))- The locally closed subscheme E^ of 5’^ (given 

by the contraction product) should be the loci of the quasi-abelian scheme with 
maximal split torus of rank > g. We write for the formal completion of E^ 
along E^ W^. Then we have a semi- abelian scheme ^ S^/GL{X^) 
as in [DAV] IV. 3.1 with the maximal split torus of rank g on E^ x^^ for 
g = rank X^ . 

We now incorporate the level Wstructure. Let a : Q[N] = {ZjNZY'^ 
be a symplectic level structure. This induces Qn : T — 

Homz(V^,Z)), which by duality induces This gives 

rise to an extension 0 ^ = Homz(V^,w, ^m) T -> 0 over 

Homz(V^,AT, ^T). By construction, T lifts to qn ‘ G^^n so 

that the quotient is a principally polarized abelian scheme generically. Then 
we have an exact sequence 
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0 ^ /qn{Y) G^^n /qn{Y^^]si) 0. 

This semi-abelian scheme G'^,Ar/^ 7 v(^ 4 ,A/') has a polarization 

AiV : G^^N/qN{y^,N) XG^^N/qN{Y^,N)) 

of degree N‘^^. By definition, Q = = {Gn / qN{Y^,N))/T^,N[N], which 

acquires a principal polarization (because of degree A^^-isogeny image) and 
an injection Y^^n/Y^ ^ Grj[N] with an isotropic image. Thus any level N- 
structure on X gives rise to a level A/"-structure of Q. As shown in [DAV] IV. 6. 5, 
this construction gives all possible level 7V-structures on Q after translation 
by 5p2n(-A/W), and the stabilizer of this level V-structure is Pn^giXjN X). 
Thus the number of cusps is the index of Pn^g{X/NX) in Sp 2 n{X/N X). 

We write GLr^{X){N) for the kernel of the reduction map of GL{X) into 
the group GL(X/NX) modulo N. Since the integral structure is given by 
N • 5*(X), accordingly we need to take T^,a/- = Homz(X^^Ar, Gm) instead of 
T^, because the parameterization is given by 0 — > Gat XN^n-g 0 

for the universal abelian scheme X^^n-g with level V-structure. We have the 
tautological map ^Xpj^n-g = XN,n-g- The multiplication by N 

induces and we get the torus embedding ^ 

The character group of E^^n is given by ^S{X). The universal semi-abelian 
scheme Qjg with level V-structure is given by 

{GN/qN{Y))/T^^N[N]^gN 

over Indp^'y^ x lsom{Y^^N/NY^^N,{'^IN'Ly)/GL{Y{). Here the formal 
scheme is the disjoint union of copies of the scheme 

indexed by the equivalence classes of cusps Sp 2 n{X/NX)/ Pn^g{X/NX) on 
which Sp 2 n{X/NX) acts by permutation of the indices. 

Since we have already studied via Tate curves the compactification of 
when n = 1 (the modulus of elliptic curves), we assume here 
n > 1. To make smooth, we assume that N > 3. We then define u = 
for fbe universal abelian scheme / : X^ . This is a locally 

free sheaf over of rank n. We define det^ = /\^ ui. The vector bundle 
u extends to the toroidal compactification Mjg by defining u = 
for the semi- abelian scheme g extending X to M. Then we define a graded 
algebra 



© = 0^ = 0 i/O (Miv,det(w)®™) 0 H° . 

m—0 m—0 

The last identity (*) follows from Koecher’s principle (Theorem 6.24 (4)) if 
n > 1. Choosing the toroidal compactification data well, Mn is projective 
([DAV] V.2.5) so that this graded algebra 0 is finitely generated over Z[^j, 
and by the first equality, the graded algebra is normal. Thus we may define 
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to be the normalization of 0i in the algebra IZd^N defined below. We define 
the minimal compactification by = Proj{<5]^). It is called “minimal” 
because any smooth toroidal compactification Mn covers 
We can define a sheaf of graded algebras over Mn by 

oo 

n = TZN= 0 /* (det(w)®"^) . 

m= — OO 

Then Ad tv = SpecM (P) represents the following functor 

Vn{S) = [{A,4>n,X,uj)/s\{A,^n,X) e Ai,N{S),H°(A,detnj,/s) = Oslo] . 

Then we have Mtv = ^m\M.N as a geometric quotient, and Ad tv is a Gm- 
torsor if > 3. Here a G Gm acts on the functor Vn by (A,0 tv,A,u;) ^ 
(A, 0TV, A, au;). The relation between the modulus scheme classifying abelian 
schemes with level structure and the one classifying with extra information of 
nowhere- vanishing n-differentials is exactly the same as in the elliptic modular 
case, and it is also interesting that this is proven only after the hard work of 
smoothly compactifying the open modulus Tlfj. 

Remark 6.25 Let the notation and the assumption be as in Remark 6.21. 
Carrying out the toroidal compactification process for n obtain a 
smooth compactification over Z[Ctv, we apply Corollary 6.11 to 

the semi-abelian scheme G imj' • Then, automatically, we get a toroidal com- 

pactification of the moduli 9Jl(c, r{N)) with respect to the data induced from 
the toroidal compactification data of 5*(0) (as long as they are compatible). 
Here is embedded into 5*(0) regarding ^ G as a symmetric bilinear 
form on O X O by (x,y) Trp/Q{^xy). An important compatibility of the 
toroidal compactification data is that the polyhedral decomposition of positive 
semi-definite C(Ou) C S'* (Or) has to induce that on C K = Fqo 

by taking intersection with the image of 



6.4 Siegel Modular Variety 

In this section, we study the Shimura variety associated with G = GSp{2n) /q, 
where, for a ring R, 

GSp 2 n{R) = {<a G GL 2 n{R)\^oiJnOi- = y{o)Jn with v{o) G } 

for Jn = ( "o'" ) 0 < n G Z. Consider a homomorphism ho : S/k : = 

Resc/mGm GSp{2n ) of algebraic groups given by S(R) = 3 aPbi 

( -b^i a-i"" ) ^ ^Sp 2 n(I^)- Let X be the collection of all conjugates of ho under 
GSp 2 nO^)i and write for the connected component of X containing ho. 
Then we have X = LI by sending ghog~^ to • 1^) g where 
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S)n = {z ^ Mn{C)\^z = z, — z) >0} (the Siegel upper half-space) 

and SOn (the Siegel lower half-space) is the complex conjugate of S^n- The 
action of^ = ^ G5p2n(I^) (with n x n matrix a) on S)n is given by 

2^ (uz “h b^i^cz -|- d) h 

For a scheme S/ji defined over a finite ^-algebra R, when we regard it 
as a >B-scheme, we write it as S/js- The scheme S/js is not equal to the 
Weil restriction of scalars Res/^/^F//^ discussed in Chapter 4. Then we have 
- ^(Q)\(^ X G(A(-)))/f(iV), where we put 

r{N) = {a e GSp 2 n(i)\a -leN- M2„(Z)} . 

We define, for Z[(^/v, ^1-scheme , i ,, 

= 5V*’)(G.W/Z(„ 

Therefore the construction of the Shimura variety for (G, X) follows from the 
existence theorem (Theorem 6.20) of the moduli variety over Q of polarized 
abelian varieties (proven by Mumford [GIT] and Shimura [Sh3]). 

In this section, we give in this section an exposition on its global reciprocity 
law and the irreducibility of the Igusa tower over X). 



6.4.1 Moduli Functors 

We consider the Q- vector space V = with alternating form (x, y) = ^xJnV- 
Thus G{R) = GSp 2 n{R) acts on Vr = V Cq R by matrix multiplica- 
tion preserving the alternating form up to scalar multiplication. For each 
(t4,A)/5 G Ai^i{S), choosing a geometric point s = Spec{k{s)) of each con- 
nected component of S, we consider its physical Tate module 

Ts{A) = ]^NA[N]{kis)), 

which is naturally a module over Z. If 5 is a Q-scheme, Ts{A) is a free Z- 
module of rank 2n. If 5 is a Z(p)-scheme, its prime-to-p part Ts^\A) = 
Ts{A) is a free ZT)-module of rank 2n. We then define 

Vs{A) = Ts{A) and VjA(A) = Ts{A) ^z . 

We consider level structures p : V^(oo) = Vs{A) and pT) ; Vp^(poo) = v}^\A). 
An element g G G(A) acts on p (and on 77^)) by p ^ p o g. For a closed 
subgroup K C G(A^°°^), the level iC-structure p = p o K is defined over 5, 
if a o p = p o ks{<j) with ks{(j) G K for all a G 7 Ti(5 , s) for each chosen 
s. Changing s to another point s' in the same connected component gives 
isomorphisms (called paths) Lg^s' • 7Ti( 5, s) = 7 Ti(5', s') and : Ts{A) = 
Ts'{A) which satisfy the compatibility condition (see Section 4.4 in the text 
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and [ECH] Section L5) lI ^,{(j{x)) = V is defined over 

S', we have 

° ks{a)v) = ori(v)) = Ls,s'{o^) ° {v{v))) ■ 

Thus giving fj defined over S at 5 is equivalent to giving o fj again defined 
over S at s'; so, we may forget about the choice s. 

Since a positive multiple of the polarization is induced by an ample line 
bundle globally over S, the Galois action of 7 Ti(S, 5 ) preserves the alternating 
form (•, *)a,s on Ts{A) induced by A and the e^v-pairing on A[N] x ^A[N]. The 
pairing (•, -)a,s is sent to (•, -)a,s' by so, the following condition 

{r]{x),r]{y))x^s — {x,y) up to the scalar multiple in ( 6 . 11 ) 

is independent of the choice of s. Thus hereafter we drop the subscript s since 
it is irrelevant to our purpose. We always impose this condition on 77 in this 
section. 

We consider the following functor : Q-SCH SETS for each closed 
subgroup K of 

8^^\S)=[{AXv = rioK)/s\{A,\)eA,,,{S), r, ■. ^ V {A)] , (6.12) 

where A is a polarization class of polarizations proportional to a principal po- 
larization on A up to multiplication by , and the alternating form induced 
by A on V^(oo) is proportional to (•, •) on V^coo). Here the isomorphism classes 
are taken in the category of abelian schemes up to isogenies; so, we have an 
isomorphism (A, A,r/) (A', A ,r/') if we have an isogeny (j) \ A -x A' with 

(/)*A = A and rj' = (/> o r/ up to a nonzero scalar multiple. When K = T{N)^ 
we simply write for In the definition of the functor we do not 
need the condition similar to (pol) in Section 4.2.1 because we can choose 
an isomorphism V = i7i(A,Q) for each test object (A^X,fj) compatible with 
T] : V^coo) = y{A) = i7i(A, (because alternating forms isomorphic over 

A^^^ are isomorphic over Q; see Section 7.1.5). 

Let L — C E be the self-dual lattice under (•,•}. We write L for L(g)zZ. 
Then in the same manner as in Section 4.2.1, we can show an isomorphism of 
functors = Sk (for K C G(Z)), where 

£k{S) = {{A,\,ri)/s\v{L) = T(A)] / - . 



Here we have an isomorphism (A, A, 77) = (A', A', 77') A (p: A A' is duu 
isomorphism (not an isogeny) of abelian schemes with 0 *A' = A and fj' = (jyofj. 
When K = T{N)^ we again write for £k- Then is represented by 

because having 77 mod r{N) with ~ T{A) (so that the Weil pairing 

inducing the polarization form (•,•)) is equivalent to having Sn • (Z/A/^Z)^’^ = 
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L/NL = A[N] (compatible with the polarization form (•,*)). Thus 8^^ is 
represented by Sh{G, X)/q = ^ 

In order to construct a p-integral model of the Shimura variety, we impose 
( 6 . 11 ) by substituting for rj and require that A be a polarization class of a 
principal polarization up to a prime-to-p scalar multiple. Then we can consider 
the following smooth model 5/i^^^(G, ^5 whose quo- 

tient 5 / 1 ^^ = (G, X)/Khy& closed subgroup K with K = G{Zp) x K^p'i 

(^K^p) c G(A'^P^)) represents the following functor : Zi^pySCH —>■ SETS, 



sPiS) - 



(A,A,7?(P))/s|yP) :]/, 



0 = , 



(6.13) 



where rj indicates the orbit o Here the isomorphism classes are 
taken in the category of abelian schemes up to prime-to-p isogeny; so, we have 
an isomorphism (H, A, (A\ A if we have an isogeny (j) \ A ^ A' 

with p I I Ker{(j))\ = deg(</)), 0*A = A, and — cj) o up to a prime-to-p 
scalar multiple. 



6.4.2 Siegel Modular Reciprocity Law 

We can let g G act on the functor by (H, A,p )/5 (H, A,p o 

g)/s-> and hence we get a schematic action of G{hS^^) on Sh{G^X). Since 
the isogeny ^ G End'^(H/ 5 ) for ^ G ^(Q) induces an isomorphism (T, A, p) = 
(H, A,p o ,^) in the category of abelian schemes up to isogeny, Z(Q) acts 
trivially on 5h(G,X), and the action factors through Let 17 be a 

proper subset of rational primes. We define E (G, X) = When 

17 = 0, we have 



£^'^\g,X) 



G(A(°°>) 

^(Q) 



G(A(°°)) 



*G(Q)+ G“‘^(Q) 



in terms of Deligne’s formulation described in Section 4.2.2. Note that X(Q) = 
is closed in G(A^^^^) (a property special to Q); so, .Z’(Q) = Z{Q). We put 
^/qLc = ^^n/Q[ij.n] ^ running integers prime to X as a subvariety 

of = Sh{G^ X)/G{Zjj). Recall that ^Le maximal extension 

inside unramified at every p G X. Here is the global reciprocity law. 

Theorem 6.26 (Shimura) Let G = GSp{2n) / q. Then the variety 
over gives a geometrically irreducible component 0 / 5h^^^(G, X)/q con- 
taining the image of x 1 . Writing for the function field 
we have the identity Aut(.fi^^^) = Aut(9JlyQ^), and we have a canonical iso- 

morphism r : E^ (G,X) Aut(.fi^^^) satisfying the following properties. 
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(1) On g G acts by the Artin reciprocity map in Theorem 2.12 

composed with the similitude norm v : — > hA ; 

(2) For f G regarded as a function on X~^ , we have r (G(/) = f oa ^ 
fora e G(Z(^s)) + ; 

(3) The map r is an isomorphism of topological groups with respect to the 
adele topology on (G,X) and the Krull topology on 

The action of r{a) looks different from the one in Theorem 2.43 and actually, 
our r{x) here is the inverse of r{x) in Theorem 2.43 in order to make the 
construction of r compatible with our definition of the action on the level 
structure g ^ g o g (see (6.14) below). 

Recall the valuation ring (with residue field F) in of the p-adic 
place ip : Qp. If p G T, we have a modulo p version of this theorem 

determining Aut{tp^^) for the function field of 

^ '^(p) 

Since it is similar to Theorem 4.17, we leave the formulation of the result to 
the reader (see [H03b]). 

We repeat here the argument given for the Hilbert modular version (The- 
orem 4.14) based on an argument in [AAF] Section 8 and the theorem of 
Faltings and Zarhin (Theorem 4.13). For the original proof of Shimura (and 
Miyake), we refer the reader to [Sh5] II 6.5 and [Mt]. 

Proof. Since the proof is the same for any choice of A, we assume that X = 0 
for simplicity, and we throw all superscripts and subscripts X away from our 
notation. By our convention, Z(0) = Q. We first check that r{a~^){f) = f oa 
by studying the complex points DJlfj{C) of 

For a given (A, A) G Fi(C), we choose a base {cji, . . . , of H^{A, Oa/c)-, 

and consider the lattice Ca = {(/^ ^j)jl7 F FTo(A, Z)} in By the Poincare 

duality and the principal polarization A, we may assume that 

Ca = C, = n- c ) 

for z G (see [AAF] 4.4), regarding L to be a column vector space. Then 
A(C) = XX j Lz as complex manifolds, and A is induced by the alternating form 
Xz Cz F Gz sending ^x ‘ Jn{ ) A^y - Jn to x ■ Jrfy G Z. We write 
Az for the abelian variety with A^(C) = fCz- Define the main involution l 
of G by • ^aJn for a G G{R). Note that {ax,y) = (x^a^y) for the 

alternating form (x, y) — '^x ■ Jny on L. 

If we have an isogeny f : A(C) = f Cz X^ f Cyj ~ T(C) preserving 

the polarization class, and identifying with the Lie algebra of the abelian 

varieties, we have a C-linear map ^ ^ lifting f with T>{QCz) ~ QCw 

preserving the polarization form. In other words, we find a G GL2n(Q) such 
that 

T>{GJn{t))=Xa^Jn{]fJj{a\z) 

for all £ G L, where ■ ^aJn = iy(a)a~^ and j{g^ z) = cz F d £ GLn{X) 

iov g = (c d)' Since a preserves polarization up to positive rational numbers, 
^{a) > 0, and hence a G G(Q)+. This shows that w = a{z) for a G G(Q) + . 
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We define - L/NL ^ A,[N] by (PnA^) U ) mod C,. Then 

{Az,X,(pN,z) = {Ay,,\,(j)N,w) w = 7(z) for some 7 G r{N) = F{N) n 
G(Q) + . For any given level structure (j) : LjNL = Az[N] compatible with 
the polarization A, we find 7 G Sp 2 n{'^) such that (j) = (t>N,z o 7- Thus we 
find OT}(^(C) = r{N)\S)ri, in particular, over Z[Cat 5 ;^]5 is geometrically 
irreducible and smooth if TV > 3. This follows from the same argument in the 
Hilbert modular case (given just above Theorem 4.17), using the existence of 
the smooth projective toroidal compactification of Faltings-Chai described in 
Section 6.3.6, by Zariski’s connectedness theorem ([ALG] IIL11.3). This shows 
that OT/Qcyc gives the geometrically irreducible component of Sh{G, X) /qcyc 
containing A+ x 1 = x F _ 

By taking the limit (f)z = ]^N<i>N,z • L = T{Az) and tensoring 
we get T]z : V^(<yo) = V{Az). We let a G G(Q)+ act on column vectors in 
V — LGz Q by (left) multiplication. Since the linear map J(<^^ z) : 3 u ^ 

j{a\ z)u G for a G G(Q)+ induces an isogeny 

{z) 1 X(y^-i (^z) •) 4^ N {z)) ^ 

{C^/^L^aJn ( u ) G'(^', z)AzG{c^'^ z)rj^-i^z)) = {^z^ A^, 7^ o a), (6.14) 

we have r{a^^^)([z, 1]) = = [a~^{z)^ 1], writing [z,g] for the complex 

point of 5/i(G, JV)(C) represented by {z x g) e S)n x G(A^^^) as in (4.21). 
This shows that a G G(Q)+ C G(A^°^^) acts on f ^ A by f ^ f o a~^ . 

By the above expression of the complex point of ^)Jl, we find that r 
brings Gi(A*^^^)/{±l} injectively into Aut(9H/Q). We consider the e^^z- 

pairing 6n,z ■ Az[N] x A^[TV] -> Since eN,z{(l)N,z{oo), (t)N,z{y)) = 
for X, y G LjNL, we find that cat, 2 (ax, ay) ~ ^ ^ G(Z). Then in 

the same manner as in the proof of Theorem 4.14 Step 2, we create a section 
5 a : 3 ("^ 0 " °J G G(A(^)) of V so that the action of t(5a(c)) on the 

g-expansion at 00 factors through the Galois action of the Artin symbol [c, Q] 
on the coefficients of the g-expansion. Thus we get the following commutative 
diagram with exact rows (and the section 5 a of z/), 

Aut(9Jl/Qcyc ) Aut(OT/Q) — Gal(Q^^‘^/Q) 

u? 4^ 

Gi(A(°°))/±l 

where l is the Artin reciprocity map in Theorem 2.12. 

After verifying this, we proceed in exactly the same manner as in Step 3 of 
the proof of Theorem 4.14, and we get surjectivity of r out of Theorem 4.13 
combined with the results shown in Section 4.4.3. □ 

The local reciprocity law at CM points is similar to Corollary 4.20 (see 
(rcl-2) in Section 7.2.2 and Theorem 7.7). 
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6.4.3 Siegel Modular Igusa Tower 

We can make the toroidal compactification Myv of (for N prime to p) 
choosing the toroidal compactification data carefully so that the group 
acts on the limit ^ = ^p| 7 vMtv/Z(p) • This is done as follows. Choose 

small No > 3 and a sequence A^ol^i |^2| * • • l^j+i I • • • of positive integers 
so that X) = Fix a simplicial decomposition of C for iVo 

at the cusp oo. We take C sufficiently fine so that M^o is smooth projective 
over Z[Ctvo 7 Then we take the isomorphic image of the decomposition at 
every other cusp. Write this decomposition as Cs for each cusp 5 G 
Using the same decomposition Cs for all cusps of over 5, we still get a 
smooth projective compactification Mj\[^ which is a finite Galois covering with 
Galois group r{No)/ r{Nj) as described in Theorem 6.24. Since the action of 
Sp2n{'^INj7j) over permutes cusps, by our choice, the geometric action 

of r{No)/r{Nj) on Mtv^ extends to the action of Sp 2 n{'^lNjZ) on 
The arithmetic action of GSp 2 n{'^lNj'L) j Sp 2 n{'^ IN jZ) = Gal{Q{(N^)/Q) is 
through coefficients Z[Ctv, which extends to as described in the 

proof of the global reciprocity law (Theorem 6.26). Thus GSp 2 n{'^/NjZ) acts 
on . The action of GSp 2 n{'^lNj^iZ) is compatible with the projection 

map M]\i^ , because the polyhedral decomposition for the level -/Vj+i 

is the same as that for the level Nj. Taking the limit, we get a good action of 

The limit = ]^m gives a smooth compactification over Z(^) 

of keeping the action of G(Z^^^). We then define ^ for 

a closed subgroup C G(Z^^^) with K — G{Zp) x (i.e., a closed sub- 
group maximal at p). In particular, /r{Nj) = M/v^ for all j. By mini- 
mality, on the limit ^ of the minimal compact ificat ions, 

the adele group G(A^^^^) acts naturally. In particular, / K \s 

(v) 

the minimal compactification of Sh^ . 

We go through the same process for 5/i(G, X)/q == ^m and get 

a toroidal compactification M/q = atATtv/q which has the natural action 

of G(Z) extending that on 5/z(G, X). We also define = ^m on 

which G(A*^^^) acts. In this case, we have a smooth toroidal compactification 
= M/K and the minimal compactification = M*/K for all 

closed subgroups K of G(A^°®^). 

We have defined in Section 4.1.6 the Basse invariant H for any semi-abelian 
scheme f : Q S over a characteristic p-scheme with a given base of invariant 
differentials and verified that H G det^*^^”^ where det^ = /*(A^ ^g/s)- 
particular, H vanishes at any point of S where Q has a nonordinary semi- 
abelian scheme as its fiber. Here a semi-abelian scheme is p-ordinary if the 
connected component Q\pY kernel Q\p] of multiplication by p is iso- 
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morphic to etale locally. If Q is an abelian scheme, by the duality, this 
is equivalent to having the etale quotient Q\pY^ isomorphic to (Z/pZ)’^ etale 
locally. Thus we have a well-defined Hasse invariant H G det(^)^^7p) because 

carries a semi-abelian scheme (depending on the toroidal compactifica- 
tion data). 

We pick a lift E e ^ , det(^)^^^“b) (for a suitable 0 < a G Z) 

of the Hasse invariant H of the (universal) semi-abelian scheme G over the 
toroidal compactification . Then we put Sm = (M^^^ 

5;; = Z/p^Z)[^], 5 k , 1 = Si/K, and 5^^^ = S^/K all defined 

over Fp. Since O F - Proj{<&K) for <5k = ©o<, ° , det , 

we have 5^]i = Proj{^K[jj]) = 5pec(0K-[;^]o) (of. [GME] 1.3.2), which is 
affine. Although M^/Fp is projective, det^ is not ample on Mk] so, 5k, i is 
not necessarily affine. 

n 

r ^ 

We define the self-product = Qk XMk x • • ' ^Mk Here Gk 
is the semi- abelian scheme over Mk, which is again given by G/K for the 
limit GjM(p) of semi-abelian scheme Gnj over Mk^. Then the Cartier dual 
Am of the connected component of ^kIp’^] over 5 k, i is an ad- 

ditive Mn(Z/p’^Z)-torsor, because we have ^kIp’^]^ — (etale locally) 
whose Cartier dual is Mn(Z/p’^Z). We take its multiplicative CLn(^/p’^^)- 
subtorsor TK,m = {(^i, . • • , ^n) ^ Ap2 A • • • / 0}- As we show later, 

this TK,m is the m-th layer of the Igusa tower over 5 k,i/Fp- Thus Tk^ttiI Sk,i 
is an etale covering on which Ghni^Lj^^lAj naturally acts. We prove the ge- 
ometric irreducibility of TK,m over each connected component of 5^ for 
all open compact subgroups K maximal at p. 

Let O be a ring. For two given group schemes (on which O acts linearly) 
f : P S and f':P'-^ 5, we define the following functors Isom gfP, P') : 
SCH/s -> SETS and HomcfP P') : SCH/s SETS, 

mmsiP,P')iS') = {<pe Homs'^scH{Ps',Ps')\4> is 0-linear} ^ 

Isom cfP P')(S') = {(j) e Hom g(P P')(S') | 0 is an isomorphism} , 

where Ps' = PxsS' . Let Pm be the Cartier dual of Gk\p^]^ (see Section 3.1.6 
for Cartier dual). Having a homomorphism (p : (Z/p’^Z)y^, — )• PmjS' is just 
equivalent to knowing the destination of the standard base {ci, . . . , Cn} in Pm- 
By assigning (0(ei), . . . , 0(en)) G Am{S') to 0 G Hom5((Z/p"^Z)^, Prn)(*5'), 
the M^(Z/p’^Z)-torsor Am represents the functor Hpm^ ((Z/p’^Z)’^, Prn)- In 
the same way, TK,m represents Isom cffZ/p^Z)^, Pm.)- By taking the Cartier 
dual and taking the inverse of elements in Isom^ ( ^ ] °, /ipm), Tk^tu also 
represents the functor Isom 5 (ppm . G [v '^] ° ) . Each element g G GLn{'^/p'^'E) 
acts on 0 G Isom5((Z/p"^Z)’^, Pm)(5') by (p (j) o g . 

Let VE be a complete discrete valuation ring of the p-adic completion of 
the maximal unramified extension of Qp in Qp. Put W = ip^{W) C Q. Thus 
the residue field F of VE and W is an algebraic closure of Fp. 
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Theorem 6.27 (Chai— Fallings) Let K he an open compact subgroup of 
gf(A(oo)) jYidximal atp. Then the projection 7To(Tx,i) 7To(S'k,i) is bijective; 
so, the pullback in Tk,i of an irreducible component of Sk,i is irreducible. If 
v{K) — , then 5'x,i/Fp are geometrically irreducible. 

This is, of course, a generalization of a result of Igusa (Theorem 3.3). This 
has been proven in [DAV] V.7 showing that the p-adic monodromy group at 
the cusp oo is large. We give a proof via the global reciprocity law. Our proof 
is based on the existence of the smooth toroidal compactification of the Siegel 
modular variety given by [DAV], but our viewpoint is slightly different from 
the treatment in [DAV] V.7, looking into the monodromy of the generic point. 
This viewpoint can be generalized to prove irreducibility of the (generalized) 
Igusa tower for general unitary and symplectic groups over totally real fields 
bigger than Q (see Section 8.4 and [H03a] Lecture 10), which cannot be at- 
tained by the computation in [DAV] of cuspidal monodromy (see the remark 
after Theorem 4.21). 

Proof. We need to prove that TK,m = TK,m is geometrically irre- 

ducible for each geometrically irreducible component Sk C Skp- 

The valuation ring >V is the strict Henselization of in Q associated 
with ip : Q ^ Qp. Since all the assertions are geometric, we may extend 
the scalar of all the schemes involved from Z(p) to W whose residue field is 
Fp, which we have written as F. Since K is maximal at p, it contains P{N) 
for some TV > 3 prime to p, and we may assume that K = P{N). Then 
Mk is smooth projective over W, and hence by Zariski’s connectedness theo- 
rem ([ALG] III. 11.4), geometrically irreducible components of a special fiber 
are in bijection with those of the generic fiber (see the argument just above 
Theorem 4.17 applied to the Hilbert modular varieties). Thus a geometri- 
cally irreducible component of OTtv,i = Gw F is given by (p | TV). 
Since G{'LINII) acts transitively on all other irreducible components, we may 
assume Sn := Write S which remains geo- 

metrically irreducible (because W contains all Z[/i 7 v] for TV prime to p). Let 
S° C S be the subscheme obtained from S removing the cuspidal divisors 
and 5*jp = -M*[^] for the minimal compactification of MJ^ of 

We write ^ for the scheme Tx,a XSk Then write q, for the 
normalization of in TK^ajw- Since is normal at cusps, q, contains 
a GLn{Tjp)-ovhit of infinity cusps. We choose a coherent system of the infinity 
cusps of TJ Q, (indexed by a) and write it as oo. We have a tower of irreducible 
subvarieties {Ga C Ta}a such that the image of Ga in ^ contains the 
infinity cusp. We may identify Gal(Coo/Go) with a closed subgroup H C 
GLn{Tjp). Thus we need to show that H = GLn{Tjp). 

We write the ring B[[S‘^{X)]] for X = TP studied in Section 6.3.6 as a 
g-expansion ring B[[q^]^ for symmetric n x n matrices Here H is a base 
ring. Since we have a (rational) toroidal compactification of for all 

/ G (with a Q[Cw] -algebra B), we have its g-expansion 
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f{q) = with a(C,/) G i3, where ^ runs over positive semi- 

definite n X n matrices with coefficients in Q. The minimal compactification 
of is given by Proj{(3 Thus any element / in the function field 

^ for Tl = l^m can be written as ^ with n,d e 

(3k for a suitable integer ^ > 0, where 0^ is the A:th graded component of 
0. The minimal compactification is projective and can be embedded into a 
projective space using theta series, which has integral g-expansion coefficients 
(cf. [CSM] Appendix II and [AAF] Section 6). Thus for a given / G ^ or 
more generally / in the field of fractions Frac(0) of 0, we can take n and 
d with ^-expansion coefficients bounded under the p-adic valuation ordp of 
W. Thus, the valuation v{n) — Inf^ ordp{a{^,n)) is a well-defined element in 
Q U {oo}. Similarly v{d) G Q is also well-defined. Then we define the valuation 
V : Frac{3) Q U {oo} by v{f) = v{n) — v{d). 

We have an isomorphism r : 8{G^X) Aut(.^) = Aut(OT/Q) of 

topological groups (Theorem 6.26). Since the restriction of r{x) to is 
given by the action of the similitude norm v{x) G composed 

with the Artin reciprocity (Theorem 2.12), r induces another isomorphism 
Gi(A(°°))/{±l} ^4 Aut(fH/Qc„c) = 

We write Vp for the decomposition group in Aut(97l/Q) for this valuation 
V. As seen in the proof of Theorem 3.3, Vp is a closed subgroup of r(f (G, X)), 
and we prove that Vpjlp contains GLn{I^p) for the inertia subgroup Ip. 

The scheme S* is geometrically irreducible, that is, A*(8)wQ and 5*(8)wFp 
are both irreducible. We then construct ~ }im kT^ r^-> 

where K C G{A^^^) runs over all open compact subgroups maximal at p. 
Then T^/S is an etale covering, and we take the geometrically irreducible 
component G^ of containing the infinity cusp, and put G^ — G^ H T^. 
Since the action of GLn{'^p) for the diagonal subgroup GL{n) of G\ commutes 
with the action of Gi(A^^°°^) and coincides with the action of GLnC^p) on 
T^/A°, we have a commutative diagram with exact rows, 

Gal(C^/5°) Aut(C^;S'°) Aut(5°) 

U tu tu 

H (Gi(A<P°°)))/{±l} X ^ Gi(A(p°°))/{±1}, 

where Ant{G^; S°) is the group of automorphisms of G^ that induce auto- 
morphisms of This shows that the irreducible component G^ is stable 
under the action of p G Gi(A*^^^^). In particular, the infinity cusp of G^ is 
sent by g to another cusp of the same irreducible component G^. This shows 
that r(p) for g G Gi(A^^°^^)/{±l} C 8{G,X) preserves v. 

There is another way to show that Gi(A^^^^)/{±l} preserves the val- 
uation V. Let P(Q) = {(od) ^ *^P 2 n(Q)|<^ ^ GI/n(Q)}. We see easily that 
^(od) P{Q)^ •= ^(Q) n G(Q)+ sends g-expansion 

of a modular form to exp(27rzTr(.^6(i“^))g^ Thus the image of 

P(Q)+ in E{G,X) preserves v. For the unipotent radical U of P, the ad- 
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ditive group U{Q) is dense in Thus C Vp, since Vp is a 

closed subgroup. Since is irreducible (if p ] N)^ the action of 
on preserves v restricted to Indeed, the action 

of Gi{A^P^^) on det(^)*^^) preserves v by the irreducibility of 

By the density theorem Theorem 8.3, 

Z)' = {/ e 0 det(w)®'=) ®z Q|^;(/) > 0} 

k>0 

is dense in the space of p-adic module forms of level , Prom this, we con- 
clude that V restricted to is preserved by Gi{A^^°°^)U (Zp) / {±1}U (Zp), 

which is enough to show the stability of u on under Gi(A^^°^^)/{±l} (be- 
cause T{U{Zp)) C r(t/(A(°^)) C Vp). 

The closure of the image of Gi(A^^^^)P(Q) in S{G^X) is in Vp. Note 
that the projection of Gi(A^^°°^)P(Q) into Gi(Qp) contains P(Q) C Gi(Qp), 
which is dense in P(Qp). Thus Vp contains the image under r of 

{(T'°) eGi(Zp)}-GL„(Zp) 

and U{Zp) for the unipotent radical U of P. 

The action of a G GLn{Zp) is given by (A, A, p) i-G (A, A, 77 o a), which in- 
duces the action ip ip o a for a = ® ) • This shows that Gal(G^/Go ) = 

GLn{Zp)^ and hence Tx,a = Ca is irreducible over Fp. □ 

Here is the determination of the p-decomposition group Vp in ^z((Q) • 

Theorem 6.28 LetVp C Aut(A) be the decomposition group of the valuation 
V defined in the above proof. The morphism r in Theorem 6.27 induces an 
isomorphism e G{A^°°'>)\gp e P{Qp), v{g) e Qp Q+| /■Z'(Q) = Vp. 

Proof. We have already shown that r(P(Q)) C Vp and r(Gi(A^^°°^)) C Vp. 
Since r ) with t G A^ acts on the g-expansion coefficients at the infin- 
ity cusp through the Artin reciprocity law, we find that r ( ^ q"" ) with t G 

is in Vp. These elements topologically generate the subgroup of 8{G,X) in 
the corollary. Conversely, if r{g) G Vp for g G G(A^°°^), since r{g) acts by 
v{g) on we find that u{g) G Qp Q+. Thus modifying g by an element 

in P(Q), we may assume that gp G Gi(Zp) for G\ = Sp{2n). Thus we may 
assume that F = Fp. 

Let D = {gp | r(^) G Vp and gp G Gi(Zp)}. By the above argument, we 
need to show that D = P^^\Zp) = P(Zp) n Gi(Zp). For each a G G(Qp), we 
can think of = aG{Zp)a~~^ H G(Zp). Then Shx^, is a covering of 5/1^^ = 
ShG{Zp) in two ways. One is coming from i : Sh^^ 3 ^ ^ 

and the other coming from a : Shx^ 3 [x^g] [x.,ga\ G Sh^^f In other 

words, 201kc, cnn be considered as a correspondence [Gi(Zp)(apGi(Zp)] in- 
side X given by the image of z x a. For a p-isogeny (A, A, p^P^) 
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with ordinary A over a base S on which p is nilpotent, choos- 
ing ordinary level structure (Qp/Zp)^ = A\p^Y^ = and its dual 

inverse pi^ao = = A^[p^Y under the polarization pairing, we have 

two identifications Roms{A^\p'^YYQp/'^p) — ^oms{A^\p^Y^ ,Qp/Zp) = 
and Homs(M[p°°]°, /ipoo) = Honi 5 (M^[p^]^^ /ipoo) = Z^, and ^ induces two 
n X n matrices a^d ^ M^(Zp) (where a sends Hom 5 (A^[p^]®^, Qp/Zp) into 
Hom 5 (M^[p^]^^, Qp/Zp)). The elementary divisor of (o°) is independent of 
the choice of the ordinary level structures. Then Shx^/s[jj]/ 

the Hasse invariant H classifies all isogenies (M, A,? 7 ^^^) \ A, 77 ^^^) (for 
ordinary abelian schemes A) whose elementary divisor is the same as the ele- 
mentary divisor of a. We may restrict ourselves to ordinary locus [jj] 

to study irreducible components of because Shp^ [^] is Zariski 

dense in (e.g., [DAV] V.4.3). We call the pair of elementary divisors 

of a and d the p-isogeny type of which gives a finer invariant of p-isogenies 
than the elementary divisor of a. 

This interpretation of Shx^ (as the moduli of isogenies of elementary di- 
visor type a) also works well over any W-algebra as long as we interpret 
it as a formal subscheme SHk^ of the self-product of the formal comple- 
tion Shjf^ of Sh^pl^] along its modulo p fiber (for a lift E of the Hasse 
invariant). The scheme Sh^^/w is the algebraization of Sh^^/w realized 
as a closed subscheme of x>v (see [DAV] VII. 4) and is finite 

over ShyY;. We count the number of geometrically irreducible components of 
'S'fixc./F = (g)>v F over We write TlajK, (^ = Frac(W)) for 

the unique geometrically irreducible component of Sh^^/Q over Since 

Gal(fOTyQ/fDt^^) = Gi(Zp), by Hilbert’s theory of decomposition of primes 
([BCM] V.5.2-3), the irreducible components modulo triw are in bijection 
with double cosets i^i^^\Gi('Zp)/D for Ka^ = nGi(Zp), since irreducible 
components correspond to minimal primes of the integral closure in the func- 
tion field of TIk^ijc of the valuation ring of v in the function field of 

Let am = 0 " pAn ) • Thus if we can prove 

|iL^^)\Gi(Zp)/D| > |iLT)\Gi(Zp)/iLi^)| 

for all m, we conclude D = P|^ = P^^^Zp), since P^^\Zp) C D. We let 

G(Zp) act on Lm = {Z j p'^ZY'^ by matrix multiplication. We consider the set 
Cm of maximally isotropic free Z/p’^Z-submodules of Lm] so, 

Cm = [V CLm\V ^ [Zjp^ZY and = 0 for all u, v' . 

Then Gi(Zp) acts on Cm transitively. We write Vm for the element of Cm gen- 
erated by the first n standard basis of (Z/p^Z)^^. Then Km^ C AT^) is the 
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stabilizer of Vm in Crn- Identifying Cm with the subgroups of of a generic 

p-ordinary member of the universal abelian scheme , "^m = 

classifies isogenies (p : A ^ A/V whose kernel is free of rank n over Z/p’^Z 
generically. On the special fiber of characteristic p of A, this kernel V — Ker((/)) 
degenerates into a Z/p"^Z-submodule of M[p^](F) = This image is 

determined up to isomorphisms by the intersection I/nM[p^]°(Qp) for the con- 
nected component M[p^]° over W, which also determines the p-isogeny type of 
(j). In [Shi] Theorem 5, if is proven (under some assumptions later removed in 
[DAV] VII. 4) that each irreducible component of ^m/w is determined by the 
characteristic 0 intersection V H A[p’^]°(Qp). We only need a weaker assertion 
that the p-isogeny type only depends on components. Indeed, the p-isogeny 
type is locally constant on by the Serre-Tate deformation theory 

(see Theorem 8.9 and the argument around (8.25)). Thus \Km\Gi{Zp)/ D\ > 
\^m/^\, where V ^ V' if V D (A[p"^]°((Qp)) = V' D (A[p’^]°(Qp)). It is easy to 

show that the number \Cm/^\ is equal to \Km\Gi{Zp) / Km^ \ , which shows 
the desired assertion (and also the bijection between Cml^ and irreducible 
components of We refer the reader to the book of Faltings and 

Chai [DAV] VII. 4 for more detailed information on the mod p correspondence 

[Gi{Zp)apGi{Zp)]. □ 
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Shimura Varieties 



In this chapter, we describe a construction of Shimura varieties of PEL type 
following [Sh5], [D 2 ], and [Ko]. The construction is given in the first section. 
The last theorem (Theorem 7.7) follows basically from the discussion of the 
first section if we limit our groups G to those described in the first section; 
however, the theorem is formulated for more general groups. 

Shimura originally constructed canonical models in the 1950s to the 1960s 
as a tower of quasi-pro jective geometrically connected varieties (over a tower 
of canonical abelian extensions of the reflex field) with a specific reciprocity 
law at special algebraic points (in the case of Shimura varieties of PEL type, 
they are called CM points carrying abelian varieties of CM type; [Sh5]). His 
theory includes interesting cases of canonical models of non-PEL type (e.g., 
Shimura curves 1 q^( 9^) for totally real fields E 7 ^ Q studied in Section 4.3.3), 
but in this book, we restrict ourselves to the case where we have a canonical 
family of abelian varieties over the canonical model (so, the construction of 
the models is easier, as was basically done in [Sh3]). 

Deligne reformulated Shimura’s tower as a projective limit of (possibly 
nonconnected) models over the reflex field (incorporating the theory of motives 
in its scope). We follow Deligne’s treatment in order to avoid the definition of 
the canonical fields of definition of the connected components, although the 
global reciprocity law (Theorem 7.7) essentially contains this information. 

Kottwitz extended Deligne’s definition of Shimura varieties of PEL type 
to a projective limit of schemes over a valuation ring of mixed characteristic 
(0,p), when the level is prime to p. Since we are interested in the formal 
completion at p of the Kottwitz model (and an analogue of the Igusa tower 
over the Kottwitz model), what we use most in the following chapter for p-adic 
automorphic forms is Kottwitz ’s formulation. 

Under the notation we introduced for GL{2) and GSp{2n)^ roughly speak- 
ing, the canonical model of Deligne is given by Sh{G^X)^ the model of Kot- 
twitz is given by Sh^^\G, X), and the model of Shimura is the geometrically 
irreducible component of Sh{G^X) which is the image of X'^ x 1 . 
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7.1 PEL Moduli Varieties 

We construct the moduli of abelian schemes with specific endomorphism al- 
gebra, which is a simple algebra. We fix a rational prime p. 



7.1.1 Polarization, Endomorphism, and Lattice 

Let H be a finite-dimensional simple Q-algebra with center F. We write O = 
Of for the integer ring of F. Let 5 be a set of prime ideals of O over p. We 
always assume 

(unr) We have an isomorphism Dp = D ^qQp = Md{Fp) and Fp/Qp 

is unramified for all p G vS. 

Let * be an involution on D that satisfies TrF>/q{xx*) > 0 for all 0 7 ^ x G 
Doo — D (g)Q E (a positive involution). Here Trjj/q ' D ^ Q is the reduced 
trace Tr of over F composed with the field trace Tip/q- We call such an 
involution a positive involution. We define a subfield Fq of F by the field fixed 
by the involution *. Then Fq has to be totally real because Tr/?Q/Q(x^) = 
Tt^q/q(xx*) > 0 for all x G Fq is true only for totally real fields. Then we 
conclude either F = Fq or F is a totally imaginary quadratic extension of 
Fq (a CM field). If F / Fq, the involution * coincides on F with “complex 
conjugation” which is the generator of Gal(F/Fo). The involution * is called 
an involution of the first kind if F = Fq, and otherwise it is called an involution 
of the second kind. We fix a maximal order Od D stable under * (see [BNT] 
V.l and X.l for orders). It is an easy exercise to show that we can choose a 
maximal order Of stable under any given involution of D. We assume that 
the isomorphism in (unr) induces 

Od,p — Of C)z M(i{Of,p)- 

pes 

We fix a left F-module V of finite type and assume that we have a nonde- 
generate alternating form ( , ) : V x V -7 Q such that (bv,w) = {v,Fw) for 
all 6 G F. Write Vp = V ^q Qp and Voo = V C)q E. We also assume having an 
O^-submodule L C V of finite type such that 

(LI) L0zQ = V 

(L2) ( , ) induces HomZp(I/p, Zp) = Lp, where Lp — ^p- 

Put C — Endi:>(I/), which is a semi-simple Q-algebra with involution denoted 
by i (which is often not positive) given by {cv^w) = (v^c’^w). Then we define 
algebraic Q-groups G, GU, and U by 

G{R) = {x G C (g)Q F|xx^ eR^}, U{R) = {x G G{R)\xx^ = l} , 

and Gf/(F) = {x G C (g)Q F|xx" G (Fo (g)Q F)^ } . (7.1) 
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As before, we write G\ for the derived group of G (and Gt/), and assume 
(sc) Gi is simply connected with noncompact Gi(M). 

By this assumption, we have the strong approximation theorem valid for Gi, 
that is, Gi(Q) is dense in Gi(A^°^^) (see [Kn]). This type of group covers all 
the cases of Shimura varieties we have studied so far. If we take T) to be a 
totally real field F with the identity involution *, V = F^, L = O0c*, and 
((x,x'), {y,y')) = xy' — yx\ we have G = M2{F) with involution x ^ x^ — 
det{x)x~^ and therefore GU = Res/?/QGL(2) and G\ = U = Resp/qSL{ 2 ); 
so, we are in the Hilbert modular case. If we take D = Q with the identity 
involution, V = and L = with (x, y) = • Jgy^ we have G = M2g{Q) 

with involution x ^ Jg^x • and therefore G = GSp{ 2 g) and G\ = U = 
Sp{ 2 g); so, we are in the Siegel modular case. If * is of the second kind, U is 
not equal to the derived group Gi = GU^^'^ = G^^^ , and G\ is often written as 
SU (a special unitary group). We have the inclusion Gi = SU C U C G C GU 
and exact sequences of fppf -sheaves (see Section 8.2.1 for /pp/-sheaves), 

l->G->GAG,n-^l, 1->G-^GGA Resi.^/QG^ 1, 

1 — y SU — y U — y Res/?Q /Q Ker(A^ or?n : Rcsp^ — y — y 1, 

and l^SU^GU Resp/qOm x Resp^/qGm, (7.2) 

where u{x) = xxL 

In order to bring a complex structure into the real vector space Voo = 
V (0Q E, we use an E- algebra homomorphism h : C ^ G^o — G (8)q E with 
h{F) = h{zy. We call such an algebra homomorphism i-homomorphism. Then 
h{i)^ = —h{i) for i — and hence x^ = h{i)~~^x^h{i) is an involution of 

Goo- We suppose 

(pos) The symmetric real bilinear form (u, w) i-^ (u, h{i)w) on Wo is positive- 
definite. 

Thus we have 0 < (xu, xv) = (x, (xx^)x) for all 0 7^ x G Voo and x G Goo, and 
hence xx^ only has positive eigenvalues. In particular, p is a positive involution 
of G (i.e., Trc/q{xx^) > 0 unless x = 0). Such an /i : C — > Goo induces a 
homomorphism h : S := Resc/RGm G/k of algebraic groups over E. We 
can easily verify that this homomorphism satisfies the conditions (Dl-2) in 
the following section, and to have an algebra homomorphism h : C -> Goo 
as above is equivalent to having a group homomorphism h : -7 G/® 

satisfying (Dl-2). Any two homomorphisms satisfying (pos) are conjugates 
under Gi(E)+ (see Section 7.1.5). Fix one such h := ho : S G satisfying 
(Dl-2), and define X = Xq for the collection of all conjugates of ho under 
G(E). On X, G(E) acts by conjugation (from the left), and the stabilizer 
Go C G(E) of ho is a maximal compact subgroup of G(E) modulo center by 
(pos). We can also think of the set Xqu of all conjugates of ho under GI/(E). 
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The connected components Xq and Xqjj containing ho of these two spaces 
are identical. 

Since h : C Coo is an E-algebra homomorphism, we can split Vc = 
V (8)q C into the direct sum of eigenspaces Vc = Vi ^ V 2 so that h{z) acts on 
Vi (resp. V 2 ) through multiplication by 2 : (resp. z); thereby, we get a complex 
vector space structure on Too by the projection Too — Vi. Since h{C) C Coo, 
h{z) commutes with the action of D; so, Vj is stable under the action of 
Dc — D (g)Q C. We get the representation pi \ D ^ Endc(Vi). We define E 
for the subfield of C fixed by {cr G Aut(C)|pi = pi}. If h'{z) = g’h{z)g~^ for 
g G Cf/(E), h! induces a similar decomposition Vc — V{ 0 V 2 , and g induces 
a Z)-linear isomorphism between Vi and so, E is independent of the choice 
of h' in the GU (E)-conjugacy class of h. This field E is called the reflex field 
of (C,X) (and is a canonical field of definition of our canonical models of 
the Shimura variety). By the positivity (pos), the quotient complex torus 
Voo/L — VijL has a Riemann form induced by (•,•). The theta functions with 
respect to the associated Hermitian form (•,•) in (pos) gives global sections 
of an ample line bundle (e.g., [ABV] Chapter I) on VijL and hence embed 
Vi/L into a projective space over C. The embedded image is the analytic 
space associated with an abelian variety A^jc- Multiplication by 6 G Od on 
Vi/L induces an embedding i : D ^ End'^(A/^/c)- Since (bx,y) — (x, 6*p), 
i{b) ^ ^(^*) is induced by the Rosati involution of the polarization of the 
Riemann form (•,•). The representation pi is given by the action of D on the 
tangent space Lie{Ah) = Vi at the origin of A^. Since A^ is projective, the 
field of definition of the abelian variety A^ is a field of finite type over Q. By 
Corollary 6.11, the couple (A^,/. : D ^ End'^(A/i)) is defined over a field of 
finite type over Q. By definition, the field E is the field of rationality of the 
representation of D on Lie{Ah); so, the field of definition of (Ah^t) always 
contains this field E. It would then be natural to expect that the moduli 
variety of triples (A, A, l) for an abelian variety A with D-linear isomorphism 
Lie{A) = Vi is defined over E. 

Since the isomorphism class of pi is determined by Tr(pi) (see [MEG] 
Proposition 2.9), E is generated over Q by Tr{pi{b)) for all b e D. The field E 
is a subfield of the Galois closure E^^^ of F/Q, and F is a finite extension of Q. 
Moreover, under (unr), p is unramified in F/Q. We write Oe for the integer 
ring of F. Let = Zp n Q and put Oe,{p) == O ^(p), 0(p) = O ^(p), 
and V = Oe Gz ^(p)- The ring V is a semi-local Dedekind domain with 
quotient field E in which p is unramified by (unr). 

Let be an open compact subgroup of G(A^^°^^). We study the clas- 
sification problem of the following quadruples (A, A, i, A is a (pro- 

jective) abelian scheme over a base A, ^A — Pic^/ 5 (A) is the dual abelian 
scheme of A, A : A ^A is an isogeny with degree prime to p (prime-to-p 
isogeny) fiber-by-fiber geometrically induced from an ample divisor (polariza- 
tion), i : Oe,{p) ^ End^^^^(A) = End 5 (A) 0z ^(p) is a Z(p)-algebra embed- 
ding (taking 1 to the identity of A) with A o i{a*) ~ H(a) o A for all a G Od, 
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and 77^^^ is the level -structure. In other words, regarding as a left 
OD-module by Od ^ b ^ ^i{b*) G End(^M), A is D-linear. Hereafter we call 
A D-linear in this sense. The base scheme S is assumed to be a scheme over 
Spec(V). 

We clarify the meaning of the level -structure Fix a base (geo- 
metric) point s G S and write Ag for the fiber of M at s. We consider the 
Tate module T{As) = ^ tvH[A/'](A:(s)) and V^p\A) = T{A) 
where N runs over all positive integers ordered by divisibility. The prime- 
to-p level structure = V (S>q = V^^^Ag) is an Od~ 

linear isomorphism. The duality pairing ejv : x ^A[N] /in composed 

with A gives, after taking the limit with respect to N ^ an alternating form 
(.,-)a : X AF-)(1) := Q (see (Pl-3) in 

Section 8.2.3). Hereafter we require that pF) send the alternating form (•, •) 
to (-,-)a up to the scalar multiple by (AF°®))><. This is possible, because 
= AF°°) up to the scalar multiple by (A^^))><. Then pF) is re- 
quired to be an isomorphism of skew Hermitian D-modules with respect to 
the pairing (•, -)a on T{A). 

The algebraic fundamental group 7ri(*S, s) (cf. Section 4.4) acts on V^^^{Ag) 
leaving the skew Hermitian form (•, -)a stable up to the scalar (because it 
keeps the Weil CA^-pairing; see [ABV] Section 20). We write pF) for the orbit 
o and suppose that a o for all a G s) (this is a way 

of describing that the level structure 77F) is defined over S). Even if we change 
the point s ^ S, everything will be conjugated by an isomorphism (as seen in 
Section 6.4.1); so, the definition does not depend on the choice of s as long as 
S is connected. For nonconnected 5, we choose one geometric point at each 
connected component. 

As examples of iL^) and open compact subgroups of G(A^®^^), we could 
offer the following subgroups for L = L 0z Z, 

f = |x e G(A(°°qa:L = l} , = |x e r\xp = l} ; 

r{N) = |a; 6 r\xi = i mod NL Wi £ L for an integer p | > o| . 

An open compact subgroup K = Kp x AT^) of G{A^^^) is called maximal at 
p if Kp = Dp for the p-component Dp of D as above. 

Since a maximal compact subgroup of GLd{V{A^^^)) = AutDA(F(A^°°^)) 
is the stabilizer of a Z-lattice in stable under a maximal order Od^ 

we find a lattice L with L (E)z stable under K^p\ where Z^) = Hr/p 
for £ running through all primes different from p. Changing L by a sublattice 
of p-power index if necessary, we may assume that L satisfies the conditions 
(Ll-2). We call a quadruple A^g — (A, A, 2, isomorphic to A'^g = 

{A', \' A' ! s if we have an O^-linear isogeny cf) \ A ^ A' defined over S 
such that p I deg((/)), 0*A' = o A o <p = cX with c G '^^pp <j)oio (j)~^ = i', and 

fj'^P^ = 0 o 77F). Thus (j) brings the prime-to-p polarization class A = {cA'|c G 
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of A' to the class A of A: 0*A = A. In this case, we write A ^ A\ We 
write A = A' A the isogeny is an isomorphism of abelian schemes; that is, 
deg(0) = 1. 

We take the fibered category C = Coy of the quadruples (t 1. A, i, 
over the category V-SCH of V-schemes and define 



Home,, ((A, A, z, y),s. {A', A', s) 



Hom5(A, A’) (8)z Z(p) 



^(j) o X' o (p = cX with 0 < c G 
(p o i = i' o (p and — <p o 



(7.3) 



We consider the functor : Sq-SCH SETS given by 

£ip)(^S) = S^^\S) = |ii/5 = {A, XA,t1^^^)/s\ a satisfies (det) belowj / . 

Here the determinant condition (det) is given as follows. Recall V Oe 
Zi^p^ for the integer ring Oe of E. As already remarked, V is a semi-local 
Dedekind domain with quotient field E. The condition (unr) guarantees that 
Oo^V/m is semi-simple for all maximal ideals m c V. We choose a Z(p)-base 
{oij}i<j<r of Oo,{p) and consider a homogeneous polynomial 



/(ti, . . . , t^) — det(aiti + attr\v^ ). 



Then f{t) G V[^i, . . . , ^r], and the coefficients of f{t) generate E over Q. Here 
Oe is the integer ring of E. Since A/5 is a group scheme, its tangent space at 
the zero section has a Lie algebra structure over Os- We write Lie{A) for this 
Lie algebra. Since A is smooth over S', Lie{A) is a locally free C95-module of 
rank dim5 A (see [NMD] Proposition 2.2.5). In our case, for a given quadruple 
A = {A,XA,fj^'^^)/s^ the Lie algebra Lie{A) of A over Os is an Oo,(p) 0z Os- 
module via i. Since Lie{A) is locally free of rank dim5 A over Os, we can think 
of g{ti, . . . ^tr) = det{aiti + • • • + ttrtrlLze(A)) ^ C)s[ti, - - - , U]- Wc imposc 

j(/(ti, . . . Tr)) = - ■ ,tr) in Os[t], (det) 

where j : V -G O5 is the structure homomorphism. Since f{t) contains as 
coefficients all data of the characteristic polynomial of pi(o:), this condition 
is equivalent to (det) in Section 6.1.6. Over a field of characteristic 0, one 
can characterize representations of a semi-simple algebra by their trace, but 
over a general base, we need (as explained in Section 6.1.6 around the con- 
dition (det) there) the entire characteristic polynomials to determine a given 
representation; so, the determinant has to be fixed as above. 

In the rest of this section, we give a sketch of a proof of the following 
theorem. 

Theorem 7.1 Let the notation and the assumptions he as above. If the open 
subgroup K of G(A^°°^) maximal at p is sufficiently small, the functor 
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iv) 

is representable by a quasi- projective smooth scheme over V. For any 

(v) (v) 

K maximal at p, the coarse moduli scheme of Sff exists as a quasi- 

projective scheme of finite type overV. If D is a division algebra and V = D, 
projective over V. 

Even if = F and V = with n > 1, Sh^^^ is projective if the Hermitian 
pairing (•, •) is anisotropic (i.e., {v,v) = 0<^v = 0forvG V), because the 
polarization pairing has to have an isotropic subspace given by the toric part 
of the semi-abelian scheme if the universal abelian variety degenerates into a 
semi-abelian scheme. 

The generic fiber of the variety Sh^^^^ actually could be a finite dis- 
joint union of Shimura varieties Sh^^\G, Xq) associated with different pairs 
(G,Xg) in the sense of Deligne, depending on the choice of {D, V, (•, •)) and 
G, because our data only determine the Hermitian form (•, •) over not 

over D; so, if the Hasse principle fails for such Hermitian forms (i.e., the 
isomorphism class of (V^cpoo) , (•, •)) over does not determine uniquely 

the isomorphism class (V, (•,•}) over F), there could be different groups G/q 

associated with the functor This delicate point is studied later in Sec- 
tion 7.1.5. 



7.1.2 Construction of the Moduli 

If two abelian schemes A and A' over S are isogenous by a prime-to-p isogeny 
over 5, we write A ^ A\ abusing our notation slightly. If is sufficiently 
small so that Aut 5 (H, A, i, the prime-to-p isogeny giving the 

isomorphism A ^ A' in the definition of can be taken (as explained in 
Section 4.2.1) to be an isomorphism by changing A' in the isogeny class under 
“ss” (and insisting rj^F(^]^{p)^ ^ T{A) (g)^ cf. [Dl] 4.10). Therefore we 
have = £k{S) for another functor Sk ■ SGH/y SETS given by 

£k{S) = [A/s\ a w g £^^\S) and = T{A) Z'p)} / ^ . 

Here Ajg is an abbreviated form of (M, A, i, Under this setting, we 

change the morphism set of E /5 from Homc/^ to Isomc/^: 



Isomc/s {{A, A, i, (.4', A', i', v'^^^)/s) 



= < 0 G Isom5(H, X) 



^(j) o X' o (p = cX with c G , 

, o i ~ i' o (p and — p ofj^F 



(7.4) 



Then we claim that the fibered category C over V-SGH is an algebraic stack 
for any given and is an algebraic space if Autc^^(H) = { 1 ^} for all 

objects A of C/S‘ See [DM] and [DAV] 1. 4. 6-9 for the definitions of algebraic 
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(v) 

stacks, but this statement is basically equivalent to the fact that has a 
coarse moduli scheme over V (compatible with base change). Indeed, if 

(v) 

is sufficiently small, £j^ is representable by a quasi-projective scheme over V 
as we show. 

Forgetting D-linearity of and restricting i to Q, we have a functor 
from Cd,v into the fibered category Cqy of {A, for D = Q for a 

suitable choice of an open compact subgroup GSp{2d){A^^^^) (d = dim^d = 
I dimQ V). As we have shown in Theorem 6.20, this fibered category is proven 
to be an algebraic stack and is representable by a quasi-projective scheme 
M = Mq/i? by Mumford (see also [GIT], [Sh3], [GSM], and [DAV]). 

We now supplement the above outline with details. We show that we 
can replace by = in the definition of the functor imposing an ad- 
ditional condition. Let = (A, A, i, Then induces = 

and, therefore, we have C for 

If t]^p\L^p^) C T^p\A), the cokernel is an etale group subscheme C C A/ s 
locally free over S of rank prime to p. Make the quotient abelian scheme 
A' = A/C over S (see [ABV] Section 12 and [GME] Proposition 1.8.4), and 
then we have a prime-to-p isogeny (j) \ A A' with Ker((/)) == C. We then 
consider W = (A', A', i/ /s given by A = (/> o A' o (/>, i' [a) = (po z(a) o 
and = (j)OTf^P\ Then A^ satisfies p'^'^\l^p^) = T^p\A). 

If p^p\L^p^) D T^p\A), we can find a prime-to-p isogeny A^ — > A such that 
(j) o T]'^P^ = T]^p\ A' = (/> o A o 0 , i\a) = (j)~^ o i[a) o <p and p'^^\l^p^) = T^p\A). 
This fact follows from the canonical identification T(A) = 7 Ti(A, 0) for the 
origin 0 of A (see [ABV] Section 18). 

If neither p^p\L^p^) C T^p\A) nor p^p\L^p^) D T^p\A), we can find two 

prime-to-p isogenies A ^ A/' and A/ A/' for = {A", A", i" , /s so 

that p''^^\l^p^) = p^P\L^P^)r\T^P\A") and p'^^\l^p^) = T^p\A'). Thus we 
can always find in the prime-to-p isogeny class of a given Ay^, a quadruple 
A/5 with p'^^\l^p'^) = T^P\A'). 

li (j) \ A/ s :A/s is ^ prime-to-p isogeny with p^P^L^P^) = T^p\A) and 
p'^p\l^p^) = T^p\A'), then deg(0) = 1 and Ay^ = Ay 5. by (p. Thus insisting 
rjiP){L^p)) = T^P){A), we can replace ^ by = in order to define the functor 

■ In other words, 

4^ A) = ^k{S) = {4/s|(det) and ^ . 

The functor defined in this way can be proven to be representable (as now 
show) by a V-scheme S'h^yy. 

Since F^p^\N) for N prime to p gives a fundamental system of neigh- 
borhoods of the identity in G{A^p^^), we may assume that K = r{N) = 
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X Fp. We only need to show that Coy is relatively representable 
over the Mumford moduli Mq given by Theorem 6.20. In order to emphasize 
the dependence on (D, V, (•, •)), we write for the functor 8^ with respect 
to K and D. Write 2d = dimQ(I/). Then d = dim 5 M for G £^{S), 
and d is independent of the choice of by (det). For simplicity, we as- 
sume that the polarization pairing ( , ) in (L2) gives the self-duality of L. 
We then identify with GSp 2 d{'^) the similitude group of ( , ) acting on L. In 
this way, we let GSp 2 d{R) act on V{R) = V (8>q R- Write Kq for the open 
compact subgroup of GSp 2 d{R^°^^) maximal among those preserving L and 
the level N structures (the group Kq was written as F{N) in Section 6.4.1). 
Then Kq H G(A^^)) = iL and iL = F{N) C G{hS^^). As described in Theo- 
rem 6.20, 8ko is representable by a quasi-projective scheme M = Mq = 
defined over Z(p). Let A = be the universal quadruple over 

M with the universal abelian scheme A G A. We consider the functor from 
M-SGH into SETS'. 

T/s ^ [(At, At A • Od ^ EndT(AT))|i(l T>) = idA, Ajn^ o G o At = i o . 

This functor is representable by a scheme (Corollary 6.11). Since the 

level structure on A gives rise to a level structure of (AT,i), we 
have a triple A = (At, i, ^^^^)/ t- Thus 8^ is a subfunctor of the above 
functor. Again by the rigidity of endomorphisms under specialization (de- 
scribed in Section 6.1.6), 8^ is represented by a closed subscheme Sh^^jy 
of Mjj whose connected components are (each) finite over Mq. We show 
that Sh^^ is of finite type over Mq (so it is projective and finite over Mq). 
Take a geometric point x G Mq; suppose that we have i \ Od ^ EndA 
as above, which gives rise to a geometric point y G Sh^p . For a given T, 
if T is connected, End(AT) Cz Q is a semi-simple algebra of finite dimen- 
sion with positive involution (see [ABV] IV). Thus the number of embedding 
D ^ End(AT) CzQ is finite up to inner automorphisms. Moreover, the num- 
ber is bounded by a constant only depending on the dimension of A, that is 
d, because dim(EndT(AT) Cz Q) is bounded by 4d^ (e.g., [GME] Theorem 
4.1.19). If one changes i by an inner automorphism induced by a G End(AT) 
and if we suppose that (At, A, ry^^^) is still an element of f^(T), it is 

easy to see, by the condition that = T^^\A) combined with (Ll-2), 

that a has to be an automorphism of At- Since automorphisms of an abelian 
variety preserving a given polarization are only finitely many by the positivity 
of the polarization ([ABV] Theorem 5 in Section 21), there are only finitely 
many possibilities of 'having i : Od ^ End (At) that give rise to an ele- 
ment of 8^{T). Thus Sh^^jy -g Mq/v is quasi-finite. Then the projectivity of 
each connected component of Sh^^ over Mq implies the finiteness of the map 
Sh^^ y Mq. If K is small, the morphism is unramified and finite. Actually, 
one can show that the morphism Sh^^ y Mq is a closed immersion (over Q) 
if N is sufficiently large (cf. [Dl] 1.15; see Section 8.4.2 in the text). 




312 



7 Shimura Varieties 



The rigidity of endomorphism of abelian schemes under specialization com- 
bined with the deformation theory of abelian schemes tells us, for N suffi- 
ciently large, is finite over Mq/v and smooth over V (see Theorem 8.8, 

the remark after the theorem, and [LaR] 6.2). 

Although we assumed that L is self-dual, replacing GSp 2 d by the simili- 
tude group of (•,•) (which is a conjugate in GL{2d) of GSp{2d)) and using 
the Mumford moduli for the positive square root (Pffafian) D of the 

discriminant of (*,•), we can easily generalize the above argument to a given 
(nonself-dual) polarization of degree prime to p. 

If Z) is a division algebra and V = the Shimura variety is known to 
be projective over V. Indeed, if the image of Mjj intersects with the cuspidal 
divisor of the toroidal compactification Mq described in Section 6.3.6, the 
pullback of the semi-abelian scheme to Mo yields a non-abelian semi- 

abelian variety Qo/k with D C End^(^/;c) as a fiber over a geometric point 
Spec{k) G Mo‘ Since is not an abelian scheme, its toric part T C Go 
is nontrivial and stable under all endomorphisms of Gd (rigidity of the toric 
part; see [NMD] 9.2). Thus D acts on its character group X{T) <S>z Q, whose 
dimension over Q is less than dim Gd = | dimQ V. This is impossible since 
Tdinko V = 1. Thus Mo never intersects with the cuspidal divisor of Mq and 
hence is projective (by the valuative criterion of properness). This finishes the 
proof of Theorem 7.1. We record here a byproduct of our proof. 

Corollary 7.2 Suppose the pairing in (Ll-2) induees a self-duality on L. 
Then forgetting Oo-H'i^ear structure induces a finite morphism of 

Sh^P into ShP^{GSp{2d)^ X) and induces a finite unramified morphism if K 
is sufficiently small, where 2d = dimQ V and T is the symmetric space of 
GSp{2d){m). 

(v) 

We now replace prime-to-p isogenies in the definition of by isogenies 
and prime-to-p structure by the full level structure p : = V{A). 

We define a functor Sp : E-SGH SETS given by 

Sp (S) = = {A, X,i,fj) /s\ A satisfies (det) and (pol) below| / . 

Here is up to isogeny (not up to prime-to-p-isogeny ) . Let : § — > 
Autc(ZZi(A, R)) for S = Resc/M^^m be the homomorphism inducing the Hodge 
decomposition of Hi{A,C) (see just above (pol) in Section 4.2.1). Note that 
Vs{A) — iZi(A, A^°°^) = iJi(A, Q) (8 )q and recall the condition (pol) 

adjusted to our setting: 

(pol) There exists an D-linear isomorphism f : V = Hi{A,Q) such that 
f~^ohAof e Xg, (/ i 8 > 1 a ( oo )) G \rioK) and EA{f{x)J{y)) = a{x,y) 
up to a E , 

where Ea is the Riemann form on Hi{A,Q) (see [ABV] Section 1). This 
condition really determines the group C as a similitude group of Ea under 
the identification by /. 
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In the same way, we can prove the representability of the version f 
of the functor replacing in the definition of f prime-to-p-isogenies by 
isogenies. The new functor therefore gives rise to the Shimura variety 
Sh{G^X) defined over the refiex field E. Recall the warning we made after 
Theorem 7.1: the condition (pol) is not imposed in the definition of so, 
restricted to E'-algebras may be a disjoint union of 8^^^ for a different 
choice of an alternating form on V which is locally equivalent to (•,•). This 
subtle point is studied in Section 7.1.5. See Theorem 7.7 for the description 
of the variety Sh(C,X). 

Depending on the data at the cusps governing toroidal compact ificat ions, 
a semi-abelian scheme is constructed in [DAV] (see Section 6.3.6). Then 
even in the quasi-projective (but nonprojective) case, a similar argument using 
Corollary 6.11 (applied to in place of A/Mq) gives a scheme projective 

over the smooth toroidal compactification Mq of the Mumford moduli Mq. 
Since the endomorphism algebra of an abelian variety A/j^ for an algebraically 
closed field k (after tensoring Q) is semi-simple, there are only finitely many 
possibilities of embedding D into End/e (A) (8)z Q np to conjugation. Thus 
the morphism Mjj — > Mq has finite geometric fiber everywhere; that is, 
the morphism is quasi-finite. Since the scheme is proper over Mq (see 
Corollary 6.11), it has to be finite. Thus writing u = /*Ca/Md for / : A ^ 
Md and defining det((p) by its maximal exterior product, we can define a 
graded algebra: 

oo 

= 0ijO(MD,det(w)®"). 

n=0 

Moreover, as seen in Section 6.3.6, Mq = Proj{^q) and hence we have the 
minimal compactification of SHk defined by = Proj{(5^) finite over 

M^. __ 

The smoothness of Mj^j^ around the cusps for a well-chosen cuspidal 
datum was shown by Fujiwara for G and GU of types A and C ([F]). If we 
choose the cuspidal data for GSp{2d) and G so that they are compatible 
(in other words, so that the pullback of the semi- abelian scheme over Mq is 
the semi- abelian scheme over Mo associated with the cuspidal data for G), 
this guarantees that the g-expansion parameter is well defined over V and 
projectivity of M o over V (if the level is prime to p), because it is finite over 
projective Mq. 

Even if K is not very small, we always have a coarse moduli scheme Sh^p 
representing the functor 8^ over V. The above arguments all work well. We 
write Shx for a toroidal compactification of SHk and for the minimal 
compactification. Since the natural morphisms 

^ Mq SHk Mq 

are quasi-finite and projective, they are finite. Let V be the image of 
in Mq. Then V = Proj{^]^) for a graded algebra which is the quotient 
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of 0Q . Then, assuming the existence of smooth toroidal compactification of 
SHk, we have, for any open compact subgroup K C maximal at p, 

S/iJ, = Proj(©g). (Proj) 

Here 0^ is the integral closure of 0|^ in the total quotient ring of 0|^. This 
follows from the fact that is smooth outside cusps, and at the cusps, if K 
is sufficiently small, is finite over Mq (and normal over V). The graded 
algebra 0^ is the graded algebra of automorphic forms on G if dim SHk > 1 - 



7.1.3 Moduli Variety for Similitude Groups 

Recall that Fq is the subfield of F fixed by the involution *. We write Oq 
for the integer ring of Fq. We have formulated the moduli problem for the 
group G with similitude norm z/ : G ^ Q. But we can consider polarization A 
modulo totally positive elements in for Vo = Go ^(p) • Then we obtain 
the classification problem for the To-similitude group GU/q. Note that the 
connected component of the symmetric spaces of GU and G are identical 
and that GU has a nice property that its center Z = Kesp/qGrn is cohomolog- 
ically trivial (i.e., i7^^(Gal(M/Fo), Z{M)) = 0 for all Galois extensions M j F q] 
Hilbert’s Theorem 90). 

The group Res/?/QGL(2) (for F = Fq, D = F , and V = F‘^) we considered 
in Section 4.2 is a group of this type; so, we have a detailed exposition of 
the Shimura variety of GU in this special case of Hilbert modular functions. 
Although we have written this group as GU, as this example shows, the group 
GU may not be a unitary group. 

We now give some details of the Shimura variety for general GU . To define 
the moduli problem of abelian schemes associated with GU/q, we need to 
modify slightly the morphisms of the fibered category We define a new 

fibered category ~ A^^\ over V-SGH to be the category of quadruples 

Aiq — {A, X, i, for mod K, where K C GU (A^^^) is a closed 

subgroup maximal at p. Recall that Oq is the integer ring of Fq and that 
Vo = Go Gz ^(p)- Again Vo is a semi-local Dedekind domain under (unr). 
Then we define 



Hom^ ip) (A/s^A'/s) 



= < 0 E Hom(A, A') Z Z(p) 



(j) o X' o (j) = X o i(a) with a E Vq^^ 
(/) o i = i' o (j) and = (j) o 



(7.5) 



where V(f_|. indicates the group of totally positive units in Vo- We then consider 
the functor 

satisfies (det)| / se, 

where ~ indicates isomorphism classes in 
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We may allow all isogenies as morphisms to define the category (with 
full level structure) and define a functor from E-SCH to SETS by 

^'k \^) ~ 1 ^/ 5 1 satisfies (det) and (pol) below| / 

where ~ indicates isomorphism classes in Note that Vs{A) is canonically 

isomorphic to Hi{A, = Hi{A,Q) <S>qA^^\ Recall 

(pol) There exists a i9-linear isomorphism f : V = Hi{A,Q) such that 
(/0 1 a(oo)) G (770 iV), f-^ ohAof e Xg, and {f{x),f{y))x = oi{x,y)o 
up to a G Eq , 

where Tr^;^Q/Q((-, *)a) = ^a(-g) for the Riemann form Ea on Hi{A,Q) and 
similarly Ttf^/q{{x -)o) = (•, •). 

In the Hilbert modular case, we constructed the modular variety first rep- 
resenting the functor with a fixed polarization. Since = {l}^ fixing 

polarization is a moduli problem of G(Q) = {^ G GL 2 {E)\det{g) G Q}, 
because of = Sp(^xi) proven in Section 4.2.1. Then we extended the 

construction to GU = Res^/QGL(2) by forming quotients of a disjoint union 
of the G-moduli dJlc by subgroups of = u{GU{Z)) (like construction of 
ia Section 4.1.2). In the general case of GU, the Hermitian symmetric 
domain is the same for G and GU. The group GU is the similitude group 
of the Hermitian pairing (•, -)o : R x V -G Fq given by Ttp^/q{{x *)o) = (•, •). 
As we show in Section 7.1.5, the local equivalence class (the genus class) of the 
Hermitian alternating form (•, -)o under GU is trivial, but modulo G(Q), there 
may be several subclasses (giving rise to a finite number of unitary groups 
G^/q with G^(A) = G(A); see Remark 7.4). Following the same process (as 
in the Hilbert modular case), starting from a disjoint union [_\^ Sh{G^, X) of 
Sh{G^,X) (and making quotients by subgroups of z/(G^(Z)) = z/(G(Z))), the 
above functors and can be proved to be representable if K is suffi- 

ciently small. We write Sh{GU, X) /p (resp. Sh^^\GU, X) ly) with X = Xqu 
for the scheme representing (resp because in this case, we prove 

that S/iR) xv F ^ Sh{GU,X)/GU{Zp) in Theorem 7.5. 

The compactification of the moduli space Mk also can be done as de- 
scribed above. The only point we need to make explicit is that if the class 
A of polarizations modulo multiplication of totally positive elements in Vq^ 
is defined over S, we can always find a representative A defined over S. In 
other words, for each geometric point s G S, if the action of tti{S,s) pre- 
serves A, then the question is, “Can we find X \ A ^ A well defined over 
S?” Taking an etale finite Galois extension S' / S over which A is well de- 
fined, we have a Galois 1-cocycle c : GA{S' / S) 3 a ^ X^~^ with values in 
the trivial Gal(5VS')-module Vq^_^ = Vq^ H Fq^. Since Gal(5V*S) is finite and 
c : Gal(5V5) —> Vq^ 4 _ is a homomorphism with values in a torsion-free module, 
we find c is trivial, and A is indeed defined over S. 




316 



7 Shimura Varieties 



We can also show that 2 A is globally induced by a line bundle on A rela- 
tively ample over S as follows: picking one symmetric polarization A, the pull- 
back L^{X) by 1 X A of the universal line bundle over A Xs ^A/A (the Poincare 
bundle) is always ample and is equal to 2A (see [GIT] Proposition 6.10); so, in 
the class A, we can always find a polarization globally over S associated with 
a line bundle on A. 



7.1.4 Classification of G 



We define an algebraic group Gq/Fo by Gq{R) = {x G C Gfq R\xx^^ = l} 
Fo-algebras R. Then we have U = ResFo/Q^o. The involution * of H either 
induces a nontrivial involution on F (a positive involution of the second kind) 
or the identity map on F (a positive involution of the first kind). If * is of the 
second kind, F is a CM field over the totally real Fq, and * coincides on F 
with the unique nontrivial automorphism over Fq (see [Sh] and [ABV] Section 
21 ). Then Go is an inner form of a quasi-split unitary group over Fq. We call 
this case “Case A” and call the group G “type A” (following the classification 
of Lie algebras; see [BLI]). 

When * induces the identity map on F, then F = Fq is totally real, and 
the group Go is an inner form of either the symplectic group (Case C and the 
group of type C) or an orthogonal group of even variables (Case D and the 
group of type D). We have (cf. [Sh] Sections 1 and 2 or [Ko] Section 4) 



Goo 




Mk{Cy^ and x"' = R/xIs^t 
and x^ = J^xJj^^ 
and x^ = —i^xi 



in Case A, 
in Case C, 
in Case D, 



(7.6) 



where HI = R -h Mi + - 1 - Rk is the algebra of Hamilton quaternions, Iq is the 

set of all field embeddings of Fo into R, Jk = ( ) and = (V -p ) 

as before, and x h-f x is either complex conjugation or quaternion conjugation. 

There are type-B (orthogonal) groups admitting Shimura varieties, but 
they are non-PEL type except for the case when the signature is either ( 2 , 2) 
or ( 2 , 1 ) (and hence the groups are isogenous to the product of inner forms 
of PGL{2)). In Case D, the simple connectedness (sc) fails, but the argument 
proving Theorem 7.1 still (almost) works assuming p > 2 (see [Ko]), and we 
get When is sufficiently small, SHk is smooth over V. This follows 

from the fact that the deformation ring of a quadruple (A, A, i, 77 ^^^) is always 
formally smooth (see [LaR] 6.2, also Theorem 8.8 in the text and the remark 
after the theorem). If G = EndF)(K) is a division algebra (<t^ F is a division 
algebra and rank^ V = 1 ), as we have already seen, is projective. 

Since the stabilizer Go of the fixed ho G X in G(R) is a maximal compact 
subgroup modulo center by (pos), the connected component of X is isomorphic 
to the symmetric domain R = G(R)/Go- An explicit form of F as a classical 
bounded matrix domain is given in [Sh] (see also [ACM] Chapter VI for the 
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domains in Cases A and C), along with an explicit method of constructing 
all possible analytic families of abelian varieties over the domain. We have 
computed % already in Section 5.2.2 for unitary and symplectic groups (which 
are groups of types A and C). The complex analytic space 5hx(C) is given by 
G(Q)\G(A)/i^Co = G(Q)\(X x G(A^°^^))/AT, and its connected component 
is given by F\9{ for F = (gKg~^G(R)'^) H G(Q) with a suitable g E G(A^°°^). 

7.1.5 Generic Fiber of 

In the definition of the functor the structure of the Tate module 

= F[i{A^Q) (g)Q is specified modulo K for a test object 

(A,A,77(^)) over a characteristic 0 field inside C. However, this information 
may not uniquely determine the D-Hermitian structure of i7i(A,Q) which 
supplies us with the exact information of the algebraic group giving rise to 
the Shimura variety; so, the variety representing the functor may 

be a disjoint union of the reduction modulo p of characteristic 0 Shimura va- 
rieties associated with different groups locally isomorphic to each other (but 
not globally). We study this point in this section to relate to the char- 

acteristic 0 fiber of the Shimura variety. 

A (D, *)-Hermitian form (•,•) is a symmetric bilinear form on V with 
values in Fq such that (5x, y) = (x, b^^y) for all x^y E V. The given alternating 
form (•, •) : V X V ^ Q can be uniquely lifted to an Fo-linear alternating 
form (-,-)o :VxV^Fqso that (•, •) = ^)o). Pick {A, E 

for an extension field k/E inside C. Similarly, the Riemann form 
Ea on i7i(A(C),Q) with values in Q can be uniquely lifted to an Fo-linear 
alternating form (•, *)a so that Tr/?Q/Q((-, -)a) = Ea{', •)• Then the test object 
(A, A, supplies us with the following information. 

The F-module Va := Fi(A(C),Q) with Fo-linear Riemann form (•, -)a : 
Va X Va ^ Fq and an isomorphism ■ y (g)^ = Va 

sending (•, -}o to (•, *)a up to the constant in Oq 

The Shimura variety Sh{GU, X)je is defined for the group GU ; so, our ques- 
tion is if the above data are sufficient to determine GU (i.e., to verify (pol) 
using information only from defining data of There are three points to 

check: 

(1) {Vr, (•, -)o) = {Va (•, -)a), and for any two /.-homomorphisms C ^ 

Goo are conjugates under G(R); 

(2) (Rp,(-,-}o)-(K4^qQp,(-,-)a); 

(3) the Hasse principle for the alternating form (•, -)o- 

First we prove (1) following [Ko], Section 2. Recall that Iq is the set of all real 
embeddings of Fq (regarded as the set of all Archimedean places of Fq). For 
any semi-simple F-algebra B and a F-module M, we put = B 0Fo,a 
and Mcj = M (g)Fo,a K; so, Fr = F (g)Q M = Yi^eio ^ OcrG/o 
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Each Dcr has positive involution induced by *, which we still denote by *. Now 
a (D, *)-Hermitian form on is a symmetric R-bilinear form with (bv,w) = 
(v^b^w) for all v,w e We start with 

Lemma 7.3 Let (•, •) and (•, -)^ be two positive- definite [D^^)-Hermitian 
forms on Then there exists c G Cf such that {cv,cw) = {v^w)' for all 
v,w e Vcj. 

Proof. The Hermitian form (•, •) (resp. (*, •)') induces an identification 0 : F^ = 
Va HomK(Fcr,R) (resp. f' : = V^)- We regard Ifr as a Dcr-module by 

/ fob*. Since (j){bv){w) = (6u, w) = (u, b*w) — (f{b*w), we find c\ = 
is an element in Auto^iVa) = Cf. We find (ciu,ic) = (/){cv){w) = o 

4)'{v)){w) = {v,w)' . Since the two forms are {D, *)-Hermitian, we find C\ = c^. 
Consider the set = {c G Ca\P = c and c > 0}, where c > 0 <t4> {cv^w) is 
positive-definite. Any positive-definite symmetric inner products of a finite- 
dimensional real vector space are equivalent over R (Sylvester’s theorem), 
is therefore isomorphic to a positive subcone of the space of positive- 
definite symmetric matrices of EndM(Fo-). In particular, log : = log(C+) 

and exp : log(C+) = are well defined by the standard power series expan- 
sions. Therefore, we have c = ^cT = exp(log(ci/2)) in C+, which gives the 
desired element satisfying {cv^cw) = (c^v^w) = (civ,w) = (v^w)'. □ 

If we have two /.-homomorphism fi, : C ^ Cfj, we have two Hermitian 
forms (v,w) = {v,h{i)w)o- and {v,w)' ~ {v , h' {i)w) ^ - We find c G with 
{v,h'{i)w)cj = {v^wf = (cv,cw) = {cv, h{i)cw)o- = {v,c^h{i)cw) a- This shows 
that h' {z) = c‘^h{z)c. Since h{i)h{—i) — h{i)h{iy — 1, we verify cF = 1 
because cF G so, h and h' are conjugates under Co(To,cr)- 

The Hodge decomposition H^{A,C) = H^{A, Ha/c) ® in- 

duces, by Poincare duality, an isomorphism : C — > End(CiR) so that hA{z) 
acts on H{A, Qa/c) by multiplication by z and on H{A, Q a/c) by multipli- 
cation by z. By the theory of Lefschetz-Poincare ([ABV] Section 1), the Her- 
mitian pairing {x, hA{i)y) x is positive-definite. Since Va Qe = V 0Q 
for a prime V = Va as D-modules by faithfully flat descent for Q^/Q. 
Thus applying the above argument to (u, w) — (u, h{i)w) for G X and 
{v,w)' = {v^hA{i)w)x, we conclude La is a conjugate of h under Gi(R); 
so, hA ^ X. Now we apply the above argument to (v^w) as above and 
{v,wY = {v,h{i)w)x] we conclude (1). 

As for (3), we consider a functor Q : k ^ Isom((F A:, (•, •)), (F/^, (■, -)a)) 
for number fields k. Here the isomorphism preserves the alternating forms up 
to elements in (Resp^/QGm){k) = {k Gq Fq)^ . The group GU acts on the 
functor by (j) ^ (j) o g; so, obviously Q gives a Gt/-torsor (i.e., a principal 
homogeneous space over GU) defined over Q. As is well known (see [GCH] 
1.5 and HI.l and [Sp]), the GU-toisors are classified by the (non- abelian) 
Galois cohomology set H^Q^GU) = (Gal(Q/Q), GN(Q)). Thus the proof 
of (3) boils down to showing injectivity of the (diagonal) restriction map 
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H^{Q,GU) H^{R,GU) x for g = 1 (the Hasse principle 

for H^q.GU)). 

For groups of types B and D, G\ is not simply connected; so, often the 
Hasse principle fails (cf. [GCH] III. 4. 7 and [Knl]). Thus we assume one of the 
following two conditions which guarantees the condition (sc). 

(Bl) The involution * on is a positive involution of the second kind 
(Case A); 

(B2) The involution * is of the first kind, and = D (g)Q M = Md{F^) for 
Tm = F (g)Q R (Case C). 

These conditions eliminate groups of types B and D. 

We now prove (3) under (Bl) or (B2). We consider the exact sequence: 
I ^ QU ^ 1 for cocenter of GU. Then by the long exact 

sequence associated with the above short exact sequence, we get the follow- 
ing exact sequence (see [Sp] Proposition 2.2), i7^(Q, Gi) H^{Q^GU) 

Since Gi is simply connected (of type A or C), it is known 
that i7^(Q, Gi) is trivial (see [Knl]). Thus we need to show either that 
Er^(Q, Z^^) = 0 or the Hasse principle holds for iL^(Q, Z^^). We write 
Tk — Res^/QGm for a number field K. When the group is of type C, 
ZGU ^ Tf, because GU is either KesF/qGSp{2g) for totally real F or a 
similitude group of a Hermitian form over a totally indefinite quaternion al- 
gebra over F (see [We]). Then F^(Q, Z^^) — 0 for type C groups GU follows 
from Hilbert’s Theorem 90. 

If the group GU is of type A, it is a unitary group; so, taking r with Ga = 
Mr{C)^ we find Gi = {x E G\Nc{x) — u{x) ~ 1} for the similitude norm 
u{x) = xx^ and the reduced norm Nc : G ^ F. Since G is of dimension 
over F, we find that Nc{x)Nc{xY = v{xY for the generator c of Cal(F/Fo). 
This shows that Z^^ = {(x,y) E Fp xTfq\F^f/Fo{x) = If r = 2m is even, 
we have Z^^ ^ Ti x by sending (x,y) [xy~^^y) E Ti x Tfq for Ti = 

Ker(A’p/PQ : Tp -E Tp^). From the exact sequence, 1 -E Fi ^ Tp -E Tpo -E 1, 

we have another 1 ^ Ker(A^p/pJ -e F^ jE< ^ -E 1. The 

vanishing of iL^(Q, Tp) follows from Hilbert’s Theorem 90. This shows that 
F^(Q, Z^^) = iJ^(Q,Ti) = Fq^/A"p/Pq(F^) for which the Hasse principle 
holds (the norm theorem of class field theory for cyclic extensions). Thus the 
Hasse principle holds for F^(Q,GG) as desired. 

Now assume that r is odd. Let Zi = pr be the center of Gi. Then we 
have an exact sequence of groups 1 Zi{Q) -e Z{Q) -e Zgu{Q) R 
because over Q, GU ~ (GL{r) x Gm)^°- Since F^(Q, /i^) is the kernel of 
multiplication by r of the Brauer group of Q (Rummer’s theory), the Hasse 
principle holds for i7^(Q, /i^) (class field theory; see [BNT] XHI.3). For 
the same reason, Hasse’s principle holds for i7^(Q,Tp). Since Z = Tp, by 
Hilbert’s Theorem 90, L7^(Q, Z) = 0. Then by the short exact sequence, 
0 - FHQ,Z) ^ HYQ.ZGU) iL2(Q,/x,) -E F2(Q,Z), we conclude the 
Hasse principle for F7^(Q, Z^^) and hence for F^(Q, GU). This shows (3) for 
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GU. The Hasse principle sometimes fails for G of type A (but in a rather 
harmless way; see Remark 7.4 and [Ko] Section 7). 

Now we prove (2). Let Oc = {x G G\xL = L}. We need to prove that 
if L'p is a self-dual Oi:>,p-lattice oi Vp = V 0Q Qp under (•, *)o, then we have 
an element g G GU{Qp) such that gLp = L^. We can do this at each place 
p of Fo above p. By (unr), Od,p = Yl<:p\p This shows that Oc,p = 

riqjip -^r(Oq 3 ). Thus we may assume that d = 1 (replacing L by eL = for 
the ^-invariant idempotent e = diag[l,0, ... ,0] G Od,p)- Then the existence 
of ^ G U{Qp) C GU{Qp) as above follows from [EPE], Lemma 5.9 (note here 
any self-dual lattice of Vp is maximal in the sense of [EPE], Chapter I). There 
is another proof in [Ko], Section 7 reducing the result to a theorem of S. Lang 
on the vanishing of iL^(Fg, H) for a connected algebraic group H over a finite 
field Fg. When the group G is of type D, G may not be connected; so, the 
proof of (2) for such groups may also fail. 

Since the proof in the case of groups of type C is easy, let us give more 
details of Case C. In this case, Lp = Op for an even integer r. Choose h e G so 
that h' Lp = Lp. Then the {x^y) i— > (Fx, h'y)o induces a new skew Hermitian 
form (•, -)i on L^; so, we need to find h G Oq such that {hx^hy)i = (x,2/)o* 
Take xi,yi G Lp with (xi,yi)o a unit in Op. Changing y\ by u~^y\^ we may 
assume that (xi,yi)o = 1. Then Lp = {OpXi T Opyi) © (OpXi + Opyi)^. By 
induction on rankLp, we find that (*, *)o is equivalent to (x,y) i-G xJrj 2 ^y on 
Op. Similarly, (•, -)i is equivalent to (x,y) i-G xJ^j^y on Op, and we find the 
desired h G Oc with (hx, /i^}i = (x,y)o. 

Remark 7.4 If G is of type A, Kottwitz proved that © F is a union 

of the Shimura varieties Sh{Gi^ X) j Kp for different unitary groups Gi with 
G^(A^^)) ^ G(A(°^)) indexed by i G Ker(iLi(Q,G) -> Thus 

if Basse’s principle fails for iL^(Q, G), the functor is bigger than over 
F-algebras (see [Ko], Section 8), although Sh{G^X) and Sh{GU^ X) share the 
same neutral component. Thus to have the identity ©v E = ShjGilLp)^ 
we need to have the cohomological triviality condition ((CT) in the following 
subsection) for the center © of the group G. 

We have proved that {GU, X) ©y F = Sh{GU, X) !GU{Zp) for GU of 
types A and C, because we recover the polarization condition (pol) from the 
data defining For each (Aq, over Fp, by deformation theory of 

abelian schemes due to Grothendieck-Messing ([LaR] 6.2, [Zi], and [CBT]; see 
also Theorem 8.8 and the remark after that), we can lift the triple (Aq, Aq, 
to a triple (A, X,p^P^) over W = W{¥p) (the ring of Witt vectors with coeffi- 
cients in Fp). Indeed, there is a canonical lift if Aq is ordinary corresponding 
to the Serre-Tate coordinate q = 0 under (unr) (see Sections 8.2.4 and 8.2.5). 
Then for the quotient field KL of W, we find that (A,X,p^P^) G 

and the universal deformation space of {Aq, Xq,Pq^^) is a formal spectrum of 
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a power series ring over W, and hence X) is smooth over V. We 

have proven 

Theorem 7.5 Suppose (unr) and one of the conditions (Bl-2). Then the p- 
integral model Sh^^\GU, X) representing is smooth over Oe^{p), cind 

we have Sh^^\GU,X) E = Sh{GU, X)IGU{Zp) / e, where GU{Zp) = 

{x G G7/(Qp)|xLp = Lp] . 

7.2 General Shimura Varieties 

We describe canonical models of Shimura varieties of PEL and non-PEL types 
as well as the global and local reciprocity laws characterizing the variety in a 
succinct way for our later use. 

7.2.1 Axioms Defining Shimura Varieties 

We first formulate Shimura varieties as in Deligne [Dl] and [D2], and in many 
places, our exposition follows Milne’s expository article [Mi], Chapter II. We 
consider a reductive group G/q with G(M)^/Go isomorphic to a Hermitian 
symmetric domain We write the adjoint group of G as G®^ = G/Z in 
this section (which was also written as PG before). We can identify X~^ with 
a connected component of the set X of the G(R)-conjugacy class of a fixed 
homomorphism (of real algebraic groups) ho : G/j^ whose stabilizer 

(under conjugation) is Gq. Each maximal compact subgroup of Gi(E) can be 
given as the centralizer of such a homomorphism. In other words, we have 
the origin 0 G and the corresponding homomorphism ho : S ^ G with 
centralizer Go in G(M). We write x G X when we consider x geometrically 
as a point of the symmetric domain of G and write : S ^ G/j^ when we 
consider x G X as a homomorphism. 

We start with such a pair (G, X) and require (G, X) to satisfy the following 
four axioms. 

(Dl) For each x G X the Hodge structure on Lie{G) defined by the ho- 
momorphism hx is of type {( — 1, 1), (0, 0), (1, — 1)}. In other words, 
Ad{hx{z)) ( 2 : G = §(M)) has only eigenvalues 1, and 

(D2) For each x G X, p hx{i)ghx{i)~^ is a Cartan involution of the adjoint 
group Gy^ = PG/5^; so, the centralizer of hx in Gi(R) is a maximal 
compact subgroup. In other words, the involution gives the twisted 
complex conjugation (which we referred to in the introduction) making 
the centralizer of hx the subgroup of real points of a real algebraic 
group. 

(D3) The adjoint group G^q has no factor defined over Q whose real points 
form a compact group (this condition excludes a case we treated in 
Section 4.3: G — Ge = ResE/qD^ for a definite quaternion algebra D 
over a totally real field F). 
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(D4) The identity component = Z°(G) of the center Z = Z{G) of G 
splits over a CM field. 

In addition to these conditions, we assume the following two extra conditions 
to avoid technicality. 

(SC) The derived group Gi of G is simply connected (this condition excludes 
some orthogonal groups of type B and groups of type D but includes 
their Spin and Clifford covering groups). 

(CT) The center Z of G is a cohomologically trivial torus. 

Here (CT) means the vanishing of the Galois cohomology H^{F,Z) — 
iJct(Cal(Q/F), Z(Q)) for each finite extension F/Q (see [MFC] Chapter 4 
for Galois cohomology). Thus the group GU satisfies the condition (GT) as 
we already remarked but the group G in (7.1) may not. 

Example 7.6 We quote the following three types of the pairs (G,X) satis- 
fying the above six conditions (DIM), (SG) and (GT) from [MiS]. 

A. (Unitary groups: type A groups) Let be a central simple algebra 

over a totally imaginary quadratic extension F over a totally real field Fq 
(a CM field over Fq) having a positive involution * inducing nontrivial 
automorphism c on F/Fq. We write Iq for the set of real embedding of 
the totally real field Fq. The group G/q is given by 

G{k) = {g e (D (g)Q k)^\xx' e {Fq <^qk)^} 

for Q-algebras k. Then G(E) = Ylaeio GU{rria,na), where 

GU {rn^ n) ^X G GZ/772+n(C) ^ ^rn^n 

with Im,n = ( V -ifc )• Then X is the G(M) conjugacy class of ho : S = 

^ G(M) given by z zlr^ )) • These are included in the 

groups we have defined in (7.1) (this is the case where V = D and hence 
C = under the notation of (7.1)). 

B. (Orthogonal groups: type B groups) Let g be a quadratic form on a vector 
space V over a totally real field F such that it has signature 

(m^, rio-) G {(d, 0), (0, d), (d - 2, 2), (2, d - 2)} 

on Va = V (8)f,ct M (d = dimp V). We suppose that dimp V > 3. We write 
Is for the places of F where q has signature (d — 2, 2) or (2, d — 2). We 
put Ir = I — Is- Then G = Kes p/QGpin{q) for the special Clifford group 
Gpin{q)/p for q. By definition, 

Gi(K) ^ p Spin{d- 2, 2){R) x p[ 5pm(d, 0)(K). 

crG/r 
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We follow [Si] for the description of the origin ho : S ^ G(E) of X. 
Decompose ho = Her and = 1 if (j G /r- Write 

y \ G = ResF/qGpin{q) Resp /Q{Gpin{q) / Spin{q)) = Rcsf/qG^/f 

for the lift of the similitude map by Gpin{q) GO{q)^ and define the 
involution O G by gg^ = ^{q)- For cr G G, take two orthogonal vectors 
61,62 G V <S>F,a ^ with q{ej) = —1 for j = 1,2. Then in the Clifford 
algebra, G = ^ 1^2 satisfies = —1 and G — ~ja- Then h(y{a + by/^) = 
a + bjer ^ Gpin{qa), where qa is the quadratic form induced on V C)F,cr ^ 
from q. 

C. (Symplectic groups: type C groups) Let G/f be a quaternion algebra (we 
allow D = M 2 {F)) for a totally real field F. Let V be a free left D- 
module of rank d. Write l for the involution on D given by x-hx’^ = Tr(x) 
and xx^ — N{x) for the reduced norm and trace N^Tr : D F. Let 
Id = {o' G /|D (g)F,cr — M2(M)} and = I — Id- We suppose that 
Id ^ We consider a nondegenerate symmetric form ( , ): V x V F 
such that (bx^y) = (x,Fy). Then, for Q-algebras h, 

G{k) = {g e AutD®cjfc(l^ k)\{gx,gy) = u{g){x,y)] , 

where y{g) G {F Cq k)^ for g G G(h); that is, 1 / : G ResF/Q^^m is a 
morphism of group schemes. We assume that ( , ) induces a positive- or 
negative-definite symmetric form on V a ^ o E I^ . Then G(R) = 
Uaeio GSp 2 d{m X n.e/o GGHi(d, 0), and the space X is the G(M) con- 

jugacy class of /iq : C 9 z = a + i-> (( GL au)) ^ 

Here 

GGH(d, 0 ) = {xe GLd{M)\xx^ = y{x) G M^} 

for the algebra HI of Hamilton quaternions. If there is no component iso- 
morphic to GUu in G(M), this type of group is included in the groups we 
have defined in (7.1). 

We fix an origin 0 G which we assume to be the one given in the above 
examples when we are in Cases A, B, and C. We first consider the Shimura 
variety over C in Deligne’s sense, 

Mc(G, X)(C) = ^ kG{Q)\G{A)/KCo, (7.7) 

where Go is the centralizer of ho in G(M) and K runs through open-compact 
subgroups of G(A*^^^). This projective limit can be identified set-theoretically 
with 



Mc(G. A)(C) = G(Q)\ (x X G(A(“))) /Z{Q), (7.8) 



whe re the action is given by y{x,g)z = (yx,yxz) (7 G G(Q) and z G Z{Q)) 
and X(Q) is the closure of Z(Q) in G(A^^^) (see [D2] Proposition 2.1.10 and 
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[Mi] pages 323-324). We write [x^g] for the complex point of the Shimura 
variety represented by the pair x £ X and g G When G is given by 

GU of type A or C in (7.1), GU (Q) / GU (Q ) acts on 7 To(A’) transitively; so, 
we can rewrite (7.8) as 

Mc{G,X){C) = G(Q)+\ (x+ X G(A(°°))) /zJ^. 

We recall the amalgamated product G(A^^^) *g(Q)+ G^^{Q)^ defined in 
(4.30). We let G^^(Q) act on G(A^°®^) by conjugation, and we make a semi- 
direct product G(A^^)) x G^^(Q)+, where G^^(Q)+ = G^^(Q) n G^^(M)+ 
for the identity-connected component G^^(M)+ of G^^(M). We write G(Q)-|_ 
for the subgroup of G(Q) whose image in G^^(Q) falls in the identity- 
connected component of G®^(R). We embed G(Q) into the semi-direct product 
G(A^°°^) X G“‘^(Q) by 7 i-G ( 7 “^ x ad{'y)). Then the image of G(Q) is a nor- 
mal subgroup of G(A*^°^^) x G“^(Q)+. We then define G(A^"^^) * G^^(Q)+ by 
G(A^°^^) X G“^(Q)+/G(Q). This group acts on Mc(G,X) on the right by 

[x,g]{g' X 7 ) = [j~Hx),{gg')'^], 
where g^ = t~^gt. The action is well defined because we have 

[-i~^a{x),{agg'y\ = [a^-f~'^{x),a^{gg'y] = [y~^{x),{gg'y\ = [x,g]{g' x 7 ) 
and [x, 5 f]( 7 ~^ x ad{-i)) = [7“’'(a;), ( 37 '^)^] = g] 

for a ,7 G G(Q). 

7.2.2 Reciprocity Law at Special Points 

Since S/c = x by 2 : (^,^), for any morphism of algebraic groups 

p : G ^ GL{V) defined over Q for a Q- vector space V, the composition pohx 
{x e X) gives a double grading on V Gq C (a Hodge structure). Deligne’s 
viewpoint is to regard the Shimura variety over C to be a modulus of such 
Hodge structures with additional restrictions ([D 2 ] Section 1 ). More boldly, 
one might expect that a given Shimura variety Sh{G, X) is a fine modulus of 
a specific family of motives, since each motive has a natural Hodge structure 
of its Hodge realization (see [D 2 ] Introduction, [Mi] II. 3, and [Mi 2 ]). In the 
case of a Shimura variety of PEL type, by construction, it is a fine modulus 
of specific abelian schemes up to isogeny; so, it is a modulus of the motives 
H^{A) associated with abelian varieties A. Via this heuristic, we expect that 
Mc(G, X) has a canonical model defined over a specific number field, the 
refiex field we now introduce. 

We can pull back to Gm by putting pix{z) = hx{zA)^ getting a homo- 
morphism px • Gm ^ G defined over C. Let Mx{G) be the conjugacy class 
of the homomorphism pq : G^r^ ^ G. Then A1x(C) is the set of complex 
points of an algebraic subvariety of G. Let E — E{G^ X) be the smallest field 
of definition of Aix^ that is, the fixed field of 
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{a e Aut(C)|cr(A^x(C)) = Mx{!C)}- 

Thus is a finite extension of Q, which is known to be a totally real field or 
a CM field. This follows from the classification of the pairs (G, X) satisfying 
(Dl-3) done in [D 2 ] 1.3.8, showing that E{G, X) is a subfield of the fixed field 
K of the subgroup of Gal(Q/Q) fixing the Dynkin diagram D associated with 
the pair (G, X) ([D 2 ] 2.3.5). In Aut(G), complex conjugation is in its center, 
and hence K is either a totally real field or a CM field ([I AT] 5.11). The field 
E is called the reflex field of (G, X) (which used to be called the dual field). 

A point X e X is called a special point if there exists a maximal torus 
Tx C G defined over Q such that hx has values in Ta,(M). A point [x,g] G 
Mc(G, X) is called special if x G X is special. By definition, we then have 
Px • Gfm Tx- Let Ex be the minimal field of definition of px^ and write E^^ 
for the maximal abelian extension of Ex- The field Ex is a CM field containing 
E given by the fixed field of {a G Aut(C)|cr o px — px ^ a}. This induces the 
following homomorphism of algebraic groups. 



Nx : ReSf 









> Res 



Norm 






^Tx^G. 



We then define the reciprocity map Vx : Gdl{E^^/Ex) — > Tx{A^^^)/Tx{Q) 
as follows. For each r G Gal{E^^ /Ex), take an idele t G {Ex Gq A)^ giving 
rise to by the Artin reciprocity map. Then define Vxir) = (Nx{t^°^^) 
mod Tx{Q)). It is easy to check that the image only depends on r. 

A scheme Sh{G,X) over E = E{G,X) is called a canonical model or the 
Shimura variety of Mc{G,X) if the following two conditions are met: 

(rcl) Sh{G, X)0 eC^ Mc(G, X); 

(rc2) If [x,g] G Mc(G,X) is special, then [x^g] G Sh{G^ X){E^^) under the 
above isomorphism and r{[x,g]) = [x,rx{r)g] = [x,g ' rx{r)^] for all 
r G Gal{E^^/Ex), where rx{r)^ = g~^rx{r)g. 

The condition. (rc2) for G = Res^/QGL( 2 ) (for a totally real field F = Eq) 
is the local reciprocity law in Section 4.2.3, but in this general case, it is a 
requirement for Sh{G, X)/^ to be the Shimura variety of (G, X). When (G, X) 
comes from the algebra and D-module V as in Section 7.1, special points 
are those points on Sh{G, X) carrying abelian varieties of CM- type, and (rc 2 ) 
follows from the main theorem of complex multiplication (Theorem 4.19) as 
we have proven (rc 2 ) (i.e.. Corollary 4.20) for the Hilbert modular variety. 

By (7.8), we find [x,jg] = [r~'^x,g] (7 e G(Q)). For 7 G E{Q), j(x) = x 
if X is special with respect to Thus [x,'^rx{T)a\ = [ 7 “^(a:), rj;(r)a] = 
[x^rx{r)a] is well defined without ambiguity. Since the set of special points is 
Zariski dense (actually, it is dense also in complex topology; see [Dl] 5.1). In 
all three cases (A, B, C), the existence of the canonical models is known (see 
[Sh5], [Si], [Dl] 4.21, 6.4, and [D 2 ] 2.7.20). More generally, if the pair (G, X) 
has a symplectic embedding into {GSp{2N)^ Son LJ ij^v) as in [D 2 ] 2 . 3. 2-3, 
the complex proanalytic space Mc{G,X) admits a unique canonical model 
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Sh{G^X) ie{g,x) (see [D2] 2.7.10). This type of Shimura variety is called a 
Shimura variety of abelian type. See [Mi] II for a discussion covering a more 
general type of Shimura variety. 



7.2.3 Shimura’s Reciprocity Law 

In this subsection, we reformulate Shimura’s tower of geometrically connected 
canonical models in Deligne’s language. Each member satisfies an intricate 
relation under the action of the group as described in [Sh5] II. 5 and 

[MiS] Theorem 4.6, but we only describe the tower; so, we do not discuss this 
point here. _ 

We now define, following [D2], p : H ^ Hi iov the universal covering H 
of the derived group Hi of each reductive group ET/q. Then we put 

7t{H) = HiA)/HiQ)p{H{A)) 

and write xqit{H) for the group of connected components of tt{H). We put 
7fo7r{H) = 7To7r(i7)/7ro(i7(M) + ), where i7(R)+ is the inverse image of the iden- 
tity component of H°'^{R). We consider the following exact sequence 

1 — >Gi — >G ^ ^ 1 (7.9) 

for a torus (called the cocenter of G) defined over Q. Recall px = • 

^m/c G/c- For each x G X, we look at the composite px = l^x • 

Z^ . Since {px}xex belongs to one conjugacy class X, px is independent of 
X and is defined over E — E{G^ X) by the definition of the refiex field E. We 

can thus define A : KesE/qGm Z^ by the composite of Res£;/QGm — 
Rose/qZ^ and Rose/qZ^ — XE p . We define a homomorphism 

£ : 7To7r(Res£;/QG„) = ^El/E^) ^ G^\{E^y E) ^ Tfoix{G) 

following [MiS], page 929. Here we identify ttq{E^/E^) with Ga\{E°'^ / E) 
sending a prime element w e E^ C Fp at a prime ideal p to the geo- 
metric Frobenius at p (thus compatible with the Artin reciprocity law; see 
Theorem 2.12). This homomorphism was defined by Deligne in [D2] (2.6.2. 1) 
as tiqN e/qQm (using an intricate but explicit argument in terms of tor- 
sors without assuming (SC), [D2] 2.4-6). By (SC), the strong approxima- 
tion theorem affirms (see [DI] Theorem 2.4) that 7ro7r(G) = = 

7ro(Z«(A)/ZG(Q)) via y. The • homomorphism A gives rise to a homomor- 
phism of 7ro7r(ResB/QGm) = tto{E^/E'^) into = 7To(Z'‘^(A)/Z'^(Q)). 

Thus we have 



tFo^(G) = Z^{k)/ZG{X) + ZG{Q)x{Zm). 

Composing A with the projection: xqtt^Z^) — tiq7t{G) itq7t{G), we obtain 
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1 : 7ro7r(Res£;/QGm) = tto{E^/E^) A = ttq ^ 7To7r(G). 

Let t be the subfield of fixed by Ker(£). We then define a topological 
subgroup = Q{G,X) C G{A)^ by the commutativity of the following 
diagram with two exact rows, 

1 ^ G(Q)+G(M)+ ^ G(A)+ > 7fo7r(G)-^l 

llj I ujf (7.10) 

1 G(Q)+G(E)+ > Q{G,X) > Gal(V-E) — ^ 1. 

a 

Here G(Q)+ is the closure in G(A) of G(Q)+ = G(Q) H (G(A(^))G(M)+), 
and I restricted to Gal(Q^^^A/L^) coincides with (the inverse of) the Artin 
reciprocity map (cf. Theorem 2.12). In Shimura’s paper [Sh5], II, the notation 
5+ is used for the group ^(G, A), which is the notation used in [MiS], 4.13. 
As is shown in [MiS], 4.12-13, Q{G^X) gives the stabilizer in G(A)+ of the 
geometrically irreducible component of Sh(G,X) containing the image of the 
identity of G(A). 

Let Z be the set of subgroups K of Q{G,X) satisfying the following two 
conditions, 

1. Z(^G(M+) C A; 

2. A/Z(Q)G(E)+ is open in 6^(G, A). 

We recall that we fixed an origin 0 G X^ C A. We then identify A with 
G(M)/Go for the centralizer Go of Hq. The origin is taken to be ho as exhibited 
in (A-C) in Example 7.6. We take the geometrically connected component 
V/e of 5h(G,A) containing the image of the identity of G(A) and define 
'^KjkK = H/A as a geometrically irreducible variety defined over hx, where 
kK is the fixed field of <j{K) in L Then this family of geometrically irreducible 
varieties {Vx}Kez satisfies many fine properties as described in [Sh5] II. 5 (see 
also [MiS] Theorem 4.6), which characterize the tower {VK}Kez of canonical 
models. 

Define ^ = Urez for the function field kK{VK) of SHk over kx- 

Then we have the following global and local reciprocity law (we have proved 
this at least for Hilbert modular varieties in Theorem 4.14 and Siegel modular 
varieties in Theorem 6.26). 

Theorem 7.7 (Shimura, Deligne, Milne-Shih) There exists a canonical 
group homomorphism r : ^(G, A) — > Aut(^/A) characterized by the following 
five properties. 

(1) The kernel of r is Z(Q)G(R) + ; 

(2) For a ^ Q{G,X), r{a)\i = cj{a); 

(3) For any a G G(Q)+ C q\g,X) and z G Sh{G,X), r{a){f{z)) = 
f{a~^{z)) for all f e 
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(4) For each special point z G and f E f{z) G if f is defined at 

z, where is the connected component of X containing 0 . Moreover, 
if f is defined at special z G X^, then r[rz[p)){f) is defined at z and 
P(/W) = T{rz{p))if{z)); 

(5) The map r defines a topological isomorphism of G{G,X)/Z{Q)G(R)^ 
onto an open subgroup of A\it{^/ E) . For every K E Z, we have r{K) — 
Aut{^/kK{ShK))- Here A\xt{^/E) is equipped with the Krull topology as 
described in Section 2.3. 

This theorem has been proven by Shimura in [Sh5], II in Case C. After some 
work by students of Shimura, the general case in the theorem is covered by 
Milne-Shih [MiS], Theorem 4.13. Our formulation here follows [MiS] and is dif- 
ferent from Shimura’s formulation in which he uses r{x~^) for r in the present 
notation to make Galois action as a right action. We followed Shimura’s for- 
mulation in Theorem 2.43, and this point is obvious from r{a){f) = f o a in 
Theorem 2.43 which is the inverse of r{a) in (3) above. Note here that the 
group r{Q{G, X)) is not just an open subgroup of the field automorphisms of 
^ but also the subgroup of scheme automorphisms of Sh{G,X) over E. 

The cokernel of r also can be described explicitly as a subgroup of 
Aut(F/Q) in Cases A, B, and C, and in these cases, one can extend the 
group Q{G,X) to describe explicitly the full automorphism group Aut(.^/T^) 
(see [Sh5] II, [MiS] 4.7 and 4.14, and [H03b]). In the proof of [MiS], one of 
the key ingredients of the description of the full group is the determination 
of Aut(C.^/C) by Miyake [Mt], and in [H03b], the theorem of Fallings and 
Zarhin (Theorem 4.13) is used in place of Miyake’s result. 
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Ordinary p-Adic Automorphic Forms 



We first describe a formal theory of false automorphic forms and find a set 
of conditions for nearly ordinary p-adic cusp forms to have vertical control. 
After this, we describe deformation theory by Serre-Tate of abelian varieties 
in order to prove the divisibility by the character value in (5.40) of the 
Hecke operator associated with an element ^ of the expanding semi-group 
D in Section 5.1.2. By this, we have well-defined p-integral Hecke operators 
Tp(^) on coherent cohomology groups and therefore well-defined nearly p- 
ordinary automorphic forms. Verifying the set of conditions on sections of 
automorphic vector bundles of a given (projective) Shimura variety of PEL 
type, we prove the vertical control theorem for automorphic forms on the 
Shimura varieties. We also state a similar result for quasi-project ive Shimura 
varieties of quasi-split unitary groups without a detailed proof. At the end, we 
prove the irreducibility of the Igusa tower over the ordinary locus of symplectic 
and unitary Shimura varieties, reducing the problem to the Siegel modular 
case. By means of the Serre-Tate deformation coordinates, even when the 
Shimura variety does not have a cusp, we are able to define an analogue of 
the p-adic valuation v (in (4.36)) of its arithmetic automorphic function field; 
so, the irreducibility can be proven even for projective symplectic and unitary 
Shimura varieties of PEL type. 



8.1 True and False Automorphic Forms 

We describe the theory of false automorphic forms for a formal analogue of 
the Igusa tower. In our application, we remove nonordinary locus from the 
modulus Mj\Y^ of abelian schemes of PEL type and write SmiWm 
ordinary locus. The scheme for 0 < m < oo is obtained by inverting the Hasse 
invariant. For m = oo, we define a formal scheme by Soo = |im^5m- If 

we choose a lift E G of the Hasse invariant and define S/w = 

Soo is the formal completion of S along its special fiber modulo p. In 
this setting, sections in H^{Sooj<^^) are called false automorphic forms. On the 
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other hand, sections in are called true or ‘‘classical” automorphic 

forms. The theory is a formal generalization of the work of Deligne-Katz in 
the elliptic modular case (see [Kl] Appendix III). 

The main purpose of this section is threefold: 

1. Approximate p-adic automorphic forms by finite sums of classical forms; 

2. Define the p-ordinary projectors e and eo; 

3. Find a set of (axiomatic) conditions that guarantees the VCT. 

8.1.1 An Axiomatic Igusa Tower 

Recall the mixed characteristic complete discrete valuation ring W with 
residue characteristic p. Let tu be a uniformizing parameter of W. Set Wm = 
Wjp^W. Let 5 be a fiat FF-scheme. We put Sm = S Xw IWn* Then Sm is a se- 
quence of fiat FFrn-schemes, given with isomorphisms: Sm-\-i^Wm+i 
We write Sqq for the formal completion ]^rnSm of S. Let P be a rank g p- 
adic etale sheaf on the 5mS; thus, P/Sm+i induces PjSm^ ^ ~ |im nPIv^P^ 
and Pn ~ P/p^P is an etale twist of the constant sheaf (Z/p’^Z)^. 

We can slightly generalize our setting and could suppose that there exists 
a finite extension F/Q with integer ring O = Op and a homomorphism O ^ 
End5^(P) such that Pn = (O/p'^0)^ for all n locally under etale topology. 
Since we can transfer any of our results to this slightly general situation, 
just replacing Zp by Op = O <^z we state our result only for P with 
P^ = (Jjjp^TLY . This simplification also allows us to save some symbols. 

We write 7Tm,n • Pm,n = Isom^^ (Pn, (Z/p’^Z)^) — > Sm for the finite etale 
5ni-scheme representing the following functor, SCH js^ -> SETS, 

{tt : X Sm) ^ Isomorphisms 'ipn ■ Pnix — 

The representability follows from the theory of Hilbert schemes as we have 
seen (see Section 6.1.5). Indeed, by -0 we have 

Isoms^ (Pn, = Isom5^((Z/p"Z)^Pn). 

Since 0 : (Z/p’^Z)^ = Pn is determined by (0(ei), . . . , tp{cn)) for the standard 
base (ei,...,6n) of (Z/p^Z)^, we find that Isom^^ ((Z/p’^Z)^, Pn) is repre- 
sented by the open subscheme of P^ given by 



{(V'(ei),. . . ,'0(e„)) G P® I V'(ei) A • ■ ■ /\^p{en) 7^ O} . (8.1) 

Because P^/Sm is etale, Tm^niSm stale. Since each geometric fiber of Tm,n 
over Sm is isomorphic to GLg{Z/p'^Z) everywhere, it is faithfully fiat and 
finite. Therefore Tm^n is affine over Sm- We define fon,n = P^(Pm,n, 

The group GLg(Z/p^ZZ) acts on Tm,n by 0 x0 for x G GLgiZjp^Z) 
without fixed points, and we have Tm,nl Pn,n' — Tm,n' for ah E ri, where 
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G GLg{Ij/p^'L)\x = 1 mod | . 

Then we have a tower Vm,o C Vm,i C • • • C Vm,n with Vm,o = ^5^)- 

We put Vm,oo = Un and Tm^oo = ^n^m,n- Similar to (4.13), we put 

V mFrn.oo and V = ^m rn^Kn.oo • (^-^) 

On these modules, GLgiXp) acts naturally, and for a closed subgroup H C 
GLg{Zp), we have for the submodules fixed by H: 

V" = and (8.3) 

Indeed, Too, 00/ H = for the finite image Hm C GLg{Zlp^Z) of 

iJ, and Tm,mlHm is the geometric quotient of Tm,m by a finite constant group 
Hm (cf. [GME] Proposition 1.8.4 (b) or [SGA] V.l), since Too , 00 = ^^ mTm.oo 
is a formal scheme which is an etale covering of Soo with Too,oolGLg{Zp) = 
5oo- This shows the second identity. The first identity is plain. 



8.1.2 Rational Representation and Vector Bundles 

For a given ring A or a sheaf of rings A over a scheme, we look at the flag 
variety T jA = Flag^/^ of all maximal fiags in defined in Section 6.1.3. We 
write B C GL{g) for the upper triangular Borel subgroup. Let N be its unipo- 
tent radical, and put T = B/N for the torus. Note that T = B/N = ^B/^N 
for the Borel subgroup ^B opposite to B and its unipotent radical ^N. Then 
T = GL{g)/B. We define K/a = Flag^/^ = GL{g)/N . Write 1 for the origin 
of % represented by the coset N . Each schematic representation of T is com- 
pletely reducible (see the following description of schematic representations 
and [RAG] 1.2 and [GME] 1.6.5), and we have H^{TL,Ou) = ©^ex(T) 
for the space Ra[/^] of weight k.. Here 

RA[n\ = {/ : GL{g)/N ^ e r{GL{g) /N ,OGL(g),N)\f{ht) - «(t)/(0} 

for t G T and = Spec{A[T]) (the one-dimensional affine space). 

The pullback action of GL{g) on Ra[i^], f{x) p{h)f{x) = f{h~^x), gives 
a representation p — p^, such that RaIi^]^ = Aon which T acts by —wqk. Here 
wq is the longest element of the Weyl group of T represented by antidiagonal 
matrix wq = modulo T. The dual Ra[i^Y = Hom^(RA[/^], -^) 

is the universal representation of highest weight n (cf. [RAG] II. 2. 13). The 
weight n is positive (or dominant) with respect to B if Ra[i^] ^ 0, and the set 
of all positive weights k. G X(T) forms a cone X+(T) of positive weights. 

To describe the notion of the universal representation, we recall schematic 
representations (cf. [GME] 1.6.5). We regard an A-projective module M ns n 
covariant functor from A-ALG into the category of abelian groups by M(A') = 
M ^A A' . For a group scheme G /a and an A-projective module of finite type 
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M, M is called a schematic representation if we have a morphism of covariant 
functors G x ^ ^ M_ such that the induced morphism G{A') x M(A') 
M(A') is an action of the group G{A') on the A'-module M_{A') = M 0a Ah 
We take G = GL{g)jA and the schematic representation A{k) of B/a 
given by a character k G X{T) regarded as a character of B by composition: 
B T Aa Gm- Then satisfies the following universal property for 

schematic representations M of GL{g)jA^ 

Borne L{g){R A[f^Y — BomB{A{K),M) canonically. 

A proof and a construction of the above isomorphism is given in [RAG], IL2.13, 
whose outline is as follows. For a schematic GL{g) /y^-module M, 

BomGL[g){RAW.M) = BomGL{g){M\RA[n]) 

= HomB(M*, = Bom B { A{i<i), M). 

The middle equality is given by the Frobenius reciprocity (e.g., [MFG] 2.1.6). 
The GL(p)-module RaIi^]* is generated by a 5-stable line of weight k, and 
any schematic GL(p)-module generated by a 5-stable line of weight k is a 
surjective homomorphic image of Ra[i^Y ■ 

By this universality, taking M = A(0), we know that the coinvariant space 
RaIi^n •= Hq{N^ RA[si\) is a free A-module of rank 1 on which T acts by —n, 
and there is a unique A^-invariant linear form ican • Ra[^] A (up to an 
A-unit multiple), which generates {Ra[i^Y)^ ■ We can normalize ican so that 
it is the evaluation of 0 G at the origin 1 G GL{g)/N. Then we have a 

tautological embedding ^ R{GL{g) /N ,OGL{g)/N) given by 

0 {h ican{p{h ^)0)}> 

If ^ Mg^gjA for the g x g matrix algebra Mg^g/A (regarded as a ring 
scheme over A) as a multiplicative semi-group scheme, the action of p{h) 
{h G Mgxg{A')) is well-defined on RA'[f^] for any A-algebra A'. 

In [RAG], a slightly different module is considered: 

H°(k) = lnd?P^^ AGk) = {/ : GL{g)rN ^ A}\f{xt) = Vi G T} . 

The action of h G GL{g) is given by hf{x) = f{h~^x). In this context, —tz 
is a positive weight with respect to ^5, and the contains the highest 

weight vector. Using conjugation by icq, we can remove the use of the lower 
triangular Borel subgroup ^5, but we need to modify the results of [RAG] 
accordingly when we quote them (this is done without further warning). 

Suppose that A is a p-adic ring. Let / G 5a/p^viM- By definition, / 
induces a function on GLg{Zp) by f{h) = p^(h“^)/(l), and h ^ ican ° f{h) 
is an element in Ra/p^aI^A by tautology. This shows the following fact. 

We have a canonical map Ra[>A C{GLg{Zp) /N{Zp), A)[i<i], (c) 
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which is injective if A is flat over Zp. Here C[GL g(7Lp) / N (Zp) ^ A) is the space 
of (p-adic) continuous functions with values in A on GLg{Zp) jN{Zp)^ and [k] 
indicates the /^-eigenspace under the right multiplication g ^ gt by t e T{Zp) 
for g G GLg{Zp)/N{Zp). The cokernel of the map (c) is large, because 

1. the image is made up of polynomial functions of the coordinates of GL{g)\ 

2. C{GLg{Zp)/N{Zp)^ A) contains all continuous functions of the quotient 
p-adic space GLg{Zp) /N{Zp) into A. 

We let h G GLg{Zp) act on C{GLg{Zp)/N{Zp)^ A) by h(j){x) = (j){h~^x), and 
this representation of GLg{Zp) is called the continuous induction of the trivial 
representation of N(Zp) to GLg(Zp) with coefficients in the p-adic ring A. 
When A is a finite ring, the space C{GLg{Zp)/N(Zp)^ A) is equal to the space 
of locally constant functions CC{GLg{Zp) j N (Zp) ^ A) , and we use the symbol 
CC instead of C when A is finite. 



8.1.3 Weight of Automorphic Forms and Representations 

Let be the locally free sheaf P 0Zp ^Sm ~ Pm ^Zp Os'm on Sm of rank g. 
We define a coherent sheaf on Tm,n by {Tr^^nPm) 0z q 

for Tm^o = Sm)- On TA,n with n > we have the universal isomorphism 

I,an : 

SO we have an action of GLg(Zp) C Gal(Tm,oo/*S'm) on and 

^can — dean G id. . ^m,n ~ ^Tm n 

is an isomorphism. Recall %/a •= ~ GL{g)/N/A- Then we can 

identify P/Tm,n with py : Y = Ym^n — /ddean ^ d-'m,n On Ym,n 

(n > m), where N^an is the pullback of N under uocan- Thus uOcan induces 
an isomorphism cj^an • VYy{^y[iA) — Pvm nl^]- Wo write ^ for the sheaf 
Py,*(^yM) on Tm,n- By definition, GLg{Zjp'^Z) acts on Y on the left. The 
group GLg{Zjp'^Z) acts on ^ via the rational structure given by and 

we then descend the sheaf to on Sm- In other words, for an ^-algebra 
A, / G {SpecT^^^(A) , u^^^) is a functorial rule assigning f{X,^) G 
to XiA and ^Ij : Pr^jx = (Z/p^Z)y^. We let h G GLgiZjp^Zd) act on / by 
/ hG {(X,tp) i-G p{h)~^ f{X,ht/j)}. Then for any algebra A, 

A ^ H^GLg{Z/p^Z),H^iSpec{A) xs„ 

defines a coherent sheaf on Sm (by the Hochschild-Serre spectral sequence: 
[ECH] III. 2. 20), which we write We have 

= 

{/ e H\Tm,m,Rv^.J^])\f{X, H) = p{h)f{XX) for 'ih e GG(Zp)} . 
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There is another description of Since Pm = on Tm,m^ the 

action of GLgiTLj'p^TL) on Pm extends to an action of the Galois group on 
which determines an etale torsion sheaf P^ over Sm- Then we have 

= ^Sm ®z p^- We have det'=(w^) = (A® and Sym^{u^) = for 
the first standard dominant weight uoi. 

By our definition, for each / G H^{Sm^^m)^ 

which can be regarded as a functorial rule assigning each test object 

: Pm/x = 

a value p(/)(X, t/;) G H^{X, Rq^[k]) such thdit (p{f){X, hijj) = p(h)p(/)(X, 
for all h G GLg{Z/p'^Z) and (p{f){Y, cj)*^) = (/)* {(p{f){X,'ilj)) for a mor- 
phism y ^ X of *Srn-schemes. Similarly, p G Vm,n is a functorial rule as- 
signing (X, ^0) a value Lp{X^ijjn • Pn — (Z/p^Z)^) G H^{X,Ox) such that 

(f{Y, = (f)* {cp{X,'ipn)) for a morphism T X of 5m-schemes. Thus we 

have a natural map of H^(Tm^m^ PTm ml'A) i^to Vm,m associated with each 
linear form i G Ry^ ml^V • The map associates / G {Tm^m, PTm,m[^]) with 
a rule: {X^ip) i{(p{f){X^'ijj))^ which is a matrix coefficient of p(/)(X, t/^). 

We let h G GLg{Zp) act on test objects by (X, 0) ^ (X^hip). In this 
way, we identify GLg{Zp) with a subgroup of Aut(T^^oo/5^)- For the Borel 
subgroup B C GL{g), we put for the quotient Tm,nl Thus 

is made of a functorial rule {X.'ipn) ^ ^ 

AT°’(X, Ox) such that"p(X, 6^/;) = p(X,y!;) for all ?/; and 6 G B{Zp). We define 
similarly and for the unipotent subgroup N C B. Thus we have 

yV _ yN{Zp) ^ yN _ yN{Zp) ^ yB _ yB{Zp) ^ yB _ yB{Zp) ^ 

and for these modules, we have the identity (8.3). 

j 

Let ei, . . . , be the standard base Cj = ^(0, . . . , 0, 1, 0, . . . , 0) of (Z/p^Z)^, 
and we consider the standard filtration 



In : (Z/p"Z)^ =^LgD Lg^i D • • • D Lo = {0} 



given by Lj = ^^^^(Z/p^Z)e^. Then gives a (full) filtration fil = 

of P„, and all full filtrations P„ = D D D P(°> = {0} of 

Pn are given in this way. Since the stabilizer of In is 5(Z/p’^Z), we may re- 
gard if G Vmn ^ functorial rule assigning a value p(X, filn) ^ FT*^(X, Ox) 
to a test object {X,filn)- To describe in this way, we need to bring 

in an isomorphism of graded modules 0n • y^(/^G) — ©j=i(Z/p^Z) induc- 
ing : pO)/pO-i) ^ (Z/p^Z). In other words, classifies triples 
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filn^ (pn)- Since we pulled back the filtration by h G GLgCZp) 
acts on {X, fil^^,(/)n) by filn ^ = {htpriT'^n and 4>n ^ 

We consider inside which is the homomorphic image of 

under / i — £can ° v{f)- Thus we have a natural map 

(8.4) 

where is the /^-eigenspace of the right action of T. The above map is 

injective if m = oo. Define 



R'^= 0 (8.5) 

«:GV_|_(T),ac^0 

Here implies “sufficiently regular” as defined in Section 5.1.3. 



8.1.4 Density Theorems 

We assume that the formal sheaf is algebraizable; so, we have a locally 
free sheaf of finite rank such that ^ (8>u/ Wm = ^rn 
sheaf a; is determined uniquely if it exists. Prom we can create as 

^ • Flag^ ^ S (see Section 6.1.3). The global in- 

jects into ]^rnH^{Srm^m)- We define a graded module R' = 
which is embedded into R'^ = ]^rnR'm- We call an element of 
a false automorphic form of weight /^, and a true (or classical) automorphic 
form is a section in for a compactification M D S of S we specify 

later. 

We suppose now that for all ^ 0, the short exact sequence 



-^0 

gives rise to an exact sequence: 

(Hpl) 0 — ^ ^ 0. 

This condition is satisfied when Sm is affine (see [ALG] III. 3. 5). As we show 
in Theorem 8.3, (Hpl) implies 

(Hp2) 1/y^ = 

Prom (Hpl), we have 

R'/p^R'^R'^ and /p^ ^ (8.6) 

We now define a homomorphism j3{m) : R'^ -G in the following way. 
We have a canonical isomorphism Ucan — han G id : — ^Tm m ' Then 
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^ Yl^cau{oJcanifKiX,-tp))) 

V K, 

for Here, the image of P{m) actually falls in because 

4an ^ Pi^iu) = 4an for all u G N{Zp), and oOcanifx^) ^ construc- 

tion, 6(n) mod = 0(m) for all n > m. Taking the projective limit, we 
have /3(oo) : = |immK^oo- 

Since Sm is flat over Wm = Wjp'^W and = Tm.nl^i'^lp'^'^) is etale 
over Srm ^T^oo is ^m- Therefore, is a W-flat GL^(Zp)-module. 

Remark 8.1 Flatness of is subtle. Let S = 931(c,r(A')) [^] as 

defined in (r{N)) of Section 4.1.2 for a lift E of the Hasse invariant. Assume 
that p is prime to N and unramified in F/Q. We take Pn to be the maximal 
etale quotient of X\p'^] for the universal AVRM / : X -> Sm- By Corollary 4.2, 
we have that u = /♦'Cx/s- From this, the locally free sheaf u extends to the 
locally free sheaf smooth toroidal compactification M 

canonically because the universal abelian scheme extends to a semi-abelian 
scheme X over the toroidal compactification as described in Sections 4.1.4 
and 6.3.6. As we have seen in Remark 4.8, is not VF^n-free 

for 1 < m < oo if /c is trivial on T(Fp), but nontrivial on T(Z/p"^Z). However, 
flatness of implies FF-freeness of iL^(M/vp, ^y^). 

Since B normalizes N, we can think of the action of T = B/N on and 
the Av-eigenspace V^[k] of . By definition, j3 = P{oo) induces 

/3 = /3, : H\S,u^) ^ ^ V^[k]. 

Proposition 8.2 Suppose (Hpl) for S. The above map j3^ is an injection. 

Proof. Since Tm,n is faithfully flat and etale over Sm-> we may make a 
base change T^^y^^ to T^^y^^ Tm,m^ and hence we may suppose 
that P is constant. Then ^ is made of locally constant functions on 
GLg{Zp) /N{Zp) with values in Vm,o- By taking the limit, is the space 
C{GLg{Zp)/N{Zp)^Voo^o) of continuous functions on GLg{Zp)/N{Zp) with 
values in 14o,o = |hn^Wi,o- Then is inside the limit of global sec- 

tions of ]^mPvm , which injects into C(GL^(Zp)/A^(Zp), Rcx 5 ,o)N- This 
shows the assertion. □ 

We now put, for j3 — /3(oo), 

D' = (3{R') [d = /3(0 [-] 

Theorem 8.3 Suppose (Hpl) for S. The inclusion j3 = P{oo) : D' 
induces an isomorphism D' jp^D' = jp'^V^ for all m. In other words, 
D' is p-adically dense in V . 
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This theorem shows that (Hpl) implies (Hp2). 

Proof. The injectivity of D' /p^D' /p'^V^ follows from the definition 

(see [Kl] Appendix III), or we can argue as follows. After the faithfully fiat 
extension to Too,cx) = over Foo,o = P becomes constant, 

the base 5 q is replaced by Too,oo = ><5o ^00,005 and D" — D' 0 ^ is the 

space of polynomial functions on Flag^v = {GL{g) /N) with values in V[^] 
whose restriction to GLg{'Lp) /N{Xp) has values in V. In this situation, we 
have ^ = C(GLg(Zp)fN(Zp),V). Then it is obvious that D'^fp^D" = 
{D' /p^D') (8)Voo,o V injects into 

7/^,0= = C(GLg(Zp)tN(Zp),V^,^) = (V^/p’^V^) V. 

Then by the faithfully flat descent, the original map is injective. 

We prove that D' /p'^D' jp^V^ is surjective. Nakayama’s lemma 

(e.g., [BCM] II. 3. 2) applied to Wm and its nilpotent ideal pWm tells us that 
the surjectivity for m > I follows from the surjectivity for m = 1. Thus we 
need to prove that D' /pD' /pV^ is surjective. Since Tm,n/ Sm is etale 

finite, replacing Sm by T^,oo5 we may again assume that P is constant (see 
[Kl] Appendix III pages 364-5), because we can recover the global sections of 
over Sm as Galois invariants of that over Tm,n- Then 

= O5, Gu/ W[{GL{g)/N){Z/p^Z)] = OsA{GL{g) /N){Z/p^Z)]. 

This shows = CC{{GL{g)/N){Zp), where LC{{GL{g)/N){Z^),V^^o) 
is the space of locally constant functions on the p-adic space {GL{g) /N){Zg) 
with values in Os ^ ) = Kpo- Writing as a union of FF-free modules 

X of finite rank, we have 

CC{{GLig)/N)iZp),V^^o) = [jCC{iGLig)/N)iZp),X). 

X 

Thus we need to prove that CC{{GL{g)/N){Zp)^ X/pX) = VxfpPx^ where 
T>x is the space of polynomial functions of homogeneous degree 0 (with 

coefficients in K — W ^ on the flag manifold Flag^) which has values in 

X over GLgiZp). This last fact follows from Mahler’s theorem (e.g., [LFE] 
Section 3.2) of the density of binomial polynomials in the space of continuous 
functions on Zp with values in Zp. 

Let us explain the use of Mahler’s theorem in more detail. Let © be the 
subgroup of GLg{Zp) made of permutation matrices. Then the Bruhat-Tits 
decomposition (e.g., [RAG] 1.1.9) gives us the following disjoint unions 

GLgiZp) = [J N{Zp)T{Zp)w- NiZp) and 

wE& 

GLg{¥p)= y NiFp)T{¥p)w Ni¥p), 

W^& 
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which can be checked by a direct matrix computation. By the above decom- 
position of GLg{¥p), we have a polynomial function on GL{g) whose reduc- 
tion modulo p gives rise to a characteristic function of a given double coset 
N{Zp)T{Zp)w-N{Zp). In other words, each coset except for the one containing 
the antidiagonal wq (the longest element in 0) is Zariski closed, we can find a 
polynomial P vanishing outside the coset A^(Fp)T(Fp)ico • N{¥p) but nonva- 
nishing on A^(Fp)T(Fp)u;o • N(¥p). Then = pp^~^ mod p (for a suitable 
positive integer A^) gives a characteristic function of 7V(Fp)T(Fp)u;o • A^(Fp). 
Then 1 — Pu^q is supported by the union of 7V(Fp)T(Fp)u; • N{¥p) with w 
length less than that of wq. By induction on the length of ic, we can create a 
polynomial P^ with coefficients in the field K of fractions of W with values in 
W on GLg{Zp)/N{Zp) whose reduction modulo p is a characteristic function 
of fV(Fp)r(Fp)u; • N(¥p). Thus for each 0 G CC{GLg{Zp)lN{Zp), XjpX), we 
only need to write down 0 restricted to N{Zp)T{Zp)w • N{Zp)lN{Zp) as a 
polynomial function in Vxlv^x- Again it is easy to see that 

N{Zp)T{Zp)w • N{Zp)/N(Zp) ^ X {Z^Y 

for a suitable integer r (basically projecting down to the coordinate of 
N{Zp)T{Zp) modulo w • N{Zp)w~^ H TN{Zp)). Write this coordinate function 
as (x, t) = (xi, . . . , Xr, • • • ? ^ 5)5 where tj are the diagonal entries of T. Then 
on Zp, any locally constant function cp : Zp XjpX has a unique polynomial 
expansion Zp 3 z ^ X^n>o with G XjpX (for the nth binomial poly- 
nomial (^)) by Mahler’s theorem. In particular, on Zp , the monomial 
is the constant 1 modulo p. Thus we can write any locally constant function 
(p : N{Zp)T{Zp)w • N{Zp)/N{Zp) -3 XjpX as a polynomial of (x,t), and af- 
ter multiplying by a high-power det(t)^*^^~^^ = (Hz the polynomial 

function is in the sum of the /^-eigenspaces for the sufficiently regular /^s. This 
finishes the proof. 

We now assume that there exists a proper fiat scheme M such that 
S C M and that M — 5 is a proper closed subscheme of codimension > 1. We 
further assume that extends to M. Then extends automatically to 
Mm by the theory of flag varieties given in Section 6.1.3. By the properness of 
M, is a W-module of finite type. Taking the projective limit with 

respect to m of the exact sequences 

0 ^ ®w ^ 0, 

we get {M , uy^) . Let Rm = ^nd 

R = Ar°(M, Then R is p-adically dense in Rqq = l^in mRm- 

By definition, R c R' . Note that det(^)^“^ is trivial on 5i. Let a G 

{Si, det be the section corresponding to 1 G det(^]L)^~^ — 

We assume that a extends to Mi so that it vanishes outside Si . Suppose that 

(E) we have a section E G iL^(M, det(^)^^^“^^) such that E mod w — aL 
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By further raising the power, that is, replacing E by , we may assume 
that E mod p = E. Then by definition. 



= lir^ 






We now show that P{R[^]) H is dense in . Pick ^ p^V^ 

for G We need to approximate f = modulo by an 

element in 0 det(u;)^). This section / G can be written 

as / = QtjE^ mod for gi G (8) det(a;)^). Then for k > 

we have / = Q£E^~^ /E^ mod We may assume that k = p'^t{p — 1). 

Then as a function of E^ mod is a constant. Thus / = Q£E^~^ 

mod p'^^^Roo- This shows the density of P{R T-j ) P| in V 



rN 



Corollary 8.4 Suppose the following conditions for S in addition to (Hpl). 



(1) We have S C M for a proper flat scheme Mfw such that Sm C Mm = 
M <S>w Wm is Zariski dense for all m; 

(2) (w extends to a locally free vector bundle on M of rank g; 

(3) There exist an integer t > 0 and a section E G such 

that E mod w is the constant section 1 generating det(^]^)^^^“^^ = Osii 

(4) M — S is the zero locus of the section E. 



PutD = p{®^^^,HrM,uV) 




. Then D is p-adically dense in . 



8.1.5 p-Ordinary Automorphic Forms 

In addition to (Hpl) (and hence (Hp2)), we now suppose having a projector 
e (so = e) acting (continuously) on , which projects down V^[n] onto a 
FF-free module of finite rank (for all {)). We put Vw = lir^nH^/p^P^ = 
lin^ riKi%- We have VwM = Since is FF-fiat, Vw is p- 

divisible, and its direct summand eVw is p-divisible. A p-divisible FF-module 
is of finite corank if its Pontryagin dual module is of finite rank over FF. 

In practice, the projector e will be constructed so that it brings Viv[/^] 
down onto eH^{M ^ Tp) for ^ 0, where Tp = Qp/Zp. This implies 

eVwM = Tp) = Tp) (8.7) 

if n ^ 0. By (Hpl), ^Zp Tp) is p-divisible. By assuming (8.7), 

eVN[if is p-divisible. Since M is proper over FF, is a FF-module 

of finite type (see [EGA] HI. 3. 2.1), and eVN[if is a p-divisible module of finite 
corank. In any case, we simply assume that eV[n] is p-divisible and of finite 
corank for ^ 0. 

Let be the Pontryagin dual module of Vw- Since Vw is a discrete 
T(Zp)-module, is a compact FF[[T(Zp)]]-module. Let T(Zp)p = Ft be the 
p-profinite part of T{Zp); in other words, we have T{Zp) = Tr x for a 
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finite group A of order prime to p. The continuous group algebra lT[[/p]] = 
]] is isomorphic to a formal power series ring W[[xi, . . . ,Xg]] 
sending a set of minimal generators {71 , . . . , 7 ^} of Tp to {1 + xi, . . . , 1 + 
in W[[xi, . . . , Xg]]. Thus m = (tu, xi, . . . , is a unique maximal ideal of 
FF[[/V]], and W'[[/r]] is P-adically complete for any closed ideal P C m under 
the m-adic topology. For an algebraic character k G X{T), the character 
K : Ft extends by continuity to a FF-algebra homomorphism tz : 

W[[Ft]] W. Then = Ker(K : WIIFt]] bF) is a closed ideal of W[[Ft]] 
(again by continuity). 

We fix a character x • for F = W jwW and write x : Z\ ^ 

for the Teichmuller lift of x- We write C X+(r) for the collection of all 
algebraic characters n : T ^ Grn satisfying the following two conditions: 

• K, = X mod zu] 

• K is sufficiently regular so that the above equation (8.7) holds. 

Then is Zariski dense in 5pec(FF[[Pp]])(FF). We write for eV^. Let 
us decompose direct sum of the x-eigenspaces 

V^rdi^ under the action of A. The summand is a compact module 

over VF[[Pt]]. Then by (8.7), Gwutt]] ^ is FF-free of finite rank s(x) 

for This implies W - for any 

m > 1. We apply Nakayama’s lemma (e.g., [BCM] II. 3. 2) to the local ring 
W[[rT]]/P^ and its nilpotent ideal P^ and find that (V*^^[)^/P^V*^^[)Q) is 
a FF[[Pp]]-module of finite type with minimum number s{x) of generators. 
Taking the projective limit with respect to m, we conclude that is a 

FF[[Pp]]-module of finite type with minimum number s{x) of generators. Since 
X^ is Zariski dense in 5pec(FF[[Pp]]), we see that is FF[[Pp]]-free of 

rank s = s(x). Indeed, take s generators ui, . . . , Ug and consider the surjection 
IT : W[[Pt]Y ^ordl^ t>y 7 r(ai, . . . , Ug) := After taking modulo 

P/^, 7T reduces to an isomorphism; so, Ker(7r) C P«:V*^^[)^. Since X^ is Zariski 
dense, we find Ker(7r) C = {0}^ getting injectivity of tt. 

We conclude, assuming (8.7) for the middle equality, 

rankvi/[[rT]] Krdl^ = rankvK ®M/[[rrl],K W 

= rankw(eE°(M,uO Tp)* = rank^/ w*") (8.8) 

for all K G X^. Therefore we get 

Theorem 8.5 Suppose (Hpl), the existence of the idempotent e : 

as above and the assumptions 0/ Corollary 8.4. Then is a well- controlled 

W[[T{7jp)]] -projective module of finite type. If we assume (8.7), this means 

Krd ®wmz,)]U ^ VF) 

canonically if k is sujficiently regular. For each x-component, is free 

of finite rank over FF[[Pj’]] for the maximal p -pro finite subgroup Ft ofT{'Lp). 
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8.1.6 Construction of the Projector egl 

We construct an approximation cgl of fho projector e. In the paper [H02], 
Section 2.6, it is written: “ecx, is constructed using solely local data of the 
Galois group Gdl{Tm,oo / Sm) = GLn{'Lp)^ while the projector e will be con- 
structed as e = ecGGL for a global projector ec depending on the group G.” 
This statement is misleading. We indeed need a global input to define cgl- To 
explain this point, let us recall from Section 5.1.2 the expanding semi-group 
of GLniQp)- We introduce two subgroups Ib.ti and of GLg{Zp) by 

lB,n = {xe GLg{Zp)\x mod £ B{Z/p^Z)} , 

^N,n = {x e lB,n\x mod p'^ G N{Z/p'^Z)] . 

Let diag[Xi, . . . , Xj] denote the diagonal matrix with diagonal blocks Xi to 
Xj from the top. We recall the subsemi-group of GL{g) given by 

D = DoLig) = {diag[p®‘,...,p®'']|ei < €2 < ■ ■ ■ < Cg} . 

Then Al = = N{Zp)DN{Zp) and Ag = B{Zp)DB{1p) are 

semi-groups, and we call them expanding semi-groups (see Section 5.1.2). If 
confusion is unlikely, we simply write A for one of these semi-groups. 

The global input we need comes from the fact that Tm,n in our appli- 
cation classifies not just trivializations of Pn but abelian varieties X with 
X[p^Y^ = Pn- In other words, each g G GLn{Qp) acts on Sm by an appropri- 
ate isogeny of classified abelian varieties, and it acts not only on the etale quo- 
tient of the p-divisible group of the abelian variety but also on the connected 
component of the p-divisible group. The action changes the isomorphism class 
of the abelian varieties, and hence it acts on Sm through endomorphisms (not 
necessarily through automorphisms). Since at this point we do not assume 
that Sm classifies abelian varieties, we instead assume having such an ac- 
tion of the expanding semi- group (as defined below) on Sm which is at worst 
radiciel mod p; so, it does not affect the etale trivialization Pn- This action 

f 

S : Sm Sm sends an 5„T,-scheme X -G Sm io 5 ■ X = X Sm- 

We consider the following triples 

^ - G^j:^iZ/p^Z^ gr{filn)): 

where filn : Pn/x = Pn^ D Pn~^^ D ••• D = {0} with Z/p^Z i 
Pn^ / Pn~^^ for j = 1, . . . , p. If P is constant, the space classifying the 
above test objects over Sm is given by = Tm.nIdX (fZjp^Z). Simi- 
larly, the classifying space of couples {X,filn) over Sm is given by = 

Tm,nl P{'^I p^'^)- On test objects over Tm,n 5 we have a natural action of 
h G GLn{Zp) given by (X^tp) (X.hfj). Writing filn = we then 

see that fj~~^h~^ln = fj~^ln = h • filn- Thus the Galois action on filtra- 
tions is given by h ■ fil = {fj~^h~^tp)Pn^ and h • 0 = ('0“^h“^'0)(/), where 
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ip \ = (TLj^'^TLy such that ?/;*(ln,id) = {filn,4>n) for the standard identi- 

fication id : gr{ln) = (Z/p^Z)^. Thus these test objects are always invariant 
under N{Zp). The new test objects {X, film <pn) useful in defining an 
isogeny action of 6 e A and in constructing the idempotent cgl- We assume 

(dl) 6 induces an isomorphism S*filn/s-x — f^^njx compatible with the 
action of the semi-group on filn (this holds if S mod p is radiciel), 
where the action of h G Zl on filn is the multiplication by 6 up to 
scalars (as we specify later); 

(d2) h-X = Xiihe GLni'lp). 

Let diag[xi , . . . ,Xj] denote the diagonal matrix whose diagonal blocks are 
given by square matrices X\ to Xj from the top. We put aj = diag[l^_j,,_plj]. 
We consider the double coset ring R{P^ni A\) {n = 1, 2, . . . , oo and 1 — B,N) 
made of Z-linear combinations of double cosets foi* ^ ^ A\. 

As seen in Lemma 5.2 or its proof, once a decomposition N {fLp)ajN {'Lp) = 
N{Zp)Sj is chosen, h^nO^jh^n for any n and ? is decomposed in the same 

way, h^nOijh^n — Uj In other words, we have for a = 0^=1 

-^?,n+l \-^?,n+l rr/?^7T, = I?^n\P,n^P^n — -^?,n+l \-^?,n+l Q^-^?,n+l • (^’^) 

By this fact, R{I?^n^ Aj^) = Z[ti, • ■ ■ Rg] (a polynomial ring). See Lemma 5.2 
for a proof, though the semi-group D here is a proper subsemi-group of 
the expanding semi-group there, strictly speaking. For 6 G Af, the action 
p{S~^) is well-defined on Ra[i^] for any p-adic ring A, because p{5~^)(j){y) = 
(j){5y) for y G GL{g)/N. Decompose P^n^P^n = Uj and regarding 

/ G as a function of test objects we define 



f\\h,AhA{X) =Y^p.{Sp)f{S,X), ( 8 . 10 ) 

3 

where 5X — (5 • X, S{6* filn))- Strictly speaking, the sum above is actually 
heuristic, because if the action of 5 on 5 is wildly ramified, that is, radiciel 
(i.e., purely inseparable in characteristic p), we need to replace the sum by 
the trace as already described (4.18) in Section 4.1.10 (for Hilbert modular 
forms). We clarify this point in Section 8.3 more carefully; so, for the moment, 
we content ourselves with this heuristic description. 

Although we have not yet specified the action of h G on 6* filn, if if 
is done, then the operator is well defined independently of the choice of 6j 
because for u G /?,n we have 

p{{u5j)-^)f{uSjX) = p{{Sj)-^)p{u)~g{uSjX) = p{5p)f{6jX). 

Furthermore, by (8.9), 

forfe /|i(p)”-' e 



( 8 . 11 ) 
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where t(jp) — When comes from a universal abelian scheme, we 

have a natural isogeny action on test objects, and in this way, we can define 
Hecke operators on 

Since filn is an element of the fiag variety of (Z/p’^Z)^, to study the action 
of A on filtrations, we study general flag varieties. For each commutative ring 
A, we consider the free module L = L{A) = and the flag space 

y{A^) ^ {{L,)\L = Lg, L,dL,-i, ^ A for i = 1, • • • , <7} , (8.12) 

y{An = {{L,,^i)\iL,)ey{A), ^ ^ for z =. 1, . . . . 5} • (8.13) 

We can extend the above definition to Pn over Sm- Define for T/Sm, 



y{Pn)/T — ^ 

y{Pn)/T = 



)\p _ p{g) pit) p(^-i) 
n jT J 1 '^ I n n ’ 



p^Z 



(1 <i<5) 
(1 < i < 5) 



After a finite etale extension to T/Sm^ the spaces y{Pn) and y{Pn) get isomor- 
phic to y{{Z!p'^ZY) Xs^T and y{{Zlp'^Zy) Xs^ T, respectively. Writing the 
standard base of L as ci, . . . , e^, we define 1 = (j)^ = id) G 

which we call the origin. We may let GLg{A) act on y{A^) and y{A^) by 
x((L,),0O = (xL„xo0,). Then GLg{A)/N{A) ^ 3^(A^) by xN{A) ^ xl. 
Now we assume A to be a p-adic ring. We then define 

3^,(A^) = {(L„0O|(L,/p-LO = 1 G y(A/p-A)}. 

Similarly, we define yn/T{Pn') for n < n' < oo. We note that yn{'^p) = 
^iv,n/^(^p) via xl ^ X and similarly pn(^p) — ^ b , n / C^p) ■ So we have the 
conjugate action of A on these spaces introduced in Section 5.1.3. 

We now write down explicitly the conjugate action of the semi- group A 
on jkn(A^). Since p(Z^) = p(Q^) (because y = Flag^ is projective), the group 
GLg{Qp) acts naturally on p(Z^). This action is described as follows. Take 
X G GLg{Qp). Then x{L^) = {xL^ ^QpH L{Zp)) G p(Z^). We write x{L^) ~ 
{x • LJ, that is, x ■ Li — xL^ 0 Qp H T(Zp). We claim 

Lemma 8.6 Let d = diag[p®b . . . ,p^^] G DcLig)- For G yni'Af), 

[d]i : L^|L^-l 5 • Li/5 • L^_i given by {i mod L^_i) {p~^^di mod Z/^_i) 

for i G L^ is a surjective isomorphism. 

Proof. The Zp-module L^ is generated by and a vector I whose first i — 1 
entries vanish. Then di is divisible by p^" because its bottom g — i entries are 
divisible by p^^+i because of > ••• > e^+i > e^. From this, the linear 
map (d)^ : (QpL^/QpL^^i) d{QpL^) / d{QpL^--l) induced by d is divisible 

by p^" on C (QpL^/QpL^_i). By definition, we have d ■ L^ = L^^ and 

p~^yd)^ : Li/L^-\ -G L^/L^-i = d • L^/d • is a surjective isomorphism. 

□ 
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We now define an action of the semi-group on yn{'A^)^ Since u G Ib^u 
acts naturally on fiags, multiplication by u gives rise to an isomorphism [u]i : 
u ' ■ Li-i. Defining a linear map = 6 • L^/6 • Li-i 

by Nz o [d]i o [u']i, the above action of DcLig) on yn{'^^) extends to an action 
of the semi-group A^. In particular, we have S • (L^, (j)^) = {6 • Li ^[S]^ o for 

{L,,<p,)eyn{i^D- 

For a given A' = (X,fil) = {X.'ip ^1), 'ip brings fil to 1, and hence 
the action of A^ defined on the neighborhood of 1 (after conjugation by ip) 
is enough to get an association X ^ By this, after extending base 

scheme Sm (o.g., to T = Tm,oo) to trivialize y{P), we have an action of A!^ 
on y{P)> However, this is sufficient to define the Hecke operators [I?^riSI?,n] 
acting on H^{Tm,n/Sm ^ ^or the following reason. After extending the scalar, 
define f\[l7^riSP,n] by (8.10). The formation of /|[/?,n^^?,n] commutes with the 
base change; in other words, it commutes with the Galois action of the base 
GLg{Zp) C Gal(T/5rrz); so, /|[/?,n<5/?,n] is actually defined over the original 
base scheme . This justifies the contraction property (8.11). 

Write N for N{Zp) simply. Let tj = NajN in R(N^A^) with aj = 
diag[lj,pl^_^], and define t{p) = 0^=1 Let a = Ilf=i computation, 

we see easily that a'^ contracts p^(Z/p^+^Z) to the origin In+i- 

Identifying yi{Z/p'^Z) with lB,i/dN,n, if fhe filtration filn corresponds to 
^ ^ then the filtration is given by J2]=i{Zlp'^Z)xj for the jth column 

vector Xj of x. Choose a representative set N{Zp)aN{Zp) = \_\^^j^N{Zp)au’ 
Then we have /B,n+ice/w,n = UneH auX~^ = x^^au' for some 
u' G R. This x~^ ^ xL^ coincides with the action of on the flag vari- 
ety yi{{Z/p^Zy) if one identifies elements in Ib,i with a flag. Here we need 
to use x~^ instead of x, because the action of h G GLg{Zp) on filtrations 
is given by fil i-G h • fil = {'ip~~'^h~'^'ip)fil as already remarked. The ele- 
ment Xu gives rise to a couple {au • X, /i/n+i,n = Ciiu{<^ufiln+i))^ which is 
uniquely determined independently of the choice of au- We then define for 
/ e K^,n+1 • X,filn+I,u)- Similarly, if we start 

from / E by the same process, we get Xu & lN,n/^{'^p) corresponding 

to {X, filu,n,<Pu), because we still have lN,ncdN,n = U«gfi Define 

/|t(p)(^, filn, 4>n) = 'Ll /(“« ■ filu,n, fu) (8-14) 

ueR 

and define the idempotent eci by cgl = ficin^oo t(p)’^' whenever it is well- 
defined. As we have seen (5.10), K{a)t{p) = t{p) on JT°(5, ^^^), because on 
we used the action of A coming from schematic induction. 



8.1.7 Axiomatic Control Result 

In this subsection, we describe a simple prerequisite to have the control the- 
orem relating false automorphic forms (sections over 5) to true automorphic 
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forms (sections over M). Later we will verify the requirement for automorphic 
vector bundles on Shimura varieties of PEL type. 

Since in this general situation Sm is not supposed to classify anything, we 
cannot define Hecke operators acting on in this generality. Any- 
way, we suppose a Hecke operator r{p) acting on and 

such that r{p) = t{p) on if ^ 0. We define cq = lim^^oo 

Further suppose that there exist two projectors ec acting on and on 

for > 0 (depending on the reductive group G) such that 
^G^GL — e^eo = e^, and ec = Gq mod p; that is, they are equal to each 
other on In addition to the above conditions, writing K for the 

field of fractions of W, we suppose the following two conditions, 

(C) eciE -f) = E- (ecf) for f G LT°(5i, for E in (E) o/ Section 8.1.3, 
(F) dimx e^iL°(M/x 5 ^ det(^)y^) is hounded independently ofk. 

Let /i, /25 • • • be a sequence of linearly independent elements in ecH^iSi^u^) 
over Wi. Since Wi = (Hpl), we can lift 

to fi G fi ~ modp). Then for any given in- 

teger L > 0, we can find a sufficiently large integer m such that E'^f^ G 
Since multiplication by E is an isomorphism on Si (by def- 
inition of = Ml [^]), by (C) and ec = ^G mod p, the mod p sections 
{{eQ{E'^ fi) mod p)} 2 =i,...,l are linearly independent over W\ by Nakayama’s 
lemma; so, are linearly independent over W. This implies 

dimif ® > L. 

If rankvci 0 gH^{S\,iE^) = oo, we can take L to be arbitrarily large, which 
contradicts the boundedness of the dimension (F). Thus raukvc^ eGrM°(5i,^^) 
has to be finite, and rankvt^^ eGH^{S\^(^^ (g) det(^)^^^"^^) is independent of k. 
Thus the existence of the desired projector follows from (F), (C) and (8.7). 

The condition (F) can be proven in our application, as in the proof of 
Theorem 4.9, via group cohomology using the (generalized) Eichler^Shimura 
isomorphism combined with the p-adic density of Dcusp in [H95] for 

such boundedness for inner and outer forms of GL(n), [TiU] for inner forms 
of G5p(2n), and Section 4.3 in the text for GL{2)). 

The condition (C) can be proven either by g-expansion or the fact that 
the Hasse invariant does not change after division of an abelian variety by an 
etale subgroup. 

Hereafter we write ?) for the image {H^{X, ?)) if X = M and 

for the image cg (iL^(X, ?)) if X = Sm and Tm,n- 



8.2 Deformation Theory of Serre and Tate 

Recall W which is a complete discrete valuation ring of mixed characteristic 
with residue field F of characteristic p. We suppose that F is algebraic over 
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Fp = Z/pZ. After Section 8.2.3, we suppose that F is an algebraic closure of 
Fp. In this section, we describe deformation theory of abelian schemes over 
local VF^^-algebras for Wm = Wjp'^W. This theory is useful for proving the 
p-integrality of the Hecke operator T(^) after the division by /i(^) as in (5.40). 
We principally follow Katz’s exposition [K2]. 



8.2.1 A Theorem of Drinfeld 

In this and the following subsection, we take a local FF^-algebra as a base 
ring. We consider the category B-LR — LR/js made up of p-adically com- 
plete local ;5-algebras R — ^im and morphisms are supposed to be 

p-adically continuous. For simplicity, we always assume that rings we consider 
are Noetherian. 

Let G : B-LR AB be a covariant functor into the category AB of 
abelian groups. Thus if we regard G as a functor from the category of affine 
;B-schemes (or formal >B-schemes), it is contravariant. Suppose that, for any 
faithfully flat extension of flnite type R^ C oi >B-algebras, 

1. The group G{R) injects into G(G), that is, G{R) ^ G(G); 

2 . Let G' ^G ^rG and G" ^=G 0rG0rG. Write : G ^ G' {i = 1, 2) 
two inclusions (i.e., Li{r) = r 1) and : C' ^ G" three inclusions 
(i.e., ii 2 {r (8) 5 ) = r (g) s 0 1). If X G G(G) satisfles G{li){x) = G{l 2 ){x) 
and G{ii 2 )iy) = G{i 23 ){y) = G{iis){y) for y \= G{li){x), then x is in the 
image of G{R). 

Such a G is called an abelian sheaf on B-LR under the /pp/-topology (or 
simply an abelian fppf -sheaf). If A/r is an abelian scheme, then 

G{R) = A{R) = Homs (5pec(i?), A) 

{S — Spec{B) or Spf{B)) is an /pp/-sheaf. We call an /pp/-sheaf G/r a p- 
divisible group if for any x G G(i?), there exists a flnite faithfully flat extension 
G of R and a point y G G(G) such that x = py. If G is p-divisible of p-torsion 
and G[p]/^ = Ker(p : G -G G) is a group scheme locally H-free of flnite 
rank, it is called a Barsotti-Tate group (cf. [CBT] I). If G comes from an 
abelian scheme A, it is p-divisible. This also shows that A\p^] = |J^ A[p'^] for 
A[p^] = Ker(p^^ : A -g A) is a Barsotti-Tate group (e.g., [GME] 4.1.18). 

Let B be a local Wn-algebra and I be an ideal of B such that = 0 
and NI = 0 for a power N of p. We deflne a new functor G/ and G by 

G I (R) =^Ker {G{R) G{R/ 1)) and G(T^) = Ker(G(7^) G(7?/mp)), 

where trip is the maximal ideal of R. When G{R) = Homp_pp(7^, R){= G{R)) 
for IZ ~ B[[Ti, . . . , Tn]] (i.e., G — Spf{lZ) /p) and the identity element 0 cor- 
responding to the ideal (Ti , . . . ,Tn), we call G a formal group. If G is formal, 
Gi{R) = {(G, . . • An) G 7-} by Homp_pp(7^, R) 3 f ^ (0(Ti), . . . , 0(T^). 
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Suppose that is formal. Then multiplication by [N] induces a contin- 
uous algebra homomorphism [A^] : 7Z 1Z. Then on the tangent space at the 
origin to = (Ti, . . . ,T^)/(Ti, . . . the multiplication by p on G (which 

is written as [p] : G — > G) induces multiplication by p, because the addition 
induced by the group law of G coincides with the addition of the tangent vec- 
tors (cf. [ABV] Section 11) by the uniqueness of the B-linear structure on to- 
Thus [A^](G) = NZ mod and [7V](G/(i7)) = Gj 2 {R) because 

NI = 0. Similarly, we have [7Vl(G/a (i7)) = Gia+i (R) inductively. This implies 
that [N^]Gi = Go = {0}. We get 

G/ C Ker([Af^] : G ^ G) if G is formal. (8.15) 

Theorem 8.7 (Drinfeld) Let G and H be abelian fppf -sheaves over B-LR 
and I be as above, and suppose that = 0. Let Go and Hq be the restriction 
of G and H to B/l-LR. Suppose 

(i) G is p-divisible; 

(ii) H is formal; 

(iii) H{R) — > H{R/J) is surjective for any nilpotent ideal J (i.e., H is formally 
smooth). 

Then we have the following four assertions: 

(1) Hom 5 _Gp(G, iiT) and Hom 5 //_Gp(Go, ii^o) is p -torsion- free, where the sym- 
bol ^Tiomx-Gp'^ stands for the homomorphisms of abelian fppf -sheaves 
over X-LR; 

(2) The natural map, the so-called deduction mod I” from Hom^_G'p(G, id) 
into ¥[omt 3 /i-Gp{Go, Hq) is injective; 

(3) For fo e Hom^//_C'p(Go, Hq), we have a unique G Hom 5 _Gp(G, H) such 
that mod / = N^fo. We write f for T> in E.om]s-Gp{G, H) (g)z Q; 

(4) In order that f = G Hom^_G'p(G, id), it is necessary and sufficient 
that N^f kills G[N^]. 

Proof. The first assertion follows from p-divisibility, because if pf{x) = 0 for 
all X, taking y with py = x, we find f{x) — pf{y) ~ 0 and hence / = 0. 

We have an exact sequence 0 — > id/ — > id -G ido ^0; so, we have another 
exact sequence 

0 ^ Hom(G, Hi) Hom(G, H) C Hom(G, Hq) = Hom(Go, ^o), 

which tells us the injectivity since id/ is killed by and Hom(G, id) is p- 
torsion-free. 

To show (3), take fo G Hom(Go,ddo). By the surjectivity of H{R) 
ido(id/d), we can lift fo{x mod d) to p G H{R). The class y mod Ker(id — > 
Hq) is uniquely determined. Since Ker (id —> ido) is killed by , N^y for 
any x G G{R) is uniquely determined; so, x ^ y induces the functorial map 
T = N^f : G{R) ^ H{R). This shows (3). 
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The assertion (4) is then clear from p-divisibility of G. The uniqueness of 
/ follows from the p-torsion-freeness of Hom(G, H). □ 

8.2.2 A Theorem of Serre— Tate 

Let A/b be the category of abelian schemes defined over B. We consider a 
category Def{B, B/ 1) of triples (Aq, Q, e), where Aq is an abelian scheme over 
Bq = BjG a Barsotti-Tate group Q over B and e : We have a 

natural functor A/s Def{B,Bo) given by 

A i-> (Ao = A mod /, A[p°°], id). 

Theorem 8.8 (Serre— Tate) The above functor A/js Def{B,Bo) is an 
equivalence of categories. 

Proof By Drinfeld’s theorem applied to A[p°^] and A (both abelian fppf- 
sheaf), the functor is fully faithful. 

It is known that we can lift Aq to an abelian scheme Y over B. This follows 
from the deformation theory of Grothendieck (e.g., [CBT] 2.8.1). Here is a 
heuristic argument to find under the assumption that Bq is a finite field. 
In this case, by a theorem of Tate (see [Tl], [D], and [ABV] Section 22), Ag 
has complex multiplication by a semi-simple commutative algebra M (with 
2 • dim Aq = dimQ M) whose simple components are all CM fields with its 
complex conjugation induced by a Rosati involution. By the theory of abelian 
varieties with complex multiplication, Aq can be lifted to an abelian scheme 
Y over B with complex multiplication (this is a special case of Theorem 7.1 
taking D = V = M). Thus we have an isomorphism : Yo\p^] Ao[p°°], 
and we have a unique lifting (by Drinfeld’s theorem) / = : T[p°°] G 

of Since the special fiber is an isogeny having inverse (qq^^)”^, / is 

an isogeny, whose (quasi) inverse is the lift of . Thus Ker(/) is a 

finite fiat group subscheme of Y. The geometric quotient of T by a finite flat 
group subscheme exists (see [ABV] Section 12) and is an abelian scheme over 
B. Then dividing Y by Ker(/), we get the desired Ajj^ G Aj^s- D 

Suppose Bo is a field of characteristic p. As described in [CBT], IV. 2. 5 and 
V.1.4, we can attach a crystal (Bb{Go) D F^) to the data (Aq, G, e) formed by 
a B-free module ^b{Go) and a submodule C ^b{Go) with B-free quotient 
^b{Go)/F^ such that Bb{Go) ^b Fq = ^^^(^o) is the Dieudonne module of 
Go and F^ Bo gives Lie{Go) C Bbo{Go)- Then we have 

End(A/ts) = {ae Ends(Ao/Bo)|a*(^') C F^}, 

regarding End(A/g) C End{Ao/Bo) by Drinfeld’s theorem. By this fact com- 
bined with a version of the above theorem ([CBT] V.1.10), one can verify 
(using (det) and D-linearity of the polarization Aq) that (Aq, Ag, io, ^ 
for the functor in Theorem 7.1 can be lifted to (A, A,i,p^^^) G 
^(p)(^) (as shown in [LaR] 6.2 and [Zi]). 
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8.2.3 Deformation of an Ordinary Abelian Variety 



Hereafter we suppose that the residue field F of TV is an algebraic closure of 
Fp. We assume the base ring S to be a pro-Artinian local ring with residue 
field F. Write for the category of complete local H-algebras with residue 

field F (under the m^-adic topology). We fix an ordinary abelian variety Aq/f- 
Recall that denotes the dual abelian scheme of an abelian scheme 
and that A/^ denotes the formal group associated with A. We write TA[p°^]^^ 
for the Tate module of the maximal etale quotient of A\p°^]. We consider the 
deformation functor V = Vaq ■ CL /13 SETS given by 

Vao(R) = [(A//^, la)\ A/ji is an abelian scheme and la : A F = Aq] . 

Here / : {A^la)/r = {A'^la')/r if / : A — > A' is an isomorphism of abelian 
schemes with the following commutative diagram, 



A0r¥ 



An 



fo 



A' (g)H F 
= Aq . 



Theorem 8.9 (Serre— Tate) Let the notation and assumption he as above. 
Then we have 

(1) A canonical isomorphism V{R) = Hom(TAo[p°®]^^ x 'P'Ao\p'^Y^ ,Qrn{R)) 
taking {A/r, la) to qA/R{-, •)• 

( 2 ) The functor V is represented by the formal scheme 

Homz,(TAo[p°"]^^ x 7^Ao[p-]^^ G^) ^ G^'. 

(3) qA/Ri^iV) = Q^A/niy^^) under the canonical identification: ^^A) = A. 

(4) Let fo : Aq/f Yq/y be a homomorphism of two ordinary abelian vari- 

eties with the dual map % : Wq ^ ^Aq. Then fo is induced by a homo- 
morphism f : A/ R-^ Y/r for A e Vao(R) Y G Vyo{R) if and only if 

QA/R{x,%iy)) = qY/R{fo{x),y). 

Proof We give a sketch of the construction of Qair- First we prepare some 
facts. Let / : A/ r ^ Y/r be an isogeny; so, Ker(/) is a finite fiat group scheme 
over S. Pick x G Ker(/), and let C G Ker(^/) C F be a line bundle on Y with 
0 *£ = Os {S = Spec{R)). Recall that R is an Artinian H- algebra. Thus 
/*£ = Oa- Cover Y by affine subsets Ui = Spec(Ri) so that C\u, = 

Since 0 y£ = O 5 , we may assume that (0z/0j) o Oy = 1 . Since f : A Y 
is finite, it is affine. Write V^ = = Spec{Ri). Then /*£|v, = 

with = (j)^ o /, and we have, regarding x : 5 — > Ker(/), 



(pi o X (pi O f o X (pi O Oy 

(fj O X (pj O f O X (pj O Oy 
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The morphisms (-Pi o x glue into a morphism ey(x,£) : S Gm, and we 
get a pairing ej : Ker(/) x Ker(^/) Gm- Since A is a Ker(/)-torsor over 
y, we have A Xy A = Ker(/) X5 T. For a homomorphism ( : Ker(/) — > 
Gm, we can find a morphism 0 : Ker(/) Xs Y ^ of schemes such that 
0(p + t) = ({t)(f){y) for t G Ker(/). This function (j) gives rise to a divisor D on 
Ya = y X s A. By definition f\C{D) = Oaa^ ef{x,C{D)) = ({x). Thus, 
over A, Cj/a • Ker(/)/y^ x Ker(^/)/^ -G Gm is a perfect pairing. Since A S 
is faithfully fiat, we find that the original e/ is perfect. 

We apply the above argument to / = [p'^] : A — > A, write the pairing as 
6n, and verify the following points. 

(PI) en{a{x), y) = 6n{x, ^a{y)) for a G End(A/p); 

(P2) Write Ao[p^]° = Ppn C Aq[p^]. Then 6n induces an isomorphism of 
group schemes Ao[p^]° = Hom(Mo[p^]^S /ip^); 

(P3) Taking the limit of the above isomorphisms with respect to n, as formal 
groups, we find A ^ Hom(TM[p^]^S Gm) = Hom(rMo[p^]^S Gm). 
The induced pairing we denote by Ea '■ A x T^Ao[p^]^^ -> Gm- In 
particular A = G^. 

We now describe q. Since R G CL is a projective limit of local B-algebras 
with nilpotent maximal ideal, we may assume that is a local B-algebra with 
nilpotent maximal ideal m/^. Then A{R) is killed by for a sufficiently large 
no (applying Drinfeld’s theorem to / = mu). Thus if n > no, the structure of 
the p-divisible group A[p^] is uniquely determined by the extension class of 

0 ^ A{R) A[p^]{R) A Ao[p^]^^(i^) ^ 0 (8.16) 

for n > riQ^ which can be rewritten as the following exact sequence: 

0 ^ Eom{rAo[p^r\Gm)[pl ^ MpT' ^ 0- (8-17) 

Take x = ]^nXri ^ TAo[p®°]®^ for Xn G Alp'^j^K Lift Xn to Vn G A[p^]{R) 

so that ir(yn) = Xn^ Then, for p^ : A[p^] — > A (lifting p'^ times the inclusion 
Ao[p^] Ao), qn{x) = P'^Vn G A{R). Take the limit of Qn to get q{x) G 
Hom(T^Ao[p°^]^S Gm(i?)). This q{x) determines the extension class of (8.16) 
and thus the deformation A/j^ because it is determined by (Ao, A[p°^]) by the 
Serre-Tate theorem in the previous subsection. Then we define qA/R{^->u) — 

It is known that for any given q{x, y) as above an extension (8.16) exists by 
the theory of BarsottmTate groups studied by Messing (see [CBT] Appendix). 
This shows assertions (1) and (2). All other assertions follow easily from (Pl- 
3). □ 

8.2.4 Symplectic Case 

We now fix a polarization Ao : Ao ^Aq of degree prime to p. We consider 
the functor V = Vaq.Xq : CRjw SETS given by 
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g Vao(R) and A induces AqJ . 

Here we call / : {A.Xa.la) (X.^yAy) an isomorphism if / : {A,la) = 
Xay) and o Xy o f = Xa- Note that by the Drinfeld theorem, End{A/^) 
is torsion-free and, hence, End(^//j) ^ End'®(A/ft) = End(A/fl;) (g)z Q. We 
write a* = Aq ^ o ‘a o Aq for a G End(Ao) ®z Q. Since End(A//j) c End(Ao) 
again by Drinfeld’s theorem, the involution keeps End‘®(^/^) stable (because 
on End'®(^/fl), it is given by a* = A“^ o o A). The involution a eG a* is 
known to be positive (see [ABV] Section 21). The polarization Aq induces an 
isomorphism Aq : A\p°^Y^ - ^A\pX^\ We identify T Aq[p^Y^ and TXIv'^Y^ 
by Aq. Then the involution a ^ is replaced by the Rosati involution *. 
Then it is clear from the previous theorem that 

Vaom{R) = ^omz^{Syrr?TAo\p'^Y\QAR)). 

where Syvn?T A q\p’^Y*‘ is the self tensor product T ®Zp T 
modulo the subspace generated by x 0 y — y (g) x for all x, y G T Aq\p'^Y^ ' 

8.2.5 Unitary Case 

We fix a division algebra D with positive involution *. Assume (unr) for D 
in Section 7.1.1. The center of D is either a CM field F (* inducing complex 
conjugation on F) or a totally real field on which * is trivial. We fix a D- 
module V with *-Hermitian alternating form ( , ) satisfying conditions (Ll-2) 
in Chapter 7. Since F is a division algebra, V = D'^; so, we identify V with 
the row vector space by fixing a base of V over D. Under this expression, 
C = End/:)(U) is the matrix algebra Mr YD) for the opposite algebra of 
D (i.e., = D a,s sets but the product xy G of x, G is defined to 

be the product yx e D). The left action of 5 G Mr^D) on U"’ is given by 
bv := V 'b with matrix right multiplication u • 6. By this expression, (x, y) := 
foi" an invertible matrix 5 G Mr{D) with = — s, where 
is the reduced trace D F composed with the field trace Tt^/q : F ^ Q. 
On C, the involution i is given by & = Recall the groups G{R) = 

{x G C (g)Q F|xx^ G and U{R) = {x G G(F)|xx^ = 1}. 

For simplicity, we suppose either F = Fq = Q or that F is an imag- 
inary quadratic field Q[\/^] with discriminant 0 > — (5 G Z. Let e = 
diag[l, 0, . . . , 0] G Od,p under the identification Od,p = Md{Op) in (unr) of 
Section 7.1.1. For the involution * of Md{Fp), x ^ ^x* = (^x)* is an Fg-algebra 
automorphism of Md{Fp); so, it is inner up to a G Gal(F/Fo) (by the theo- 
rem of Skolem-Noether; [BAL] VIII. 10.1). Thus by choosing the identification 
Od,p = Md{Op) well, we may assume that e* = e. 

We first treat the case where F is imaginary. As before, we write O for 
the integer ring of F. Since = F (^q M can be identified with Mg{C) with 
6* = ^b for complex conjugation b ^b, S = y/Ms G M^(^Fr) = M^^(C) is a 
Hermitian matrix. Thus U (M) is the unitary group of S. Writing the signature 



'^Ao,XoX) = 
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of S as (m, n), we find U{R) = Um,n in Section 5.2.2. By the condition (det), 
the representation of F on e{Lie{A)) for (A, A, 2 , 77 ) G V{R) {R G W-CL) is 
mid + nc for id : O ^ FF and nontrivial automorphism c of F. We fix an 
0£)-lattice L oiV such that ( ) induces a self-duality of Lp = L (S>z 

Lemma 8.10 Suppose (unr) and (Ll- 2 ) in Section 7.1.1 and that D is a divi- 
sion algebra with positive involution of the second kind. If we have an ordinary 
triple (Ao, Ao, 77o^^) sitting over a characteristic p point of Sh^'^\G^X), then 
we have either m = n or p = pp with two distinct prime ideals p and p in F. 

Proof. By (unr), we identify Od,p = Md{Op) for the integer ring O of F. 
We write 5 = diag[l, 0, . . . , 0] G Od,p- Suppose we have an ordinary triple 
(Ao, Ao, By Hilbert’s zero theorem (Nullstellensatz; [ALG] I.1.3A), the 
ordinary locus of Sh^^\G^ X) has F-points (F = Fp) ; so, we may assume that 
Ao is defined over a finite field Fq for Q = p^ . Let (A, A, 77 ^^^) be the abelian 
variety over W (W = ip^{W)) corresponding to the Serre-Tate coordinate 
Pa = 0 (the canonical lift). Then A has complex multiplication in addition 
to the multiplication by Op>. We may assume that (A, A) is defined over a 
valuation ring Wo of a number field. Put Wq = ^m^Wo/p^Wo = W{¥q) C W 
for the finite field Fq. Write K for the field of fractions of Wq. By the self- 
duality via A, the locally free group scheme A[p^] is isomorphic to the Cartier 
dual of A[p-^], and Hom(A[p-^]y^^, /Xpj ) = A[p^]°y^^. Taking the limit, we have 

Eom{TA[p°^r\Zp{l)) ^ (8.18) 

whose right-hand side is written as T^{A). Prom (det), in the same manner 
as in the proof of Proposition 4.1, we see 

e - Lie{A/Wo) - ^ -Tp{A) as Wq Gz 0-modules, (8.19) 

where Tp{A) = ^im jA[ 7 T]°(Q). By the definition of the signature (m, 7 i), on 
e • Lie{^Ajj^\ the field F acts through a semi-simple representation whose 
character is given by m • id Fn - c. 

Suppose p = p for the moment (so, p = (p) under (unr)). Then Tp{A) gives 
a maximal isotropic subspace of Tp{A) — ^ A|jT](Q) under the Weil pairing. 

Since Op is a valuation ring quadratic over Z^, if Op acts on a Zp-module M 
of finite rank, its action on MCzp Wq has trace j{id -f c) for a positive integer 
j. Thus id and complex conjugation c have the same multiplicity on the Zp- 
module e • Lie{Ajx)^ and we have m — n. 

Now we assume that p p with p giving rise to the p-adic place of F 
corresponding to ip o id. Then by the same reasoning as above, we have 

t;{a) k = (t;{a) © r/(^)) ©z, k - Lie{A/K), ' 

m — rankop e-T^{A) and 72 = ranko-^s^-7T(A), where 7^°(A) = ]^m A[p-^]°(Q). 
The existence of p-ordinary A does not impose any restriction on the signature 
(772,72). □ 
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Remark 8.11 The converse of Lemma 8.10 should be true. Here are some 
examples of how to create an ordinary couple (H, A)/w; on Sh^^\G^X) for a 
fairly general class of data (D, (•, •)) as in Section 7 . 1 . 1 . 

1. Suppose that (p) = pp with p 7^ p in F, H (row vector space) and 

(x,y) = Tr^/Q(x 5 i 7 ^y) for a diagonal matrix H G GLr{Q) and S £ F 
with S = — 5 . We further suppose that S has a positive imaginary part 
under the identity embedding id of F into C. We take an ordinary ellip- 
tic curve E with complex multiplication by O over a discrete valuation 
ring W with finite residue field F. We may assume that F = F+ 0 F“ 
so that H is positive definite on L'^ and negative definite on L~ . Define 
A = (L+ 0 o,id F) X (L~ (S>o,c F), where writing F(C) = C/zoo( 0 ), we 
regard F as an O-module by sending a £ O to multiplication by ioo{F) 
on C/ioo( 0 ), and L~ 0o,c F is the tensor product with L~ twisting the 
action of O on F by c (i.e., a G O is sent to multiplication by ioo(c(<a)) on 
F(C) = C/zoo( 0 ))- Then T;{A) = (T°(F) T+) 0 (T°(FJ L~). 

Write F+ (resp. H~) for the restriction of H to L+ and L~ . We have 
H = diag[F^, F“]. Put \H\ = diag[iL+, — F”] (a positive majorant of H 
in the sense of Siegel). If we identify L = 0 o,id O) 0 {L~ O), 

{i 0 ce, F 0 a') Trj5^/Q((Jaa'^) • {^\H\ • ^F^)) (a, a' £ O and F G L) 

coincides with (•, •) on the original F. We take a polarization on F giv- 
ing an alternating form {a, a') = Tr^/Q(fea'^). Then the tensor prod- 
uct of the polarization on F and |F| on F gives the desired polariza- 
tion A which induces the given alternating form (•, •) = Tt^/q(( 5 F) on 

T{A) = (|f+ 0 o,id 0 (^F“0o,cO^ = F. The triple (H, A, r/^^^)/w, 

choosing a level structure extending W suitably, gives a desired ordi- 
nary couple on n), X)(>V) for the signature (m, n) of H. We 

can generalize this construction to the case where F is a division algebra 
and V = in an obvious way. 

2. Suppose that F is a division algebra, V = 0 F^ (row vectors), and 

((xi,X2), (yi,y2)) = TAjo^/Q{xi^y2 - X2^yl), and L = L' e L' for F' = 
under (•,•}. Define another pairing ( , ) : F' x F' ^ Q by (x, y) = 
Tt/:)/q(x^ 2/*)- We take an elliptic curve Fy^ with complex multiplica- 
tion by the integer ring O' of another imaginary quadratic field F' where 
p splits {F' can be F if p splits in F). We define A = E' 0 z L' . Take the 
self-dual polarization on E' and identify Fi(F', Z) with I? so that the in- 
tersection product is given by ((xi, X2), (^1,^2)) = Xiy2—X2yi on 1 ? . Then 
the tensor product ( , )' 0 ( , ) on L = L' ® L' — I? L' = Hi{A, Z) 
gives the original pairing (•,•). We take the corresponding polarization 
A on H = F' 0^ V . Then (A, A) satisfies the desired requirements for 
U (m, m). 

Hereafter we assume that 

(ord) Sh^^\G, X){¥p) has a point carrying an ordinary abelian scheme. 
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Take a closed point x E X){¥) carrying an ordinary abelian 

scheme Aq/f- We determine the formal completion along x of X) 

as a formal subscheme of the Serre-Tate deformation space of (Aq, Aq)/f- For 
an Artinian local FF-algebra R with residue field F = W/xxiw = Fp, we take 
a deformation ^ Vaq,Xo{R) with a level structure 77 : = 

V^^\A) and i : Od ^ End(A/p) giving rise to a point in Sh^^^G, X){R). 
We suppose — T^^\A). Via la, we recover the point x given by 

{Ao,Xo,io,Vo'^) = (AA.i,r7W)0fiFof5ft(p)(G,X)(F). Write A, :=£(A[p“]). 
Since A[p^] = A^ as Barsotti-Tate p-divisible groups, the abelian scheme A 
as a deformation of Aq = A F is determined by A^. 

First we assume that (p) = pp with p ^p; so, we have = Od ^z'^p — 
A^d(Op) © Md{Op). Identify V = D^. Supposing that A/f is ordinary, we 
have Lie{A/f) = Lie{A\p]°^), where A[p]° is the connected component of 
A[p\. Thus we may assume that TA[p^]^^ = Mdxn{OpY and T A[p^Y^ = 
MdxmiOpY . We write the Op-component of TpAf = TpA^^^ as TpAf. Then 
the symmetric pairing Qa/r{ ) • T Aq\p°^Y^ x T Aq\p^Y^ — > Gm(^) induces 
a homomorphism qA/R • TpAf because we have chosen 

e with = £, and the pairing is c-Hermitian (i.e., the involution * induces 
complex conjugation c). The etale level V-structure outside p always lifts 
uniquely to deformations (because A[N]^d is etale over i?), and the lift i : 
Od ^ End(A/p) of io is unique if it exists, because l : Od ^ End(A/p) 
is determined hy i \ Od ^ End(A[-£^]/p) for a prime i Y P ^^id hence by 

(v) 

Pq k Thus we can ignore the level structure while we study deformations of 
(Ao, Ao, io, So we consider the functor 

'^Ao,Xo,io,io (R) — I (^/p, iV/i, A) I (A, A) G Vaq ^Xo{R) and La induces ^oj • 

Then the above argument combined with Theorem 8.9 shows 

VAoAododoiR) = Homz, (TpAf Gz, TpAf^GmiR)) =: S{R), (8.20) 

because the c-Hermitian form on {TpAf x TpAf) G {TpAf x TpA^) is deter- 
mined by its restriction on {TpA^ x {0}) x ({0} x T^A^)- 

We now assume that p is inert in T; so, m = n. For simplicity, we assume 
that D = F,V = and ((a;i, a; 2 ), (yi, t/ 2 )) = TAF/Q{xi^y2 - X2*yi). We 
take Lp = 0 and write the first factor O^ as Li^p. Then O = M 2 m{F) 

and x'' = Jm^xJ^^ for x G M2m{F). Then by the same computation as above 

VAoMdoAoiR) = Homz, (TpAf Go, TpAl\Gm{R)) - S{R), (8.21) 

and TpAf Go, TpAf ~ Mm{Op), identifying Lpp with TpAf. 

The case where F = Q (so the involution is of the first kind) is similar 
to the above inert case. We assume that G is of type C. Since G(Qp) = 
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GSp 2 n{Qp) (i-G., we may take s = Jn and * = id by the argument above 
Remark 7.4 and (7.6)), similarly to the symplectic case, we have 

^PAo,^o,^o,<.oiR) = Homz^(5yrn2(7;Af),Gm(^)) = S{R). (8.22) 

The results as above (8.20) through (8.22) show the liftability of an or- 
dinary point of X){¥) to characteristic 0 (as used in the proof of 

Theorem 7.1). 



8.3 Vertical Control Theorem 

We prove the VCT for projective Shimura varieties of PEL type. So we re- 
turn to the notation introduced in Section 7.1. For simplicity, we give a full 
exposition under the following four assumptions. 

(ul) F = Q[\/^] is an imaginary quadratic field with discriminant —5; 

(u2) D//? / F is a division algebra with positive involution of the second 
kind; 

(u3) V = D; so, GU{Q) C G^ for the opposite algebra C = of D; 

(u4) The prime p splits into two distinct primes p and p in Of- 

We write O ~ Op in this section. 

Under (ul), we have G = GU\ so, we have an advantage that any state- 
ments already given exclusively for G or GU are both valid for our G = GU. 
Since F/Q is a Galois extension, the refiex field F = E{G,X) is a subfield of 
F; so, Oe,p = by (u4). By (u3), Sh^'^\G, X) is projective over V. To have 
the ordinary locus, the condition (ord) in the previous section is always in 
force (which can be easily verified as in Remark 8.11 in many cases). It is not 
difficult to generalize our result to more general projective Shimura varieties 
of PEL type, although the endeavor certainly complicates the notation (see 
[H02] for general treatment including quasi-projective Shimura varieties). At 
the end of this section, we touch briefly upon the case where p is inert. By 
our simplifying assumption, the refiex field for (GU,X) is either Q or F. 

Recall some of the notation introduced in Section Section 7.1 in our special 
case. As in 7.1.1, let G = GU be a unitary similitude group defined with 
respect to a central division algebra D over F with a positive involution *. 
Fix a prime p, and take V = D and a left Oi)-ideal L with = Op^z'^p- 

Pick an element with s G with s* = — s, and define an alternating form 
{x,y) = Tip, /q{xsy*) for G U, where Tip \ D ^ Q is the reduced trace 
composed with Ttf/q - F -G Q. Then we see (bx^y) = TTp/q{bxsy'') = 
TTp/Q{xsy^b) = Tip /q{xs{b"^yy) = (x, 5*p) for x,y eV and b e D. 

Suppose that L satisfies (Ll-2) in Section 7.1.1 for this alternating form; 
so, s G Oy p. As before, we write l : G ^ G foi the involution on G given by 
(cx^y) = (x, Up); then, U = Recall 
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GU{Q) = G(Q) = {7 e |77‘ e Fq = Q} , 

U{Q) = {7 G GG(Q)|7y = 1 } and Gi(Q) = {76 G(Q)|A^(7) = 1 } , 

where N : C F is the reduced norm map. Suppose (unr) for D ((sc) for Gi 
is automatic). 

8.3.1 Hecke Operators on Deformation Space 

In order to state the control theorem, we need to give a precise definition 
of the projector and we devote this subsection to proving the integrality 
of suitable p-Hecke operators (which yield ec after taking a p-adic limit). 
Let Oc be the order of L in C: Oc = {x G C\xL C L}. We write U{Z) 
for n U (A*^^^), where Oc = Oc We fix an open compact subgroup 

K c U (Z) such that K = KpX with Kp = GLm+n{'^p) via the projection 
to the p-factor. 

We consider p-ordinary test objects A = (A, A, z, over a local Ar- 

tinian FF-algebra R. Since the pairing Qa/r ^ S{R) is actually determined by 
its restriction to Qa/r • TpAf x TpAf, we look into this restriction. We study 
the Op -linear endomorphism algebra End bt ' A[P^]/r) of the Barsotti-Tate 
group £ • A[p^]/B' Write each endomorphism a as ) with 

G EndBT(^ • ^[p"^]°)7 ^ EomBri^ • A[p°^]^\e • A[p°^]°) and 

daGEndBT(^-Tp^'(^)). 

If R is an algebraically closed field of characteristic p, the etale-connected 
exact sequence 6 • Aq[p°^]° ^ ^ • Ao[p°^] e • Ao[p^]^^ is (noncanonically) 
split. In any case, a acts on 7 a, p = TpA^^ 0 TpAf' diagonally via Uq, and da. 
We regard T = as a maximal split torus of GLm{Op) x OL^(Op), which 
is the automorphism group of 6 • A[p°^Y^ x e • A[(p^)°°]^L 

Let X,^.(p) be the universal abelian scheme for an open compact sub- 

group K C G(A^^^) maximal at p. We write, for integers k and F, Pk = 

e ■ {X/s\pT), ^oo = UkPk, PL' = ^- (X/s[F>‘), and P'^ = 

We apply the theory developed in Section 8.1 to each piece Pk and 
so, we obtain the theory of false modular forms for GLn{Op) x GLm{Op) 
(Op = Op = Zp). Since p is unramified in P, we have O 0 Zp W = for the 
set of embedding / = {a = id, c] of F into Q. Then we consider filtrations fila- 
and file of e{A[p^]^^) and s{A[p^ and test objects of the following type: 
= {^, A, z, , /zG, fUc}/R- Let M = and 5 = M [A ] , where E 

is a lift of the Basse invariant. We write k'/Se etale covering over 

Si ~ S 0VV Wi {Wi = Wjp^W) classifying the above test objects. Similarly, 
Ti^k.k' classifies (A, A, ( 0 /p^)^ x (O/p^ = £-A[p^Y^ xe-A[p^ ]^^). The 

covering Ti^oo.oo/ Si is an etale faithful covering with Galois group canonically 
containing Mp — GLm{Op) x GLn{Op), and we have r^,oo,oo/A^p — Si. 
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We have an action of the expanding semi-group on filtrations of Pk for 
the etale sheaf Pk as described in Section 8.1.6 and on the abelian scheme X 
through isogenies (this isogeny action on abelian schemes A was not specified 
when we described the action on filtration in Section 8.1.6). If we have a p- 
isogeny j3 : Pqo Poo preserving a filtration of Pqo? we may assume that 
the matrix form of j3 is given by ^ ^ with respect to a base 

compatible with the filtration. Then the action of j3j is to give a new filtration 
on Poo- 

Since we cannot separate Pk and P^, (which is sitting in the single universal 
abelian scheme X), we define cem+j = diag[/?j,plm] and consider an isogeny of 
type am+n • We can thus interpret the operator action in terms of the sextuple 
(X, A, i, filer, file) /F as follows. Take an isogeny a : A Aa of type am+j 
as above (inducing a on Pqq 0P4))- Then we get a new filtration a{fila, file)- 
The p-isogeny is insensitive to the level iC-structure (for K maximal at p), 
and Aa has an induced polarization, still written as A. Then we have 

X tm{p)){A, filer, file) 

= 'ppK{a~^)f{AenX,i,rj''P\a{fila, file))- (8-23) 

a 

Thus we have a GL{n) x GL(m)-Hecke operator tj{p) x tm{p) acting on the 
coherent cohomology This is actually an over-simplified version. 

The exact sequence Hom(P^,Gm) ^ X[p^] ^ Pk may not split over 5^; so, 
the isogeny a can be defined only over a finite fiat extension of Si 

(which could be inseparable over an etale extension of Si). In other words, 
if we replace the sum A, Q!(/zZo-, /«^c)) in (8.23) by 

the trace Tr^«m+j {p^{ct ^)f{Aa,X, i, filer, fUc))) as in (4.18) of Sec- 

tion 4.1.10, we can relate tj to a global Hecke operator U^{p) which is divisible 
by the degree of over the maximal etale cover of Si under . 

For the moment, we pretend that the over-simplified version (8.23) is 
valid (and we later justify our argument). Thus for a while, our argument 
is heuristic. Here we resort to the theory described in Section 8.1.7 applied to 
GLm X GLn, although the construction of the idempotent e = ec is global (so 
some modification is necessary). So, under the notation used in Section 8.1.7, 
we relate cg to cgl^ x cgl^ • 

Since U{Qp) = GLm-\-n{Qp)^ we embed GL{n) x GL{m) into P(Qp) by 
(x,p) ^ diag[x,p]. This implies the p-isogeny whose kernel sits in A[p°^]^^ 
(resp. A[p^]^^) corresponds to x (resp. y). Then write P = Pm,n for the 
upper triangular parabolic subgroup of U whose Levi subgroup is given by 
the image of GL{n) x GL{m). Let Nm,n be the unipotent radical of Pm,n- 

Write aj G GU{Qp) whose projection to Cp = G Fp is given by 
diag[lm-fn-j 5 T • fj] and v'iaj) — p. We then have Hecke operators 



Uj{p)^U{aj)^NGa,Nc, 
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where Nq is the upper unipotent subgroup of G{Zp). Thus N = Nc/Nm^n 
and GL{m) x GL{n) = Pm,n/Nm,n- Since we identify U (Qp) with GLm-^niQp) 
by projecting down Qp to the first component Cp, as a double coset, we 
see (symbolically) 



■J'UG , rr 



Ncitj-nip) X tm{p))u if j > n, 



[UueNm,Go^;^Nm,r.a, ^g(^o(p) X tj{p))u if j < n, 
where we mean, for example, by {tj-n{p) x t^(p)), the double coset 
7V(diag[l2n-j,P • Q-n] xp - lm)N 

in GLn{Fp) X GLm{Fp) for the upper triangular unipotent subgroup N C 
GLn{Op) X GLm{Op). This shows that the Hecke operator Uj{p) induces 

(^j— n(p) X t^nip)) 01* [F'm,n • F^m,,n^j]{to{p) X tm{p)) 

accordingly as j > n or not. By computation, we get the following heuristic 
multiplicity formula for the weight jJirn.n ^ in (5.38): 






if j > n, 
if j < n. 



This formula suggests us that Uj{p) is divisible by /j.m,n{<^j), which we justify 



Since the universal deformation space of (A, A, i, /i/p, /i/p)/jr is iso- 
morphic to 5 = Hom(7^ Gm), as already seen in Section 8.2.5, 

we can analyze the effect of an isogeny a : ^ of type aj on S of the 

universal deformation A^^, which sends 

Hom(7^^f X TpAf,Grn) 5 q(x,y) ^ q{a{x) , a{y)) . 



Here we have formulated the group structure of Gm multiplicatively (con- 
trary to the additive notation so far used; so, the right-hand side becomes 
q{a{x)^ a{y))/p if we use additive notation). We need to extract a pth root as 
above by the following reasoning. The coordinate q e S measures the depth 
of nonsplitting of the exact sequence Hom(Pj(,Grn) ^ ^(^[P^D ^ Fk, and 
the sequence for A: = 1 is split if g is a p-power. Thus the isogeny a ex- 
ists over 5^/^. The isogeny is defined over a smaller covering S[{q o a)^/^] = 
Spf{Os[{q o (a)^/^]) by definition; so, / S is given by S[{q o a)^/^]. At this 

point, we are taking pth roots, and hence pure inseparability (we pretended 
not to have) comes in. Then the action of the isogeny a of type aj on S only 
depends on its effect on TpAf' and TpAf' , not on the individual choice a. This 
means that the covering over S carrying the isogeny a only depends on 
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the image of a in the Levi quotient of P. Indeed, taking a base {x^)^ of TpAf 
and {yk)k of so that the matrix of the isogeny is exactly the effect 

on Q = {Qk,i) = (log(e(a;fc,2/i))) is given by 

(8-25) 

and 5f has the degree of pure inseparability given by the value in (8.24). 

Here is the justification of our argument. Write the multiplicative vari- 
able on 5 as an m X n variable matrix t = (so Qk^i = log{tk^i)). The 

conjugation ( induces Qk,i ^ P~^Qk,i for some in- 
dices {k, 1). We split the set of indices (A:, 1) into a disjoint union / U J of two 
subsets so that the conjugation by aj induces Qk^i ^ V~^Qk,i if and only if 
{k,l) e I. The covering is given by Spf{ds[tl^f](k,i)ei)- Thus a formal 

function on S has expansion C W[tk^i,t^]] for ^ G Writing 

<f(J) for the /-part of the index a formal function / on has expansion 
/ =" and we have 

/sif) = X! 

^:^(/)=0 mod p 

because Pm,n{o^j) is the degree of the purely inseparable (wildly ramified) 
covering 5^^ ^ S and Tr{t]^^) = or 0 accordingly as p|i or not. 

Replacing the term in (8.23) by the 

trace Trsc /s{p,^{a~'^)f{Aa,X, i, rj^P'’ , a{fik, file))), we get the p-divisibility of 
the operator Uj{p) as the (heuristic) multiplicity formula (8.24) suggests. This 
justifies the heuristic argument we gave (the heuristic argument is actually 
valid for /-adic etale cohomology with / ^ p as already explained) . 

Let Si = S (8)w We- On the universal deformation the sheaf e{Lie{A)) 
over Si is given by e{Lie{A\p^]°)). By duality, 0Zp A[p^]^^ which 

again only depends on so, the Hecke operator Uj{p) is still divisible 

by pm,n{^j) = [Am,n - Am,nC^j] OB. for all /^ > 0. Thus the action of 
the correspondence of characteristic 0 on i/°(5oo,^^) is exactly a multiple by 
the number in (8.24) of the operator induced by the mod p correspondence, 
which is an integral operator. From this our claim is clear. 

In any case, we can divide the action of Uj{p) by the number in (8.24) 
keeping the integrality of the operator on 

Lemma 8.12 Let the notation he as above. We have a well-defined integral 
operator fj.rn,n{aj)~^Uj{p) on ® ^siw)- 

We then define 



6g = lim (C/(p))”’ , 

n— )-oo 

where U{p) = IlVi” V(P) ^ as in (5.38). 



(8.26) 
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The divisibility of T(^) by /i(^) for /i in (5.40) for the symplectic group 
GSp{2n) in the correspondence ring of S Sp{2n) , X) has been proven 
in a different manner in [DAV] VII. 4 (and also there is another proof of 
Lemma 8.12 via the g-expansion principle in this case: [H02]). 

As before, write Me = We for = 1, 2, . . . , oc. As for T^(p), if 

^ ^ /^m,n(^j) ^ (p) integral, /im,n(^j) ^ (p) ~ Mm,n(c^j) (p) 

mod p, and we have the well-defined projector 

= hm (r(p))"’ , (8.27) 

n-^oo 

where T(p) = U'M f^rn,n{aj)~^Tj{p). 

The proof of the p-integrality of the operator T(p) in (8.27) and the fact 
that ec induces an isomorphism of onto if 

^ ^ is similar to the treatment in the Hilbert modular case (see the 

proofs of Theorems 4.9 and 4.37), and the argument is also analogous to the 
proof of Theorem 5.3. Indeed, /|Tj(p) is the sum of f\Uj{p) and the terms 
for nonetale isogenies j3 : A Ap. The abelian variety 
Ap is a quotient of A by a finite flat group scheme (so well-defined over 
VF; see [ABV] Section 12). Thus /(Ap, • • • ) is well-defined over W. However, 
= 0 mod p (by the argument proving Theorem 5.3), and 
hence we get the congruence = Pm,n{<^j)'~^Uj{p) mod p. 

The boundedness of the rank of the topological Betti cohomology (indepen- 
dent of K,) can be proven in the same way as in the Hilbert modular case (see 
[H95] Theorem 1.1 for a proof). This shows the condition (F) in Section 8.1.7 
and hence the isomorphism = -ff°j.d(5'oo/Zp, w”) for k > 

There is an alternative argument showing the p-integrality of the operator 
Tj{p) on over M. Indeed, the well-definedness of Tj{p) as a correspon- 
dence on Sh^p Xvp ShP can be seen in the same manner as in the proof of 
Theorem 6.28 where the Siegel modular case is considered. Once we have a 
correspondence well-defined, we can (in principle) show the integrality in the 
case of the Shimura variety of PEL type (see [DAV] Chapters VI and VII for 
more details in the Siegel modular case). 

8.3.2 Statements and Proof 

We keep the notation introduced in the previous section. Let N be the upper 
unipotent subgroup of GLm{Op) x GLn{Op). Applying the theory expounded 
in Section 8.1 to the present setting, we can define the space of p-adic modular 
forms V on Soo (which is the formal completion of S along 5i). We simply 

write V for in this subsection. Thus V = ^m e (|lh^ k^kW/^. for Ve^k.k' = 

H^{Te,k,k' ^ ^,)^. We also define V = ( liu^ k.k'X/)^ . We now state 

the final result on vertical control in this book. 
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Theorem 8.13 Let the notation be as above. Let {GU^V^ D, F^p = pp) be as 
in (ul-4) at the beginning of this section. Identify Zp = Op naturally. Suppose 
that M/Zp — Sh^p {GU,X)/Zp for an open compact subgroup K C GU{A^^^) 
maximal at p is proper smooth over Zp and that S/z^ = M [^] for a lift E 
of the Hasse invariant. Let T be the diagonal torus of GLm{Op) x GLn(Op) 
and N be the upper unipotent radical of GLm{Op) x GLn{Op). Regard T as 
a diagonal torus of the unitary group Lf{Qp). We say k E X{T) is positive if 
K is dominant with respect to the upper triangular Borel subgroup of U jz^ = 
GL{m + n) in the sense described in Section 8.1.2. We write X+(T) for the 
set of positive weights in X{T). 

(1) There exists a canonical inclusion for R = Zp and QpfZp, 

^ R) ^ y ^Zp R- 

«:GX+(T) 

(2) Im(/?)[^] is dense in V; 

(3) Write E(p) = Yli<j<m-\rn'^j(P) standard Hecke operators at p of 

level p^ ; that is, Uj{p) = /im,n(<^i)~^t^j(p) for the character pirn, n C X(T) 
as in (5.38); and define the ordinary projector cq = linin^oo t^(p)^' on V. 
Then <S>Zp Qp/^p) is a p- divisible module with finite corank, 

where as defined in Section 8.1.6; ?) is eGH^{X, ?) if X — Sm or 

ande},m{X,l) if X = Mm- 

(4) ///^ > /im,n; (g) Qp/Zp) (resp. is isomorphic 

to (g) Qp/^p) (resp. where ti > /im,n means 

— Tm,n is sufficiently interior of the positive Weyl chamber X^{T); 

(5) Let be the Pontryagin dual Zp[[T{Zp)]]-module of eV (which is iso- 
morphic to the Zp-dual of eV ). Then is Zp[[rT]]-free of finite rank, 
where Ft is the maximal p -pro finite subgroup ofT(Zp); 

(6) IfKeX+{T), 

Proof. We need to check the conditions described in Section 8.1.7 to obtain 
the result as in the theorem. The boundedness condition (F) in Section 8.1.7 
is verified in [H95], Theorem 1.1 for our unitary group Lf in the same manner 
as in the proof of Theorem 4.9 in the Hilbert modular case (using the gen- 
eralized Eichler-Shimura map in Section 5.3), because U{Zp) = GLm+n{'^p)- 
The hypothesis (Hpl) is clear because S = Sh^^[i^] is an affine scheme for 
our projective scheme Sh^^ . The value f\Lfj{p){A,X,i,ri^'P\fil,uj) is the sum 

(more precisely, the trace) of the value f{A/G,X,i',g' ,fiV,uj') for etale 
subgroups G of A\p\. Since the Hasse invariant is insensitive to etale isogeny 
(by its definition), the commutativity condition (C) in Section 8.1.7 holds. □ 

Although we restricted ourselves to the projective case here, a similar result 
can be obtained in more general settings, once we replace by its cuspidal 
subsheaf Even in the Hilbert modular case, as seen in Section 4.1.7, if the 
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base field is not equal to Q, we can easily find an example that the cokernel 
of the inclusion eiJ^(5/vp, F ^ is a nonzero finite 

module for k. densely populated in X{T). Thus to obtain the result similar to 
the above theorem in the nonprojective case, we need to add some assumption, 
such as replacing by the cuspidal sheaf (although for U (n, n ) /q and 
GSp{2n) /Q it seems the result is true even for u'^). Here we state a precise 
result without proof only for the quasi-split unitary group G = GU (n, n) for 
an inert prime p of F (when p splits in F, the result is basically included in 
Theorem 8.13 in the sense that we need to replace by the cuspidal sheaf 
and V and V by their cuspidal counterparts Vcusp and Vcusp)- Thus D = F, 
V = = F” © F”, and ((xi, 2:2), (yi, ^2)) = “ X2*Vi)- The 

lattice L can be given so that Lp = 0^00^. The balanced maximal parabolic 
subgroup P = {(ot, t)} of the unitary group U = U{n,n) has the reductive 
part isomorphic to Resp/q{GL{n)) via Resp/Q(GF(n)) 3 a ^ diag[a, ^a~^] G 
P. We consider the diagonal torus T C Resp/Q(GF(n)) and the unipotent 
radical N of the upper triangular Borel subgroup of Resp/Q(GF(n)). Write 
Ng for the unipotent radical of the upper triangular Borel subgroup of G; so, 
N = Nc/Nn^n for the unipotent radical A^n,n of F. In the same way as in the 
Hilbert modular case (see Section 4.1.7), we define the space of cuspidal p-adic 
modular form Vcusp ^cusp (rosp. its p-di visible counterpart: Vcusp •= V^^p) 

for the Igusa tower over Sh^p for an open compact subgroup K of G(A^°°^) 
maximal at p. In this case, the single GF^(Op) acts on the tower (in place of 
GLn{Op) X GLn{Op) in the case where p splits). 

Theorem 8.14 Let G/q be the quasi-split unitary similitude group of signa- 
ture (n,n). Suppose that p is inert in the imaginary quadratic field F. Let the 
notation be as in Theorem 8.13. Let Mjo^ be the toroidal compactification of 

{GU, X) !Op, and put S = M[~] for a lift E of the Hasse invariant. 

(1) We have an inclusion j3 : 0^^x+(t) R) ^ V 0Zp R for 

R = Zp and QpjZp with the identity of q- expansion: P{f){q) = ^can{f){o)‘ 

(2) Im(/?ciisp)[^] n R dense in Vcusp, where Pcusp is the restriction of p to 

©«;ex+(T) 

(3) Write U (p) = ni<j<n (^) standard Hecke operators at p of level 

p°°, where, for £ G(Qp), 

U]{P) = Mn,n(aj)“M-^G(Zp)Q;jA^G(Zp)]. 

Then Uj{p) is well-defined over Op if k. > pin.n- Define the ordinary pro- 
jector cq — limr^_^oo G(p)’^* on the cuspidal subspace Vcusp of V . Then 
Qpf^p) is a p- divisible module with finite corank. 

(4) If K is sufficiently regular, ^^0Zp Qp/^p) is isomorphic to a direct 

summand (g)Zp Qpl'^p) of H^{M,lj^ 0Zp Qp/Zp). 

(5) Let be the Pontryagin dual Op[[T{Zp)]]-module of cq (Vcusp)- Then 

is Gp[[Fp]]-/ree of finite rank, where Ft is the maximal p- pro finite 
subgroup ofT{Zp). 




8.4 Irreducibility of Igusa Towers 363 



(6) The Op[[T{Zp)]]-module V*^^{= HomOp(ec {Vcuap) ,Op)) satisfies 

^ord ®Op[[T(Zp)]]A Op = HomOp(-ff°pd(5oo,W^),Op) 

if K > 0, where ^ Similarly, if k 

/JLn.n, have 

Krd ®Op[[T(Zp))],fc Op = HomOp(-ffopd(M, W^), Op). 

The proof for the cuspidal subsheaves in the nonprojective cases is basically 
the same as in the projective case except for an extra effort necessary to verify 
(Hpl), because in the nonprojective case, the ordinary locus Sm of the smooth 
toroidal compactification is no longer affine. This can be done via g-expansion 
at all cusps of the Igusa tower (in the same manner as in the Hilbert modular 
case, Section 4.1.7). As we show in the following section, the Igusa tower 
over a geometrically irreducible component of Si for general unitary groups 
may not be geometrically irreducible, although each irreducible component of 
contains a cusp. So, the naive use of g-expansion only at one cusp (often 
oo) in the elliptic modular case (done in Section 4.2.9) to show the integrality 
of the Hecke operator no longer works in general, but we need to use one cusp 
at each component. In any case, as we have done in the split case, one may use 
the Serre-Tate deformation coordinates in place of the g-expansion in order 
to prove the integrality of U{p) in the general case. See [H02] for details of 
the arguments in the nonprojective case. 



8.4 Irreducibility of Igusa Towers 

We sketch a proof of the irreducibility of the generalized Igusa tower by using 
the determination of the automorphism group of the arithmetic automorphic 
function field by Shimura and others (cf. Theorem 7.7). In this section, we 
deal with a general CM field F not neeessarily imaginary quadratie and study 
general groups GU of types A and C admitting Shimura varieties of PEL type. 

The method we use is classical (based on the determination of the de- 
composition group of p-adic valuations of the arithmetic automorphic func- 
tion field) and goes back to a work of Deuring [Du] for the elliptic modular 
function field. By this result, the g-expansion principle holds for p-adic mod- 
ular forms on these groups. Shimura has now completed his computation of 
Fourier coefficients of Eisenstein series of quasi-split groups having a balanced 
parabolic subgroup of the form {(o *)} ([EPE] 18.14 and [AAF] 16.9-11). We 
should therefore be able to construct the p-adic Eisenstein measure for such 
quasi-split unitary groups, although we do not cover this topic in this book. 
Since we can identify the p-adic completion of the space of classical automor- 
phic forms with the space of p-adic automorphic forms by (^-expansion, the 
measure (if constructed) is now verified to have values in the space of p-adic 
automorphic forms and could be specialized at a point of the Shimura variety 
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to obtain certain p-adic automorphic L-functions (this point is not verified in 
the construction by Panchishkin in [P] of a “naive” Eisenstein measure for 
Siegel modular varieties). 

In this section, W is the pullback by ip : Q ^ Qp of the p-adic integer ring 
of the maximal unramified extension of Qp in Qp; so, it is a strict Henselization 
of Z(p) inside Q, and its residue field F is an algebraic closure of Fp. The 
valuation of W and W — is written as or dp. For the refiex field 

E of (G/7, X), we write V for W fl E and k for the residue field of V. 



8.4.1 Irreducibility and p-Decomposition Groups 

Let the notation be as in Section Section 7.1, in particular 7.1.3, and we 
suppose the simply connectedness condition (SC) for Gi; so, we exclude groups 
of type D. Probably Case D could be treated similarly, but due to the lack 
of the strong approximation theorem for Gi(A^°®^), the description of the 
connected components should be more complicated. 

By the assumption (SC), the strong approximation theorem holds for 
Gi(A^^^), and the geometrically connected components of Sh{GU, ^)/e over 
E are indexed by 7ro7r(X^^) for the cocenter := GU jGx of GU (see Sec- 
tion 7.2.3 for 7To7r(Z^^)). Note that the group GU satisfies (Dl-4), (SC), and 
(CT) if the involution of G = End/:)(V’) is not definite (positive or negative). 
Hereafter we assume that the involution l is indefinite; so, dim Sh{GU, X) > 0. 
Under this assumption. Theorem 7.7 holds. 

Let ^ be the function field of a geometrically irreducible component of 
Sh{G, X) /E for fhe refiex field E of (G, X). The field ^ is called the arith- 
metic automorphic function field for G. We show that all elements in the 
decomposition group of a well-chosen p-adic valuation of the field ^ have 
their p-components in a maximal parabolic subgroup P of GU (in the Siegel 
modular case, P is given by the Siegel parabolic subgroup; see Theorem 6.27). 
For the reductive quotient M of F, M{Zp) gives a subgroup of the automor- 
phism group of the Igusa tower over the Shimura variety. If the projection 
V : G/7(A^^)) 7ro7r{Z^^) is nontrivial over M{Zp)^ we cannot expect that 

the Igusa tower over an irreducible base is irreducible and has Galois group 
M(Zp), because some of the components belong to different generic geometri- 
cally irreducible components. We expect therefore that the Galois group of the 
irreducible component of the tower is isomorphic to Mi(Zp) for M\ = MnGi. 



8.4.2 Closed Immersion into the Siegel Modular Variety 

Hereafter we use the symbols (G,Xg) and (GU^Xqu) exclusively for those 
defined in Section 7.1.3 (particularly, (7.1)). Write {GSp{2g)/q, X = SOgUSjg) 
for the pair described in (C) in Example 7.6. For simplicity, we write 



She = 5/i(G,Xg), Sheu = ShiGU^Xcu). ShGSp( 2 g) = Sh{GSp{2g),X). 
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Note that Q{GSp{2g)^ X) — GSp 2 g{^)+ by Theorem 6.26. We write 'S for 
the arithmetic automorphic function field in Theorem 6.26; so, 

GSp 2 g(A^°°'>)/Z{Q) ^ Aut(S^). Similarly we write for the 

subfield of ^ giving the function field of the generic fiber of the p-integral 
model of level prime-to-p. Then Aut(5^*^^^) = GSp 2 g{A^^'^^)/Z{Z(^p^). 

We write ^ (resp. for the arithmetic function field of the neutral 

component of Shcu (resp. By our assumptions (SC) and (CT), we 

have the group Q{GU, Xqu) for the pair (G/7, Xqu) (as in Theorem 7.7) acting 
on the field ^ with constant field f1 Q which is an abelian extension of the 

reflex field E. In particular, r{g{GU,XGu)) = G{GU, Xqu) /GU{R)+Z{ q) is 
a subgroup of finite index of Aut(.^). 

Since the Shimura variety She of PEL type carries the universal abelian 
scheme Aq = by the universality of the triple AGSp{ 2 g)/Q 

^^GSp{ 2 g)^ we have a unique morphism 



i : SHg/e ShGSp{ 2 g)/E for g = dim^/^^^ Agu 



such that AGSp{ 2 g) ~ Ag- Our construction of SHg in Sections 7.1.2 and 
7.1.3 tells us the finiteness and unramifiedness of this morphism (Corol- 
lary 7.2). 

Since hx ^ Xg gives rise to the complex structure on Vm = E 0q M and 
the fiber A of Ag at x has expression A(C) = Vr/L as a complex torus, the 
morphism i is described as hx (pohx at the level of the symmetric space for 
an embedding (/) : G /r ^ GSp(2g)/R, where G is the subgroup of GU with 
rational similitude (defined in Section 7.1.1). Recall that Xq = ^gu which 
we write A+. The natural morphism Ig : SHg -> SHgu with IgAgu ~ Ag 
identifies the neutral component of SHg and that of SHgu- This also follows 
from the fact r{G{GU,XGu)) = £{G,Xg) (for S{G,Xg) in [MiS] 4.2) inside 



G(A^^)) 



*G(Q)+ C 



GG(A(^)) 

Zgu{Q) 



*Gt/(Q)+ GC/“yQ)+ = 



ZeuiQ) 



because the left-hand side of the above inclusion is the closure of the image 
of G(A^^^) in Thus Q{GU, Xgu) acts on the neutral component 

ZjGU (Q) 

of SHg- The embedding 0 is obtained by regarding a G G(Q) as a Q-linear 
automorphism (j)[a) of V preserving the symplectic form (•, •) in (L2) of Sec- 
tion 7.1.1; so, (f) takes G(Q) into GSp{2g). Thus (f) is defined over Q. In other 
words, (j) is induced by G = End/:)(E) ^ EndQ(E), and cj){g){i{x)) = i{g{x)) 
for X G A+ and G GG(E)+. 

Using the description of complex points ShG{C) in (7.7), it is easy to 
verify that i is an embedding ShG{C) ^ ShGSp( 2 g){G) of complex manifolds. 
Thus i : SHg ShGSp{ 2 g) is a closed immersion ([Dl] 5.4) defined over E — 
E{G,Xg) = E{GU, Xgu) compatible with reciprocity laws in Theorem 7.7 
(4). In particular the reflex field E and the constant field of the arithmetic 
function field for (G5p(2p), X) are linearly disjoint over k = D E; so, we 
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may identify r{GSp 2 g{A)-^) with an open subgroup of Aut(E'5), where = 
E <S>kd (the arithmetic automorphic function field for the neutral component 
of ShGSp{2g)/E)- 

We now choose a lattice L satisfying the conditions (Ll-2) in Section 7.1. 
We choose a Z-base of L so that the matrix of the alternating form (•, •) is 
given by Jg. Then we may assume that 

(f) ^ (GSp 2 g{'^p)) = G(Zp) = {x E G{Qp)\xpLp = Lp}. 

Recall that the p-integral model is defined over V = W H E. The mor- 

phism i induces a finite unramified morphism of the p-integral models 

L . ^'^GSp{2g)/V 

Since (j) brings the connected component G(E)+ into GSp 2 g{'^)^ i brings the 
geometrically irreducible component (the neutral component) = ^gu 

of SHq^ containing the image of x 1 into the neutral component = 
of ‘?^GSp(2g)/Q- 

Supposing the condition (ord) requiring that the neutral component 

(p) 

TIq (g)v F has dense p-ordinary locus 5i, we look at the stalk Osi,x at a 
closed point x G 5'i(Fp) in the neutral component of Si. The formal comple- 
tion Si^x = Spf(OsT^^x) along x is the formal deformation space of an ordinary 
abelian variety Ax sitting on x. By the description of the deformation space 
in Sections 8.2.4 and 8.2.5 (see the following subsection for more details of 
this point), we conclude that i induces an embedding of Si^x into the formal 
completion along i{x) of the Siegel modular variety. Since i is unramified over 
^^GSp{ 2 g) (^^^ Corollary 7.2) and i is generically a closed immersion, i above 
is a closed immersion over V of into the ordinary locus of for the 
residue field F = Fp of >V, although we only need the fact that i is a closed 
immersion on an open dense subscheme of faithfully fiat over V. In any 

case, the function field of the geometrically irreducible component of the open 
dense subscheme coincides with the one of the entire neutral component, over 
E or over /^, where we write e for the residue field of V. 

Pick X G Sp 2 g{A^^^) with Xp G GSp 2 g{^p)- Then the scheme automor- 
phism t{x) G Aut(S'/iG 5 p( 2 p)) induces an automorphism of the p-integral 

model which is in turn induced by an isogeny 

a{x) : AGSp{2g) t{x)* Aasp{2g) such that a{x) o □ x 

by the universality of AGSp{ 2 g)- Since an isogeny preserves p-ordinarity, r(x) 

(v) 

leaves stable the p-ordinary locus ©i of the neutral component C 

^^GSp{ 2 g) ^^{p) have seen in the proof of Theorem 6.28, if r(x) 
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is in the decomposition group Vp of the valuation v on defined there, 
t{x) preserves (over the p-ordinary locus 0 i ) the connected component 
'A^GSp{ 2 g)\p^T ^ ^GSp{2g)[v^]‘ This property is equivalent to the fact that 
Xp is in the Siegel parabolic subgroup Pg{Ijp) for = {(o*)}- Since 
ot{x)~^{AGSp{2g)\p^Y) is a locally free subgroup scheme of rank if a{x) 

sends the fiber of the connected component AGSp{ 2 g)[p°^T (of ^GSp{2g)[p^]) 
at one point in 0i into another fiber of AGSp{2g)[p^Y ^ if preserves the en- 
tire AGSp{2g)[p^T ^ because a[x) is induced by a global isogeny. This fact is 
important in the determination of the p-decomposition group. 

Since the Igusa tower can be created as a subscheme of a self product of 
copies of the etale quotient of Agu\P^\ ^or the ordinary locus Agu of Agu 
(see (8.1)), the embedding i extends to the embedding of the Igusa tower of 
G into that of GSp{ 2 g)^ and (j)~^{Pg) is a maximal parabolic subgroup of G 
well-defined over Zp which gives rise to a unique maximal parabolic subgroup 
P C GU defined over Zp (i.e., the normalizer of (/)~^{Pg) in GU). 

By Theorem 7.5, we have Sh^Q^j <S>v E = SHgu IGU{Z p). From this fact, 
we have a unique geometrically irreducible component 201g = ^gu (inside 
iG{ShG)) of SHgu covering x>v /C for the quotient field JC of W, which 
is the neutral component of SHgu- Then i brings TIgu into the neutral com- 
ponent OT = ^ S^GSp{ 2 g) over Q. 

8.4.3 Description of a p-Decomposition Group 

Let be the valuation ring of ^ with maximal ideal m-t; with respect to the 
valuation v introduced in the proof of Theorem 6.27. Thus for any / G if, 
p^fG^v for a suitable a G Z. For Siegel modular forms / defined over 
we have v{f) = Inf^ ordp(a(^, /)) for the g-expansion coefficients a(^, /) at 
the cusp oo. We then consider the subring ^gu of ^ made of meromorphic 
functions that are well-defined over {(DJIgu)- Thus ^gu is the localization of 
the sheaf of ideals giving the closed subscheme i{TlGu) inside OT, and ^gu is 
a local ring with maximal ideal £} = {/ G ^Gu\f\i{mGu) ~ elements 

/ ^ ^GU nre smooth over an open dense subscheme in the image of i. 

Let QJ = n^GU and = X for any subring X of f?. Since ^y 

and ^GU are normal, respectively, over and ^gu^ ^ normal over ^^p\ 
The scheme has a unique irreducible special fiber = 201^p^ (8)>v T. 

As we show in the following subsection via the Serre-Tate local coordinates, at 
each ordinary CM point x G 9Jl[?^(F), the vertical modulo p special fiber 

and the horizontal closed subscheme ^gu/w ^/w intersect transversally 
(i.e., the intersection is a local complete intersection at all ordinary points). 
Thus n ^^P^ = (p) and Q H ^^p^ are two distinct prime ideals in ^^p\ 
and hence we have two prime ideals p = m^; H fU and q = T 1 H Q of The 
localization of ^ at p (resp. q) is equal to ^y (resp. ^gu)- By definition, TJ/q 
is a subring of A with ^ — |J^ (Tl/q) • Let mGu be the prime ideal (p + q)/q 

in TJ/q C A. Let 
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T^gu,v = {o' G t{Q{GU,X))\ a{mcu) = ^gu} 

Vy = {a e T{GSp 2 g{A) + ) n Aut(£'3'/£;)| cr(m„) = m„} 

Va = {ae T(GSp 2 g{A)+) n Aut(£;s^/^)| ct(£2) = 0} . 

Since the localization of ^ at p (resp. q) is equal to (resp. ^gu)^ we see 
that 

Vy HVq = {a e r{GSp 2 g{A)^) H Aut(^/V)| cr(q) = q and a{p) = p} . 

The subgroup Vy is an open subgroup of Vp (in Theorem 6.28) of finite index, 
and they are equal if fl = Q. We want to show first 

Theorem 8.15 Suppose that the group GU admits the Shimura variety of 
PEL-type SHqIj described in (A) and (C) 0/ Example 7.6 and that the Hasse 

(v) 

invariant does not vanish identically on SHqIj (8)w IF. Then r brings 

{9 ^ X)\(j){gp) G PgiQp) and a{g) preserves the valuation ordp on t} 

onto Vqu.v, where a : Aut(^) -> Gdl(l/E) is the restriction map. In particu- 
lar, t~^{T>gu,v) = CindVcu^v 'Is isomorphic to r{(f){Q{GU, X))) nVy 

in Aut{E^/E). 

Proof. We prove the first assertion (because the last one follows from the 
first). The function field R = ^gu/Q is characterized by the reciprocity law 
(4) of Theorem 7.7. Indeed, r{g) on ^ is induced by 77 1-^ ?7 o ^ for the level 
structure p of test objects. This definition of r for the Siegel modular function 
field is the same for Siegel modular test objects, which implies that 

^r(H9))f^ o i =^^( 9 ) o i) for each / G ^gu and g G G{GU, X). (8.28) 

For each special point x G and the reciprocity map : Gdl{Ef^ / E^) —> 
Tx{A)/Tx{Q)^ i{x) G T+ is a special point for Tl, and by definition in Sec- 
tion 7.2.2, we find ri(^x) = Then we confirm from the local reciprocity 

law (rcl-2) that 



for each / G TIgu and a G Gdl{Ef^ / Ex)- Since Tx{A) generates GU{A) 
(moving around all special points x G X^), from the density of special points 
in ^GUi we confirm (8.28). Therefore i induces a well-defined homomorphism 
(f : r{g{GU,X)) -> XuiGSE/E). 

Prom (8.28), we find D r{(t){Q{GU , X))). Therefore, T{(j){g)) preserves 
the prime ideal £3 C "T^gu^ and for each a ^Vy G Vq, we have cr(p + q) C 
p + q, which shows that a as an automorphism of preserves xtigu- We get 

HT^gu,v) 3 (0„ nr(0(^(Gt/, A)))). 
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Recall the lattice L of R (we have chosen as above) satisfying the conditions 
(Ll-2) in Section 7.1 for GU and GSp{2g) at the same time. We have the 
maximal compact subgroup GU{Zp) = {x G GU{Qp)\xLp = Lp} of GU{Qp) 
and G{Zp) = GU{Zp) H G(Qp) of G(Qp), and we may assume that G{Zp) = 
(j)'~^{GSp 2 g{'Zp)) (choosing a suitable Z-base of L). If a prime factor po of p 
in Go = Ofo splits into pp in O, we have the po factor of GU{Zp) isomorphic 
to GLn{Op) X Op for a suitable n. If po|p is a prime factor of p in Oq giving 
a prime p = pgO of O, the po-factor of GU{Zp) is isomorphic to Gf/o(Oo,p) 
(see Lemma 8.10), where GUq is the quasi-split unitary group defined over 
Oo (8)z ^(p) given by 

GUo{R) = {a e GL 2 m{p){R<^Oo 0)\aJm{p)*o:'^ = v{a)Jm{p) for v{a) e R^} 

(8.29) 

for Oq (8)z Z(p) - algebras R (m(p) is independent of the inert p). Similarly we 
define 

Uo{R) = {a(£ GUo{R)\ajJa^ = J„} . (8.30) 

In other words, GU(Zp) is a hyperspecial maximal compact subgroup of 
GU{Qp) in the sense of [Ttl]. 

Pick a G Vgu,v Suppose that a = r{g) with gp G GU{Zp). Thus a pre- 
serves the function field of the generic fiber of the Kottwitz 

model SHqIj. Since {GU^Xqu) / wm carries a universal abelian scheme 

Agu having the dense open ordinary locus Agu^ we have the isogeny Agu ^ 
^*"^GSp( 2 p)- particular, a G T>gu,v preserves the p-ordinary locus. The ex- 
act sequence -T is the pullback of the cor- 

responding one .4g|p(2n)b”]° ^ ■^gIp{ 2 u)\p"] ^ -^Glp( 2 n)b"]"‘ by i. As we 
have already remarked, if the action of x G GSp2g{Zp x sends one fiber 

of the above exact sequence to another fiber of the same exact sequence (over 
the given connected component of ShGSp{ 2 g))’> we know that Xp G Pg{Zp). This 
tells us that (/){gp) G Pg(Zp) for the Siegel parabolic subgroup Pg = {{ol )}• 
When Pp ^ Gf/(Zp), by choosing an element tt G Pg{Q), we find 0(p)7r has 
ap-component in G5p2p(Zp), because of the density of Pg{Q) in Pg{Qp) and 
the Iwasawa decomposition GSp 2 g{Qp) = GSp 2 g{Zp) ■ Pg{Qp) (see [EPE] 7.2). 
Still r{(j){g)p) keeps some fibers of the etale-connected exact sequence; so, by 
the same argument, we find that 0(pp) G Pg{Qp). This combined with Theo- 
rem 6.28 proves the desired result. □ 

8.4.4 Irreducibility Theorem in Cases A and C 

We describe the parabolic subgroup P C GU{Qp) given by 0~^(Pp). First 
suppose that we are in Case A. Recall the ordinarity condition we assumed in 
addition to (unr) in Section 7.1.1: 

(ord) The Hasse invariant of Agu does not vanish identically on "^^gu/¥‘ 
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See Lemma 8.10 for an explicit description of GU satisfying this condition. 
Then the signature of the Hermitian pairing ( , ) on L (g)cr M depends only 
on the p-adic place Vcr of F induced by ip o a. Let us explain this. Take the 
idempotent £ == diag[l, 0, ... ,0] = (o ojii ) ^ with = e, and regard 

it as the endomorphism of the Barsotti-Tate group Agu[v^]- For the prime 
ideal p of O corresponding to u, if we write m(p) for the generic rank of the 
maximal etale quotient of Agu[P^]^ the signature is given by (m(p), m(p^)) 
for the automorphism c of F induced by complex conjugation. Here p^ is 
induced by ip o ac. We split the set S of all p-adic places of F into a disjoint 
union Fsp U U Ei so that Egp U E^^ is made up of all prime factors of 
p split over Fq, E^ is made up of the rest (inert primes), and m(p) > m(p^) 
for all p G Esp. For p ^ Ei, m(p) = m(p^) because p = p^ (see Lemma 8.10). 
We write this signature as (m(p), m(p^)) for each p-adic place p G cS. Then 
n = m(p) + m(p^) is independent of p G tS. We write po for the restriction p 
to the (totally real) subfield Fq of F fixed by c. Let E = Egp U E^. Then E 
is in bijection with the set So of all p-adic places of Fq (by p po). By (unr) 
and (ord), we may identify 



U{Qp) = n GinC-Fp) X Y[ Uo{Fo,p) 

peiJsp 

for the group Uq in (8.30). Define a parabolic subgroup P C GU{Qp) by the 
normalizer of 

Pu = {{xp)peE ^U{Qp)\xp = (Gc) with a e GL„(p)(Fp)} . (8.31) 

Thus if p G the po-component of P is the upper triangular balanced 
parabolic subgroup of GUo{Fo^p). 

We assume that we are in Case C and that (GU^X) as in (C) of Exam- 
ple 7.6 yields a Shimura variety of PEL type. Then GU{R) = G5p2n(K)^^- 
In this case, we define P to be the Siegel parabolic subgroup because 
GUiQp)^YlpesGSp2n{Fp). 

We now return to the general case where GU can be of type A or C. Recall 
the p-adic valuation ordp of the strict Henselization W C Q of Z(p) coming 
from the embedding ip : Q ^ Qp. Let v = vgu be the discrete valuation of 
^ over ordp such that the residue field of v is an algebraic extension of the 
function field of an irreducible component of the Igusa tower over the ordinary 
locus 5i of ff^GU/K’ Recall the constant field ^ H Q. Let 

V = {a e Aut{A/E) I Vgu o a = vgu and a G t{Q{GU , -^))} , 

D = {(j G Gal(t/F) I ordp o a — ordp}. 

Thus V is the decomposition (or monodromy) group of vgu inside Im(r). 

We can make explicit the valuation vgu as follows. We first deal with 
the unitary case. We pick a CM point x G OT^^(W), and suppose that the 
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abelian scheme A = sitting over x is p-ordinary. Since x is a hh-point, by 
the universality of A^jy^ is an abelian scheme. 

We have identified L with lA x lA to embed G\ into Sp{2g) by (j). Let 
be the first factor (which is a totally isotropic sublattice under the 
alternating form (•, •) in (Ll-2) of Section 7.1.1). Since A^jyy is ordinary, we 
can fix an ordinary level structure ^ which induces 

by duality composed with the polarization 0 (Qp/Zp) = Ax\p'^Y^ 

for = LplLY'^. Thus we have a lift of the point x to the Igusa tower 
Too = Isomoo (8) /ipoo , Aq^ which we again denote by x. Then via 

the Serre-Tate deformation theory, we computed in Section 8.2 the formal 
completion of Sh^/w along x G Sh^iW) as the formal deformation space 
Sgu/w of Ax- The result is as follows. Write T^^^A) (p G <S) for the p-adic 
Tate module of the p-power torsion points of ^a:(F). By (8.20) and (8.21), 

Sgu{R) = n • T(^) e • T;IiA),Gm{R)) 

pGS 

— y Hom{£ • Gm(-R)) 

for p-adic W-algebras R, where we have written = {Lp/L°'^‘^) Go Os 
and L% = (Lp/Ly^*) ®o Os<=- Here Os = Hpez'^’p- Regarding as 
a member of the universal family over the (geometrically irreducible) 

Siegel modular variety by (8.22), the formal completion S along x in 

ShK'{GSp{2g),X){W) is given by 

S{R) = Eom{Sym\r;\A)),G^(R)) ^ Eom{Sym\L;^),GGR)) 

Vp 

where the symbol Sym‘^ indicates the symmetric square tensor over Zp 
and = Lp/L°y‘^. The morphism i : ^ On(P) restricted to Squ 

is the embedding induced by the projection Sym?{L'^) eL^ Go 
which associates a symmetric form ^{x,y) = '0(x,y) + ip{y^x) G S{R) with 
each OD-bilinear form Y • '^^^{A) x TY^{A) -G Grn{R) in Sgu{R)- Note 
that the O^-hnear form Y is determined by its restriction to the subspace 
Tlpeu ^ ^ so, Y ^ ^ gives rise to the closed immersion 

of Sgu into S. The restriction / rG for f ^ Og gives rise to a surjective 

ring homomorphism tt : Og ^Sgu Ker(7r) = QOg, which shows that 

iv) 

the morphism i is a closed immersion over V of the ordinary locus of SHq 
into that of the Siegel modular variety (as claimed in the previous subsection). 

Writing = iT[[t]] for variables t = (tp,zj)pGr,z,j for 1 < z < m(p) and 

1 < J < ni(p^)5 we can make v = vgu explicit. Write for the function field 
of the geometrically irreducible component TIq}j of Sh^Q^j. Recall the subring 
TJ of the Siegel modular function field ^ and its prime ideal q (vanishing on 
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the image of the unitary Shimura variety in the Siegel modular variety) in 
Theorem 8.15. Expanding / G (Tl/q) H C into we have 

a valuation vcuif) — ordp(a^). Then vgu over ^ is an extension of the 
above vqu fo (whose residue field gives rise to the function field of an 
irreducible component of the Igusa tower Too). 

Recall the function field of the generic fiber of the geometrically ir- 
reducible component of Similarly as above, i{x) in the Igusa 

tower over gives a point in the irreducible component con- 

taining the infinity cusp (as we have already proven the irreducibility in 
this case: Theorem 6.27). Thus by Theorem 6.28, the original v defined for 
in the proof of Theorem 6.27 can be rewritten in the same manner as 
VGSp{ 2 g){f) = Inf^ ordp(c^), where we have expanded / G into 
for the variables T with = W[[T]]. This is because we can measure the 
divisibility by p of an algebraic function on a geometrically irreducible smooth 
scheme over W by the expansion at any closed point of the scheme with re- 
spect to the local coordinate over W. In our case, one point is given by the 
cusp oo and another given by i{x) (since i{x) and oo are sitting on the same 
geometrically irreducible component of the special fiber). In particular, choos- 
ing T suitably, Sgu is a complete intersection defined by T' = 0 for a suitable 
subset T' C T of variables in T. The generic transversality of ^gu/w 

inside claimed in the previous subsection follows from this ex- 

pression. By this fact, the transversality is indeed valid in the entire ordinary 
locus of This also shows that, choosing the extension of vgu defined 

above for to ^ compatibly with v on 5^, the localization of Tl/q at xtigu 
is the valuation ring of the extension vgu to R. In other words, the decom- 
position group V for vgu is given by the stabilizer T>gu,v of rriGu studied in 
Theorem 8.15. 

The symplectic case is similar. In this case, we have by (8.22), 

Sgu{R) = HHom (^Sym'^ie ■ Tp{A)), G„(i?)) , 

P 

where p runs over all p-adic places of the base (totally real) field F and 
the symbol Sym? indicates the symmetric square tensor over Op. The same 
argument as above proves that the decomposition group for vgu is given by 
the stabilizer of pGU in Theorem 8.15. We get for groups of type A and C: 

Theorem 8.16 Suppose (unr) and (ord). Then the group V is the image 
(under r) of a conjugate in Q{GU , X) under Ant{dJlGu) of 

P = {x € (p X Pi g{GU, X)\a{x) e S)| , 

where a is as in Theorem 7.7 (2) and P is as in (8.31) in the unitary case 
and is the Siegel parabolic subgroup in the symplectic case. 
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Proof. This directly follows from Theorem 6.28 and Theorem 8.15, because 
the valuation we created, vgu^ is given by v — VGSp{ 2 g) d induced from the 
g-expansion by the choice of our embedding : GU — > GSp{2g). For general 
vgu not necessarily related to Siegel modular g-expansions, its decomposition 
group in Aut(.^) is the conjugate of the one specifically chosen. Since the image 
of Q{G,X) in Aut(.^) is a normal subgroup of finite index, the conjugated 
image of V remains in that of ^(G, A"). □ 

We consider the universal abelian scheme over 5i = Sh^jj [^] ( 8 )w F 

for the Hasse invariant H. Then we recall the Igusa tower over Si as follows. 
We write AQ^lp'^Y/g^ for the maximal etale quotient of Then we 

define a constant group scheme Gm by 

C ^ iUpesiOp/p^O,r^^^ in Case A 
\{Of/p'^Of)^ in Case C. 



The Igusa tower is given by T^/Si = Isomo J , 

where GU{Qp) = GSp 2 n{F C>q Qp) in Case C. 

Corollary 8.17 Let M he the reductive part of the parabolic subgroup Pu in 
(8.31). Define Mi = M{Zp) nGi(Zp) (so, Mi — M{Zp) in Case C). Then 
under the hypotheses o/ Theorem 8.16, each geometrically connected compo- 
nent of the generalized Igusa tower Too over a geometrically irreducible 
component SJ of Si has Galois group over S( isomorphic to Mi. In particu- 
lar, Too xsi is irreducible if GU is of type G, and if {qjj^Xgu) is not 
projective, each geometrically irreducible component o/Too S( contains at 
least one cusp. 

Except for the ramified primes p in F/Q in the Hilbert modular case, this 
corollary includes all earlier results on mod p irreducibility under (unr) as 
special cases and also can be applied to projective Shimura varieties. 

Proof. We take a characteristic 0 lift E of the Hasse invariant and consider 
S = We put Sm = S ( 8 ) 14 / Wm and Soo = ^nimSm, which is 

independent of the choice of E. We recall that ^gu/w ~ s^s/w for 
Ms with Tls{C) = Fs\X+, where Eg = SU{Q) H S • GU{R) and S runs 
over all open compact subgroups S C GU{A^^">) maximal at p. We may 
assume that S( = ^Gulp] ^ by the existence of a smooth projective 
compactification of ^gu/w (FD- Each element g € V acts on 5^, because 
it preserves the ordinary locus. Suppose that GU is of type A. By (5.34), 
det(a;^) = det(^^^) on Es\X^ . Note that Tls/w is strongly quasi-projective 
(by the existence of the projective smooth toroidal compactification; see [F]). 
Then by [NMD] Theorem 5 in Section 8.2, is a quasi-projective 

scheme. Since G Pic^^/\y{W), we find that det(^^) = det(^^^) (8 C 

over FF up to £ G Picw(W) which is trivial. Thus we get det(^^)/w = 
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det(^^^)/vp. Since over ^oo, we have det(^'^)/w = det(^T(AlGt/[p°^]^^)) ^Zp 

Os^ (where det {eT { Ac uIp'^Y^)) = for the ideal 

p of F induced by ipocr), we find from the faithful flatness of Os^ over Zp that 
det{eAGu[p^T^) — det(&AlG'p'[p^’^]^^) over for all m and n. This implies 
that for g G M{'Lp) to be in F, it has to belong to Mi which is given by 



Ml 



{(5p)p e Op GLm(p){Op)\ detOp) = det^pc) Vp e 5 

npg5Gr„(0p) 



in Case A, 
in Case C. 



In Case C, there is no restriction. The fact Mi = M(Zp) n V can also be 
checked by computing Q{GU,X) explicitly. Since M\ C F, Mi ^ P by 
Theorem 8.16, and this shows Mi = Gal(T^/6'^) for the irreducible com- 
ponent of Too whose decomposition group is V. In Case C, the Ga- 

lois group is full, and hence Too ><5i ^i is irreducible. In Case A, we have 
7ro(T4j) = M(Zp)/Mi for T'^ = Too y~Si SA because M{Zp) acts transitively 
on 7To{T^). Then the ordinary locus of the minimal compactification T^ of 
has to have an irreducible component containing a cusp, because is 
a Galois covering of whose compactification has a cusp. Since M{Jjp) acts 
transitively on the irreducible components of T^,, every component contains 
a cusp. □ 



By the above result, in the symplectic case, the g-expansion principle holds 
as usual (as already stated for the Hilbert modular and the Siegel modular 
cases). In the unitary case, to determine a mod p (or p-adic) automorphic form 
by (^-expansion, one needs an expansion at one cusp for each geometrically 
irreducible component of the Shimura variety before the reduction modulo p. 
We leave for the reader a precise formulation of this fact. 
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